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Abstract

The two-dimensional strip packing problem consists of packing in a rect-
angular strip of width 1 and minimum height a set of n rectangles, where
each rectangle has width 0 < w < 1 and height 0 < A < Amaz. We
consider the high-multiplicity version of the problem in which there are
only K different types of rectangles. For the case when K = 3, we give
an algorithm providing a solution requiring at most height %hmaw +e
plus the height of an optimal solution, where € is any positive constant.
For the case when K = 4, we give an algorithm providing a solution
requiring at most %hmam + € plus the height of an optimal solution.
For the case when K > 3, we give an algorithm providing a solution
requiring at most L%KJ + 1 + € plus the height of an optimal solution.

Keywords: LP-relaxation, two-dimensional strip packing, high multiplicity,
approximation algorithm

1 Introduction

The two-dimensional strip packing problem (2DSPP) is defined as follows.
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Definition 1 Given n rectangles with widths w1, wa, ..., wn and heights hy, ho, ...,
hn, where 0 < w; < 1fori =1, 2, ..., n, the goal is to pack all the rectangles without
rotations or overlaps in a rectangular strip of width 1 and minimum height.

This is a well-studied problem with applications in areas as diverse as
resource allocation, scheduling, manufacturing, and transportation, among
others. 2DSPP is equivalent to the classical bin packing problem if all rectan-
gles have the same height, and since the bin packing problem is NP-hard [7]
then 2DSPP is also NP-hard; therefore, the best possible approximation ratio
achievable in polynomial time for 2DSPP is % unless P = NP.

Baker et al. [1] designed the first approximation algorithm for 2DSPP which
has approximation ratio 3. Coffman et al. [4] presented an algorithm with
approximation ratio 2.7, Sleator [15] improved the approximation ratio to 2.5,
and Schiermeyer [14] and Steinberg [17] further reduced the approximation
ratio to 2. Harren and Van Stee [8] later presented an algorithm with approx-
imation ratio 1.9396. The best known approximation algorithm for 2DSPP
is from Harren et al. [9] with approximation ratio % + €. Several Asymptotic
Polynomial Time Approximation Schemes (APTAS) have been presented as
well: Kenyon and Rémila [13] gave an APTAS with an additive constant of
O(%), and Jansen and Solis-Oba [11] improved Kenyon and Rémila’s addi-
tive constant to 1. Sviridenko [16] presented a polynomial time algorithm that
computes a solution of value OPT + O(v/OPT log OPT), where OPT is the
value of an optimal solution.

In this paper we study the two-dimensional high multiplicity strip packing
problem (2DHMSPP), in which there is only a fixed number K of different
rectangle types. First published in the 7th International Symposium, ISCO
2022, by Springer Nature [3], this paper extends the previous work by including
additional proofs of correctness for our algorithm, an algorithm for the case
when K = 4, a general algorithm for any fixed value for K, and experimental
results for our algorithm for the case when K = 3.

Note that the input to 2DHMSPP can be described using a list of only
3K numbers: the width w;, height h;, and number n; of rectangles of each
type T;. Therefore, a challenging issue faced when designing an approximation
algorithm for the problem is to ensure that its running time is a polynomial
function of the size of the input. Observe that even describing a feasible solu-
tion for the problem using a polylogarithmic number of bits is not trivial as
this requires specifying the positions of n rectangles in the packing; therefore,
it is unknown whether 2DHMSPP belongs to the class NP.

We present an algorithm for 2DHMSPP for the case when K = 3 that
computes solutions of value at most OPT + %hmm + €, where OPT is the
value of an optimum solution, A4, is the height of the tallest rectangle, and
€ is a positive constant. This is an improvement over the works of Yu and
Solis-Oba [18] and Bloch-Hansen and Solis-Oba [2] whose algorithms computed
solutions of value at most OPT + %hmm + €. Our approach uses a formula-
tion of 2DHMSPP that allows fractional rectangles in the solution called the
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two-dimensional fractional strip packing problem (2DFSPP). We show that
a solution for 2DFSPP can be converted into a solution for 2DHMSPP by
a careful shifting, re-shaping, and combining of the fractional rectangles to
form whole rectangles while increasing the height of the solution by at most
%hmam + €. Our analysis is nearly tight as it is not hard to see that there are
instances for which the corresponding fractional and integral solutions differ
by hmaz'

We also give an algorithm for the case when K = 4 that computes solutions
of value at most OPT + %hmam + ¢, and an algorithm that for any fixed K
computes solutions of height at most OPT + L%K homaz | +Rhmaz + €. In addition
we performed an experimental evaluation of our algorithm for K = 3 and our
results show that our algorithm has much better than the above theoretical
upper bound.

The rest of the paper is organized in the following way. In Section 2 we
describe how to compute a near optimum solution for 2DFSPP. In Sections 3-
5 we present our algorithm for the case when K = 3. In Section 6 we describe
a polynomial time implementation of the algorithm. In Section 7 we present
our algorithm for the case when K = 4. In Section 8 we describe an algorithm
for the case when K > 3. Finally, in Section 9 we describe our experimental
results for the case when K = 3.

2 Solving 2DFSPP in Polynomial Time

2DHMSPP can be relaxed to the two-dimensional fractional strip packing prob-
lem (2DFSPP) by allowing horizontal cuts on the rectangles. A solution to
2DFSPP consists of a set of configurations. A base configuration C; consists
of a multiset of rectangle types whose total width is at most 1 (see Figure 1).
A base configuration can be specified by indicating the number of rectangles
of each type T; in it. For example, the base configuration shown in Figure 1
consists of 4 rectangles of type T1, 2 rectangles of type T, and 3 rectangles of
type T3, so that base configuration can be represented with the tuple (4,2,3).

A group of rectangles following a base configuration can be stacked on top
of each other as shown in Figure 1, so that any horizontal line parallel to the
base of the strip drawn across any part of the group will intersect the same
multiset of rectangle types. This group of rectangles is called a configuration.
A vertical line drawn across any part of a configuration will intersect either
only rectangles of the same type, or empty space. The height of a vertical line
intersecting rectangles of a configuration is called the height of the configura-
tion. The configurations are stacked one on top of the other to form a fractional
packing (see Figure 2b). Note that the number of possible configurations is
O (nf).

For a configuration Cj let n; ; be the number of rectangles of type 7 in its
base configuration, for ¢ = 1, 2, ..., k. Let ; be a variable denoting the height
of C;. Let J be the set of all possible configurations. 2DFSPP can be expressed
as the following linear program, hereafter referred to as linear program (1):
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Fig. 1: A configuration with base configuration (4,2,3). The fractional rectan-
gles are shaded in a darker color.

Minimize: Z x;
c;ed
Subject to: Z x;ni; > n;h;, for each rectangle type T; (1)

cjed

x; >0, for each j € J
where n; is the number of rectangles of type T; and h; is the height of each
rectangle of type T;. The objective function is to minimize the total height of
the packing.

We denote with OPT(I) the height of an optimal packing for instance I of
2DHMSPP and denote with LIN(I) an optimal solution to the corresponding
instance of 2DFSPP. It is not hard to see that LIN(I) < OPT(I).

Note that 2DFSPP is identical to the fractional bin packing problem; in
the latter problem a base configuration is a set of items that fit within a single
bin and a solution to linear program (1) gives the fractional number of bins
needed to pack all the items. Therefore, we can use an algorithm of Karmarkar
and Karp [12] to compute a basic feasible solution for linear program (1) in
time O(K? log K log” £ of value at most LIN(I) + € for any fixed € > 0.

In any basic feasible solution, the number of nonzero variables is at most
the number of constraints [10]. Thus, the number of nonzero variables, and
therefore, the number of configurations used in a basic feasible solution for
linear program (1) is at most the number of rectangle types, K.

A simple algorithm for 2DHMSPP is to compute a basic feasible solution for
linear program (1) and replace each fractional rectangle with a whole one of the
corresponding type, shifting surrounding rectangles upwards as needed. Since
a basic feasible solution for (1) uses at most K configurations and replacing the
fractional rectangles with whole ones increases the height of a configuration
by at most Aqq, this algorithm computes a solution to 2DHMSPP of height
at most OPT(I) + Khpaz + €.
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3 Algorithm for 2DHMSPP with Three
Rectangle Types

When K = 3 a basic feasible solution for linear program (1) consists of at most
three configurations. Our algorithm performs several steps described in detail
in the next sections: 1) the fractional solution of the linear program is divided in
two parts: Scommon and Syncommon, and the fractional rectangles in Scommon
are rounded up; 2) in Syneommon the rectangles in each configuration are sorted
and Suncommon is further partitioned into vertical sections; 3) the vertical
sections are grouped according to the heights of the fractional rectangles in
them; and 4) the fractional rectangles in each group are combined and/or
rounded into whole ones depending on their heights.

We assume for now that the fractional solution computed by solving lin-
ear program (1) consists of three configurations. We will show later how to
deal with the case when the fractional solution consists of fewer than three
configurations.

3.1 Partitioning the Packing

For notational simplicity, in the sequel we assume h,,q, = 1. The three con-
figurations of the solution for linear program (1) are stacked one on top of the
other as shown in Figure 2a. Rectangles are rearranged horizontally within
the configurations so that rectangles of the same type appearing in all three
configurations are placed together in a section on the left side of the packing
called Scommon- In the remaining portion of the packing, called Syncommon,
each rectangle type is packed in at most 2 configurations (see Figure 2b).

T2 | T2 I< L ( T3 iR
- - e e d (T[T 4[T4[T4[T4[T 4T 4T [T 1T 4gT4[T4[T4[T1T [T
T T
ey ||| Te|Te| T2 | T2 ® 3 T3 SRR 1 O O o Y
T1|T1|T1 r
T3 T3
S e A C I p [TA[TA[TA[T[T4[TA[T4[T4[T4[T 44T 4T 4T 4[T4[T [T 4T
T1|{T1|T1[Tq C2 1
T3 I T2 |T2|T2|T2|T2|T2
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Fig. 2: (a) Rounding the fractional rectangles in Scommon increases the height
of the packing by at most 1. (b) Within each configuration, the rectangles in
SUncommon are sorted according to their fractional values.
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The fractional rectangles in Scommon are rounded up to form whole rect-
angles, increasing the height of the packing by at most 1 (see Figure 2a). In the
sequel, we discuss only how to round the fractional rectangles in Syncommon-

Within each configuration, we place the fractional rectangles in Sycommon
at the top of the configuration. Let r be a fractional rectangle. The ratio
between the height of » and the height of a rectangle of the same type as r
is called the fractional value of r. We sort the rectangles so that fractional
rectangles are sorted in non-decreasing order of their fractional values (see
Figure 2b).

We draw a vertical line at each point where two rectangles of different types
are packed side-by-side within a configuration. These vertical lines partition
SUncommon 11t0 vertical sections (see Figure 2b). Vertical sections are indexed
from left to right starting at index 1 for the leftmost section. Within some
vertical section s;, let Cy(;), Co(y), and Cy;y refer to the part of Cp, Cq, and
Cj5 that is located within s;, respectively.

3.2 Grouping Vertical Sections

Within a vertical section s;, each configuration has a single rectangle type. Let
J1(i)s fa(i), and f3(;) represent the fractional values of the fractional rectangles
packed in s; at the top of Cy, Cs, and Cj, respectively.

We classify the vertical sections s; € Syncommon into three cases, depending
on the three fractional values f1(;), fa@:), and f3(;) as follows:

® Scase1 includes all sections s; such that fi;) + fo) + f3e) < 1.

® Scase2 includes all sections s; such that fi;) + foe) + fai) > 1 and either
Jigy + faiiy <1, frey + fae) < 1 or fay + f3a) < 1

® Scases includes all sections s; such that fi) + fa) > 1, fie) + faa) > 1,
and fo(;) + f3) > 1. Note that for each s; € Scqses

J16) + fae) + f30) > ; (2)
We denote with B; j, for 4,j = 1,2,3, a vertical division that separates two
adjacent vertical sections belonging one to Scase; and the other to Scqse;. For
example, in Figure 3a the rectangles in C define Bj ;, the rectangles in Cy
define Bs 3, and the rectangles in C define B; 5. A rectangle r» might intersect
vertical sections of two or more cases; hereafter, we call such a rectangle a
vertically split rectangle (see the rectangle with the arrow in Figure 2b).
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4 Algorithm for 2DHMSPP with Three
Rectangle Types and Two Rectangle Types
Per Configuration

We assume for now that within Syy,common €ach configuration contains exactly
two different rectangle types. We will show later how to deal with the other
cases.

4.1 Ordering the Configurations
We order the configurations as follows:

® If Scuses is empty or Soase2 is empty then order the configurations so that
the rectangles in the bottom configuration define B; 5 or By 3, respectively.

® Otherwise order the configurations so that the rectangles in the middle con-
figuration define By 3 and if Scqse1 and Scgse2 are not empty the rectangles
in the bottom configuration must define B 2. Note that the rectangles in
the middle configuration cannot define By 3 and Bj because the middle
configuration has only rectangles of two different types.

After ordering the configurations as above, let the configuration packed at
the top be C7, the one in the middle be C5, and the one at the bottom be
Cj5. If we re-order the configurations later on, we will not re-name them; for
example, if we re-order the configurations such that C; and C3 swap positions,
then C7 would now be on the bottom.

Having the rectangles in C5 define Bs 3, if possible, allows flexibility for
shifting the rectangles in Co N Scqses as we show; for some of our algorithm’s
cases we shift these rectangles downwards into empty space if the rectangles in
C3 N Scases take up less height than the rectangles in C's N Scgse2- Therefore,
ordering the configurations in the manner described above is important to our
algorithm.

Let a and b be the fractional values of the leftmost and rightmost fractions
in C1, respectively. Let ¢ and d be the fractional values of the leftmost and
rightmost fractions in Cy, and let e and f be the fractional values of the
leftmost and rightmost fractions in Cj, respectively (see Figure 3).

We use a variable called count to track how many wide rectangle types
appear in a packing, where a rectangle type is considered to be wide if it is
the leftmost type in its configuration and it is packed, at least partially, within
Scase2 OF Scases- The presence (or absence) of these wide rectangle types
is important in deciding whether we can re-use the empty space left behind
when fractional rectangles are shifted around in Scgse1 and Scgse2 as we later
explain. We initialize variable count to 0. If any fractional rectangles with
fractional value a are packed within any vertical section of Scgse2 Or Scases, We
increase the value of count by one. If any fractional rectangles with fractional
value ¢ are packed within any section of Scgse2 Or Scase3, We increase the
value of count by one.
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4.2 Pairing Configurations

Our algorithm for rounding fractional rectangles sometimes needs to pair the
two configurations at the top of the packing. To explain how configurations
are packed, assume that C1 is the configuration at the top of the packing and
(5 is the middle configuration. When pairing C; with Cy (see Figure 3a), we
flip C; upside down. Let F} be the set of fractional rectangles in each vertical
section s; € Scase1, and let Fy be the set of fractional rectangles from Cy and
Cs in each vertical section s; € Scase2 Where fi;) + fo;) < 1. We remove
the sets F; and Fy from their original positions in the packing. If Fy U F5 is
not empty we shift up the remaining rectangles in C; so that the tops of the
topmost rectangles in C; lie on a common line and the distance between C}
and Cs in vertical section s; is 1. This creates a region in Scgse1 and Scase2
of height at most 1 between C; and Cy where we will pack F; and F5; we call
this region Cy4; (see Figure 3a). If F; U F5 is empty, then region C4; has initial
height zero, but its height might be increased later as explained below.

We re-shape each fractional rectangle r» € Fy U Fy so that its area does not
change but it has the full height of a rectangle of the same type as r.

Lemma 1 Let C; and Coy be paired as described above. The re-shaped fractional
rectangles in F1 U Fy can be packed in region Cgq.

Proof Let vertical section s; € Scase1 have width W; and let C4(;) be the part of
C 41 within s;. The total empty area A; in CAl(l-) is A; > W; =1 = W;. Since each
of Cl(i), Cg(i), and CB(i) has only one fractional rectangle type, the total area a; of
the fractional rectangles in C (), Co(;), and Cy(y) is

ai < (Wi fi)) + (Wi fay) + (Wis f35)) < Wi < A,
as the height of each rectangle is at most 1 and fl(i) —|—f2(i) —|—f3(i) < 1fors; € Scasel-
A similar argument can be made for the vertical sections s; € Scgse2 for which

fii) + fe) < L O

Corollary 1 After re-shaping the fractional rectangles in Fy U Fy we can pack them
in C' 41 so that there is at most one fractional rectangle of each type in Ca1.

Proof We combine the fractional rectangles in Fy U F> such that a whole rectangle
is formed whenever a sufficient number of pieces of the same type have been packed.
When fractional rectangles of the same type do not form a whole rectangle, they
merge to become one larger fractional rectangle. Therefore, at most one fractional
rectangle of each type may remain. By Lemma 1 the rectangles can be packed in
Caq. O

We round up the fractional rectangles from C7; and C5 in each vertical
section s; € Scase2 Where fi(;) + fa;y > 1 and for each vertical section s; €
Scase3- Rounding up a fractional rectangle r means replacing it with a whole
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rectangle of the same type as r and shifting rectangles up as needed to make
room for the whole rectangle. When shifting rectangles from C; we need ensure
that the tops of the topmost rectangles in C; lie on a common line. Finally,
we round up the fractional rectangles in C3 N Scqsea (see Figure 3a).

Note that after pairing two configurations and re-shaping rectangles some
whole rectangles might be vertically split by the boundaries B; > and Bj 3.
Because of the way in which region C'4; was defined, the two pieces of a whole
rectangle that is vertically split by any of those boundaries are placed side-by-
side forming a whole rectangle. However, pieces of fractional rectangles that
are vertically split might be placed in different parts of the packing. Later we
show how to shift these fractional pieces to form whole rectangles.

4.3 Rounding Fractional Rectangles

We provide different algorithms for rounding fractional rectangles into whole
ones based on which of Scgse1, Scase2, and Scgses are not empty and what
the value of count is.

Lemma 2 If none of Scasel, SCase2, and Scase3 are empty, then count > 0.

Proof Assume that count = 0 and none of Scgse1, SCase2, and Scgses are empty.
Because of how we ordered the configurations, the rectangles in Co define the bound-
ary Bg 3 and therefore at least one of the fractional rectangles in C'> with fractional
value ¢ must be packed in S¢ggse2, contradicting the assumption that count = 0.

a

By Lemma 2, we do not need consider the case when none of Scgset,
Scasez, and Scgses are empty and count = 0. The cases we must consider are
described below.

For simplicity and without loss of generality, in the sequel we assume that
none of the configurations computed by solving linear program (1) contain
any empty space, so the width of the base configuration of each configuration
C is equal to 1. Additionally, we assume that for some configuration C, if its
leftmost and rightmost rectangle types t; and ts are both in Scase1 U Scase2,
then f1hy < foho where fi; and fo are the fractional values of the fractional
rectangles of type t1 and ty respectively and h; and ho are the corresponding
heights of the whole rectangles. Note that if the opposite is true the analysis
is very similar, so we omit it.

Let h; be the height of the rectangles corresponding to fractional value 1,
fori=ua,b, c d, e, and f.



Springer Nature 2021 BTEX template

10 High Multiplicity Strip Packing with Three Rectangle Types

fon o i i #_Z___.___Iif’z
[ 21 Ja
N ‘I ‘ ‘\‘
= -¢(1'0hf ! \I 4 (1-b)hy
A Taempw-fb-e_mp;- ==
c1 ‘ ‘ ‘I 1
sq s2 s3 s4 sq 2 ! s3. ! s4
8 A A J L J J J

sCa‘se1 Sc;sez Sc;ses 50;591 SCa'seZ Sc;ses
(a) (b)
Fig. 3: count = 1 and fy¢;) + fa;y < 1 for all vertical sections s; € Scase2-

4.4 None of Scase1s Scasez, and Scasez are empty,
count = 1, and fy;) + f2) < 1 for all vertical
sections s; € Scase2-

Lemma 3 If none of Scase1; SCase2; and Scase3 are empty, count =1, and f1(;)+
fz(i) < 1 for all vertical sections s; € Scqase2, then there is an algorithm that produces

an integer packing of height at most % plus the value of the solution for linear program

(1).

Proof Our algorithm will produce two solutions and choose the one with shorter
height. For the first solution, pair C'1 and C% and re-shape, pack, and round rect-
angles as explained in Section 4.2 (see Figure 3a). The height increase in Scgse1
and Sggsea caused by creating C4q is at most h; — ahq — che < h1 — che, where
h1 = maz{ha, hp, he, he} (note that C 41 re-uses the space that was occupied by the
fractional rectangles of fractional values a and c).

In Scgses, the height increase caused by rounding up the fractional rectangles
with fractional values b and d is at most (1—b)hy+(1—d)hg; hence the height increase
caused by pairing C and Cq is at most D1 = maz{h1—che, (1—b)hy+(1—d)hgq}. The
height increase caused by rounding up the fractional rectangles in C's with fractional
value f is at most (1 — f)hy (see Figure 3a). Therefore, the total height increase is
at most maz{A 4, A}, where Ay =h1 —che + (1= f)hy <2~ f —che,as hy <1
and hy < 1land Ap = (1 —b)hy+ (1 —d)hg+ (1 — f)hy <3—-b—d—f < 3 as
hy <1,hg<1l,and b+d+ f > 3 by (2).

For the second solution, re-order the configurations so that fractional rectangles
with fractional value a appear in the bottom configuration, and fractional rectangles
with fractional value e appear in the top configuration, then pair C2 and C3 (note that
these are now the top two configurations) and re-shape, pack, and round rectangles
as explained in Section 4.2 (see Figure 3b). We only consider the case when f+c¢ > 1
(see Figure 3b); the case when f + ¢ <1 is similar.

The height increase caused by creating C 41 is at most hy — che — ehe, where hy =
maz{ha, hp, he, he}. In Scgse2 and Sogses, the height increase caused by rounding
up the fractional rectangles with fractional values ¢, d, and f is at most maz{(1 —
c)he, (1—=d)hg}+ (1— f)hy; hence the height increase caused by pairing Co and C3 is
at most Dy = maz{ha — chc —ehe, maz{(1—c)he, (1 —=d)hg}+ (1= f)hs}. The height
increase caused by rounding up fractional rectangles in C; with fractional value b
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is at most (1 — b)hy. Therefore, the total height increase is at most maz{A¢c, Ap},
where Ag = (1 — b)hy + ha — che — ehe and Ap = (1 — b)hy + maz{(1 — ¢)he, (1 —
d)hq} + (1= f)hy.

Selecting the better of the two solutions produces an increase in the height of the
solution by maz{min{A 4, Ac}, min{Aas, Ap}, min{Ap, Ac}, min{Ap,Ap}}.

e min{As, Act: Ay =2—f—ch.and Ac = (1-b)hp+maz{h¢, he } —ch.—ehe.
Note that Ay < 2— f and since hp, he, he < 1then A < (1-0)+(1—¢) =
2—b—e. Since f+0b > 1 as fractional rectangles with fractional values f and
b appear in Scgses then either f > % or b > % and so min{A 4, Ac} < %

e min{As,Ap}: Ay =2—f—ch.and Ap = (1 —=>b)hy + maz{(1 —c)h¢, (1 —
d)haq} + (1 — f)hs. Recall our assumption that f 4+ ¢ > 1 (the case when
f+ ¢ < 1is similar), therefore either f > J or ¢ > 1. If f > 1 then
Ap<3—che<3.Ifc> Jthen Ap < (1-b)+(1— f)+maz{l—c,1-d} =
2—b—f+maz{l-c, 1-d}:

fIfl—c>1—dthenAD§3—b—f—c<3—%—b—f<%asb+f>1.
~Ifl—-d>1—-cthen Ap <3—-b—d— f <3 by (2).

Therefore, min{A4,Ap} < %
e min{Ap,Ac} < % and min{Ap,Ap} < % because Ap < %
O

Observe that in the first solution, depicted in Figure 3a, there might be a
fractional rectangle r in C; that is vertically split by Bs 3 such that one piece
of r is re-shaped and packed as explained in Section 4.2, while the other piece
is rounded up to the height of a rectangle of the same type as r. These pieces
are marked in Figure 3a. Note that the two pieces can be placed beside each
other to form a whole rectangle without further increasing the height of the
packing. Similarly the fractional rectangles in Figure 3b can be combined to
form whole rectangles without affecting the height of the packing. In the sequel
we will not explicitly explain how fractional rectangles that are vertically split
are combined to form whole rectangles, instead the figures will show how to
do this.

4.5 None of Scase1s Scasez, and Scasez are empty,
count = 1, and fy(;) + f2¢s) > 1 for at least one
vertical section s; € Scase2-

Lemma 4 If none of Scasel, SCase2, and Scase3 are empty and count = 1, then
C1’s rectangles cannot define B2 2, B 3, or B3 3.

Proof Note that if C’s rectangles defined B3 2, then the value of count would be 2
because rectangles in C7 with fractional value a would appear in Scgse2 and since
the rectangles in C> define Bg 3 then rectangles with fractional value ¢ would also
appear in Scgse2- Similarly, it is not possible that C7’s rectangles define boundaries
3273 or 3373. O
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Lemma 5 If none of Scasel; SCase2, and Scases are empty, count = 1, and fl(i) +
fo@iy > 1 for at least one s; € Scase2, then there is an algorithm that produces an

integer packing of height at most % plus the value of the solution for linear program

(1).

Proof By Lemma 4, C1’s rectangles cannot define B 2, B2 3, or B3 3. Note that if
C'1’s rectangles defined B1,1, then fl(i) +f2(i) < 1 for all vertical sections s; € Scgse
since the rectangles in C define B2 3 and thus fractional rectangles with fractional
values b and ¢ would appear within Sggse1 and so b+c would be at most 1. Therefore,
the rectangles in C; and C3 must create a coinciding boundary Bi 2 so that b+ c
could be larger than 1, as required by the Lemma.

Since b+c > 1, then b > % and/or ¢ > % If b > ¢, then re-order the configurations
so that fractional rectangles with fractional value b appear in the bottom configura-
tion. Pair C2 and C3 and re-shape, pack, and round rectangles as explained Section
4.2. The height increase caused by pairing Co and C3 is at most 1: for sections s;
where fl(i) + fg(i) < 1 the height increase caused by creating C 41 is at most 1, and
for sections s; where fy(;) + fo(;) > 1 the height increase caused by rounding up fi(;)
and fo(;) is also at most 1. The height increase caused by rounding up fractional
rectangles with fractional value b is at most % (see Figure 4a) so the total height
increase is at most %

If ¢ > b, then re-order the configurations so that fractional rectangles with frac-
tional value ¢ appear in the bottom configuration, pair C; and C3, and re-shape,
pack, and round rectangles as explained in Section 4.2. The height increase caused
by pairing C7 and Cj3 is at most 1 and the height increase caused by rounding up
fractional rectangles with fractional value c is at most % (see Figure 4b). (]

‘ c3 ‘ ‘

fem ol L] e L — e — ey a) I |

==+ R
I“ a_emply emply o ety |
‘ 1

1
e L B ==t ==
Tc empty empty id
C2

|-

Ta-emﬁy---e-mtv--ﬁ,---
€1

$1 s2 s3 s4 sq s2 s3 s4

T Y 14 b T X T X 14
Scaset Scase2 Scase3 Scaset Scase2 Scase3

(a) (b)
Fig. 4: count = 1 and fi(;) + fo(s) > 1 for at least one vertical section s; €

S |

SCase?
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4.6 None of Scgse1s Scase2, and Scases are empty,
count = 2, and fy(;) + f25) < 1 for all vertical
sections s; € Scase2-

Lemma 6 If none of Scasels SCase2; and Scases are empty, count = 2, and fl(i) +
fg(i) < 1 for all vertical sections s; € Scase2, then there is an algorithm that produces

an integer packing of height at most % plus the value of the solution for linear program

(1)

Proof Note that the rectangles in C1 cannot create B1,1 as otherwise count < 2.

® If (1— f)hs < § then re-order the configurations so that fractional rectangles
with fractional value f appear in the bottom configuration. If (1— f)hy > 3:

~ If (1 — a)h, < 3 re-order the configurations so that fractional rectangles
with fractional value a appear in the bottom configuration.

~ If (1 — ¢)he < % re-order the configurations so that fractional rectangles
with fractional value ¢ appear in the bottom configuration.

Pair the top two configurations, and re-shape, pack, and round fractional
rectangles as explained in Section 4.2. These solutions are very similar as
that in Figure 4a. The height increase caused by pairing the top two con-
figurations is at most 1. The height increase caused by rounding up the
fractional rectangles in the bottom configuration is at most % To see this
note that if (1 — f)hy > 1 then hy > 3 and f < % as hy < 1; furthermore,
b > % and d > % since b+ f > 1 and d+ f > 1 (as fractional values b, d,
and f appear in Scgses). So the total height increase is at most 3,

o If (1— f)hy > L, (1—c)he > 3, and (1 — a)hy > 3, then hy > 1, he > 1,
and hy > % Pair 7 and C5 and re-shape, pack, and round fractional
rectangles as explained in Section 4.2 (see Figure 5). The height increase
in Scgser and Scgsez caused by creating C4; is at most hy — ah, — che,
where hy = maz{hg, hy, he, he}. In Scases, the height increase caused by
rounding up the fractional rectangles with fractional values b and d is at
most (1 — b)hy + (1 — d)hg; hence the height increase caused by pairing Cy
and Cy is at most Dy = max{hy — ahy, — che, (1 — b)hy + (1 — d)hq}. The
height increase caused by rounding up the fractional rectangles in C5 with
fractional value f is at most (1 — f)hy. Therefore, the total height increase
is at most max{A, Ap}, where:

~ Aa = hy —ahg — che + (1 = f)hy = hy + hy — (aha + che + fhy) <
2—a+c+f) <3 ash <1, hg >3 he>3,1>hy>1 and
a+c+ f>1,and
~Ap=(1-bh+(1—=dhg+ (1 - Hhy <(1-b)+(1—-d)+(1—f) =
3—b-—d—f<3ashy<1l,hg<1,hy<l,andb-+d+ f> 3 by (2).
O
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Cq 1
Ca1 i D4
Tc ! id
C2 1 1
-_— -_— -_— -_— -_— -_— p— -_— -— -_— p— -_— -_— - p— - ¢ (1 = f)hf
Te empty If
C3
s1 s2 s3 Sq
L A A J
hg T hg
Scase1 Scase2 Scase3

Fig. 5: count = 2, fi) + fo) < 1 for all vertical sections s; € Scase2,
(L= f)hy >3, (1 —c)he > 1, and (1 — a)hy > L.

4.7 None of Scase1s Scase2s and Scqases are empty,
count = 2, and fy;) + f2¢;) > 1 for at least one
vertical section s; € Scase2-

Lemma 7 If none of Scasel; SCase2, and Scases are empty, count = 2, and fl(i) +
fa@iy > 1 for at least one vertical section s; € Scase2, then there is an algorithm

that produces an integer packing of height at most % plus the value of the solution
for linear program (1).

Proof Note that if C1’s rectangles defined B3 or Bs 3, then fi(;) + fa;) < 1 for
all vertical sections s; € Scqse2 since the rectangles in Cy define Bs 3 and therefore
rectangles with fractional values a and ¢ would appear within Scgse1 (0 a4¢ < 1)
and they would be the only fractional values in S¢gse0N(C1UCS). Additionally, note
that C1’s rectangles cannot define By 1 or Bj 2, as otherwise count could not have
value 2. Therefore, C'1’s rectangles must define boundary Bg 2 so that fi;)+fa) > 1
for at least one vertical section s; € Scgse2 and b+c¢ > 1, as required by the Lemma.

Similar to the analysis in the proof of Lemma 6, if (1—f)hy < %, orif (1—f)hy >
% and (1 — c)he < % or (1 —a)he < %, then we re-order the configurations so that
the fractional value f, ¢, or a appears in the bottom configuration, respectively. The
height increase caused by pairing the top two configurations is at most 1. The height
increase caused by rounding up fractional rectangles in the bottom configuration is
at most %7 and so the total height increase is at most g

Hence, we only need to consider the case when (1— f)h; > 1, (1—c)he > &, and
(1—a)ha>%.Notethatthenf< %,c<%7a< %,hc>%,ha>%7 andb>%as
b+ ¢ > 1. Consider the fractional values a, ¢, and f, and re-order the configurations
so that the two largest fractional values among them are in the bottom and middle
configurations. If a > ¢ > f or ¢ > a > f, then ensure that fractional value a appears
in the bottom configuration. If a > f > ¢, f>a>c¢,c> f > a,or f > c> a, then



Springer Nature 2021 BTEX template

High Multiplicity Strip Packing with Three Rectangle Types 15

ensure that fractional value f appears in the bottom configuration. Pair the top two
configurations, and re-shape, pack, and round fractional rectangles as explained in
Section 4.2. We consider below just the case when a > ¢ > f; the other cases are
similar.

Observe that a + ¢ > % as a+ c+ f > 1 (see Figure 6). The height increase in
Scasel and Scgse2 caused by creating C'41 is at most hy —che—ehe < h1 —che, where
h1 = maz{ha,hc,he,hs}. In Scgse3, the height increase caused by rounding up the
fractional rectangles with fractional values d and f is at most (1 —d)hq + (1 — f)hy.

Note that (1 —a)ha > (1—b)hy, as b > & and so (1—b)hy < & but (1—a)ha > 5.
Thus the fractional rectangles with fractional value d (and the whole rectangles of the
same type beneath them in the middle configuration) can be shifted downwards into
the empty space above the fractional rectangles with fractional value b (see Figure
6). Hence, the height increase caused from pairing the top two configurations is at
most D1 = maz{h1 — che, (1 = d)hg+ (1 = f)hy — (1 —a)ha — (1 = b)hy)}.

The height increase caused by rounding up the fractional rectangles in the bottom
configuration with fractional value a is at most (1 —a)hq. Therefore, the total height
increase is at most maz{A 4, Ag}, where:

* Ap=(1—dha+ (1= f)hs—((1—a)ha — (1 =b)hp) + (1 —a)he < (1—d) +
(1—f)+(1=b)=3-b—d—f <2 Dby (2), as hy, ha, and hy are at most 1.
¢ Ay=hy—che+(1—a)h, <2—a—ch.as hy <1and h, <1.Since Ay is
a decreasing function on a + ¢ and a + ¢ > % then an upper bound for the

value of Ay can be obtained when a + ¢ = 2 and so a = 2 — ¢, therefore
Ay §27%+cfchc: %+cfchc< §+c

3 3
Then Ay < % + =2 The right hand side of this inequality takes its

[\

— 5= because (1—c)he > 3.
2(0—0)"

maximumvaluewhenc:lfgandsoAA<%+%fﬁ:%f\/§<%.
O

4.8 Remaining Cases

In the previous section we considered the case when none of Scase1, Scase2,
or Scases was empty. We briefly discuss below the remaining cases:

® If Scuse1 is not empty, but Scgse2 and Scqses are both empty, pair C7 and
Cs re-shape and pack all fractional rectangles in C'4; as explained in Section
4.2. Therefore we obtain a solution of height at most 1 plus the value of the
solution for linear program (1).

® If Scase2 is not empty, but Scase1r and Scgses are both empty, then count > 0
and we can use Lemmas 3-7.

® If Scases is not empty, but Scgser and Scgsez are both empty, round up all
fractional rectangles. Since fi¢;) + faq) + f3) > % for every vertical section
8i € Scases then we obtain a solution of height at most % plus the value of
the solution for linear program (1).

e If both Scase1 and Scase2 are not empty, but Scgses is empty, and count =
0, there must be only one vertical section s; € Scase2 as otherwise the
boundary Bsp o must exist, but that would mean that at least one fractional
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Fig. 6: count = 2, fi(;) + fa;) > 1 for at least one vertical section s; € Scase2,
(1—fhp>3 (1—c)he>%, (1—a)he >3, anda>c> f.
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Fig. 7: If S = Scase1 UScase2 and count = 0, then there is exactly one vertical
section s; € Scasea. (a) The largest fraction is more than %, and (b) the largest
fraction is less than %

rectangle with fractional value a or ¢ must be within Scgse2 and therefore
count would have value larger than zero.

— If the largest fractional value in the section s; € Scgse2 is more than
%, re-order the configurations so that the fractional rectangles with that
fractional value appear in the bottom configuration and then pair the top
two configurations, and re-shape, pack, and round fractional rectangles as
explained in Section 4.2 (see Figure 7a). The height increase caused by
creating C'47 is at most 1 and the height increase caused by rounding up
the fractional rectangles in the bottom configuration is at most %
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— Otherwise, re-order the configurations such that for the section s; €

Scasez the fractional value in the top configuration in Scgses is the
smallest, and the boundary defined by the rectangles in the bottom config-
uration does not occur to the left of the boundary defined by the rectangles
in the middle configuration. Pair the top two configurations and re-shape,
pack, and round fractional rectangles as explained in Section 4.2, then flip
the middle configuration upside down. Note that the rounded-up rectan-
gles in Scgse2 in the bottom configuration can use the empty space left
behind by the fractional rectangles in the middle configuration (see Figure
b).
The height increase caused by creating C'4; is at most 1. Note that since
the middle configuration is flipped upside down, the empty space leftover
after removing the fractional rectangles from the middle configuration can
be used by the rounded up rectangles in the bottom configuration; there-
fore, the height increase caused by rounding up the fractional rectangles
in the bottom configuration is at most %, as the fractional values the mid-
dle and bottom configurations sum to more than %, so the total height
increase is at most %

® If both Scuser and Scase2 are not empty, but Scgses is empty, and count > 0,
then we can use Lemmas 3-7.

e If both Scase1 and Scase3 are not empty, but Scgses is empty, and count =
0, then re-order the configurations so that the fractional rectangles in the
bottom configuration are the largest of fractional values b, d, and f. Note
that fractional values a and ¢ are not within Scgse3, as count = 0, and
the rectangles in the bottom configuration create B; 3, so fractional value e
is not within Scgses either. Pair the top two configurations, and re-shape,
pack, and round fractional rectangles as explained in Section 4.2. The height
increase from pairing the top two configurations is at most 1, and the height
increase from rounding up the fractional rectangles in S¢gses in the bottom
configuration is at most %, so the total height increase is at most %

® If both Scuser and Scases are not empty, but Scgseo is empty, and count > 0,
then we can use Lemmas 3-7.

e If both Scgseo and Scyses3 are not empty, but Scgse1 is empty, then count =
2, and we can use Lemmas 3-7.

Theorem 1 If K = 3 and the fractional solution computed by solving linear program
(1) has ezactly three configurations, and if each of those configurations has exactly
two different rectangle types in Syyncommon, then there is an algorithm that produces
an integer packing of height at most % plus the value of the solution for linear program

(1)
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5 Algorithm for Three Configurations and
Three Rectangle Types in a Configuration

In this section we consider the case when the fractional solution obtained
from solving linear program (1) has three configurations, one configuration
has exactly three rectangle types, one configuration has exactly two rectangle
types, and one configuration has exactly one rectangle type. The algorithms
described in this section are modifications of the algorithms described in the
previous section to account for the existence of a configuration with three
rectangle types. Note that only a single configuration in Syncommon can pack
three rectangle types, as otherwise at least one of the rectangle types would
be common to all three configurations.

5.1 Ordering the Configurations
We order the configurations as follows:

¢ The top configuration contains only one rectangle type.

® The rectangles in the middle configuration define Bj 3, if it exists. Note that
the rectangles in the middle configuration can define both B; 2 and Bs 3 if
it contains three rectangle types.

After ordering the configurations as above, let the configuration packed at
the top be Cq, the one in the middle be Cs, and the one at the bottom be Cj.

Let a be the fractional value of the fractional rectangles in C. If C5 contains
three rectangle types, then let b, ¢, and d be the fractional values in C5 and
let e and f be the fractional rectangles in C3. Otherwise, if Cy contains two
rectangle types, then let b and ¢ be the fractional values in Cy and let d, e,
and f be the fractional rectangles in Cj.

Initialize variable count to 0. Increase count in the following way:

e If any fractional rectangles with fractional value a are packed within any
vertical section of Scgse2 O Scases, increase the value of count by one.

e If any fractional rectangles with fractional value b are packed within any
vertical section of Scgse2 O Scases, increase the value of count by one.

o If Cy contains three rectangle types:

— If any fractional rectangles with fractional value e are packed within any
vertical section of Scgse2 O Scases, increase the value of count by one.

e [f C; contains two rectangle types:

— If any fractional rectangles with fractional value d are packed within any
vertical section of Scgse2 O Scases, increase the value of count by one.

We provide different algorithms for rounding fractional rectangles into
whole ones based on which of Scgse1, Scase2, and Scgse3 are not empty and
what the value of count is. Note that because C7 has only one rectangle type,
if none of Scgse1, Scase2, and Scgse3 are empty, then count > 0.
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5.2 None of Scase1s Scasez, and Scqses are empty, and
count = 1.

C1
x
a empt
‘ - . i J ﬂr - = . .
Ca1 1 1
b_empty c  empty 1 empty id
Co [
Vo1
e empty | empty if 42
C3 I
|
L 1 52 1 3 1 >4 )
R g R g R g
Scaset Scase2 Scase3

Fig. 8: None of Scase1, Scase2, and Scases are empty, count = 1, fi;)+ fauy <
1 for all vertical sections s; € Scgse2, and (1 — a)hg > % so f > %

Lemma 8 If none of Scase1; SCase2; and Scases are empty, count =1 and fy;) +
f2(i) < 1 for all vertical sections s; € Scqase2, then there is an algorithm that produces

an integer packing of height at most % plus the value of the solution for linear program

(1)

Proof Since the rectangles in Co define B3 3, if Co had only two rectangle types then
count > 1; hence Co must have three rectangle types. So, in C3 fractional rectangles
with fractional value b are in Sggse1 (but not Scgses, as otherwise count > 1),
fractional rectangles with fractional value ¢ are in Scgsea (but not Scgses, as these
rectangles define Bs 3), and only the fractional rectangles with fractional value d are
in Sggses3- In Cs fractional value e cannot be within Scgsez Or Scase3, as otherwise
count > 1.

If (1—-a)he < % then re-order the configurations so that fractional rectangles
with fractional value a appear in the bottom configuration; otherwise (1 — a)hq >
%7 so a < % and f > % because a + f > 1 as both fractional values appear in
Scase3- Pair the top two configurations, and re-shape, pack, and round fractional
rectangles as explained in Section 4.2. The height increase caused by pairing the top
two configurations is at most 1. The height increase caused by rounding up fractional
rectangles with fractional value a (if (1 — a)hq < %) or f (if (1 —a)he > %) is at

most % so the total height increase is at most % O
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5.3 None of Scase1s Scasez, and Scqeses are empty,
count = 2, and fy(;) + f25) < 1 for all vertical
sections s; € Scase2-

a emply _ L _ empty S EEEE e
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(b) (¢)
Fig. 9: S = Scase1 U Scase2 U Scases, count = 2, and fi;y + fos) < 1 for
all vertical sections s; € Scase2. (a) C2’s leftmost fractional value is packed
within Scgse2 and (1 — a)hg > L. (b) C3’s leftmost fractional value is packed
within Scqse2 and (1 —a)h, > 5, (1 —e)he < %, and f > % (¢) Cy has only
two rectangle types and (1 — a)hq > 3, (1 —€)he < 3, and f > 1.

Lemma 9 If none of Scasel; SCase2, and Scase3 are empty, count = 2 and fl(l-) +
f2(i) < 1 for all vertical sections s; € Scasea, then there is an algorithm that produces

an integer packing of height at most % plus the value of the solution for linear program

(1).

Proof First assume that C has three rectangle types and C3 has two rectangle types.
We need to consider two cases.

e (9y’s leftmost fraction is packed within Sggse2. Therefore, Cy cannot cre-
ate either By, or B; 2, U3 must define B; 2, and fractional value e does
not appear in Scgsez Or Scases (see Figure 9a). We process the fractional
rectangles using the same approach as in Lemma 8.
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e (3’s leftmost fraction is packed within Sggse2. Therefore, Co must define
By and C3 could create either Bao, Bag, or Bss (see Figure 9b). If
(1 —=a)hy < % then re-order the configurations so that fractional rectan-
gles with fractional value a appear in the bottom configuration. Otherwise,
if (1—a)he > % and (1 —c)he < % (or (1 —e)he < 1), then re-order the
configurations so that fractional rectangles with fractional value ¢ (or e)
appear in the bottom configuration. Pair the top two configurations, and
re-shape, pack, and round fractional rectangles as explained in Section 4.2.
The height increase caused by pairing the top two configurations is at most
1. The height increase caused by rounding up fractional rectangles in the
bottom configuration is at most % To see this note that if (1 —a)h, > %
then h, > % and a < % as hg < 1; therefore, when this happens d > % and
f> % since a+d > 1 and a+ f > 1 (as fractional values a, d, and f appear
in Scases). So the total height increase is at most % Hence, we only need
to consider the case when (1 —a)hq > 1, (1 —c)he > %, and (1 —e)he > 1,
which can be addressed using the approach from the proof of Lemma 7 and
it increases the height of the packing by at most %

Assume now that Cy has two rectangle types and C3 has three rectangle types.
Note that fractional rectangles in C with fractional value b are packed within Scgse2,
because the rectangles in Co define boundary Bp 3, and so C3 must create By 2 (see
Figure 9c).

Again, similar to the analysis above, if (1 — a)hq < % then re-order the config-
urations so that fractional rectangles with fractional value a appear in the bottom
configuration. Otherwise, if (1 —a)hq > % and (1—b)hy < % (or (1—e€)he < %), then
re-order the configurations so that fractional rectangles with fractional value b (or e)
appear in the bottom configuration. Pair the top two configurations, and re-shape,
pack, and round fractional rectangles as explained in Section 4.2. The height increase
caused by pairing the top two configurations is at most 1. The height increase caused
by rounding up fractional rectangles in the bottom configuration is at most % To
see this note that if (1 — a)he > % then hqg > % and a < % as hqg < 1; therefore,
when this happens ¢ > % and f > % since a +¢ > 1 and a + f > 1 (as fractional
values a, ¢, and f appear in Sggse3). So the total height increase is at most %

Finally, when (1—a)hq > 3, (L—b)h;, > %, and (1—e)he > %, using the approach
from the proof of Lemma 7 increases the height of the packing by at most % O

5.4 None of Scase1s Scasez, and Scqese3 are empty,
count = 2, and fy(;) + f2s) > 1 for at least one
vertical section s; € Scase2-

Lemma 10 If count = 2, and fi;) + fa) > 1 for at least one vertical section

Si € Scase2, then there is an algorithm that produces an integer packing of height at
most 5 plus the value of the solution for linear program (1).

Proof Note that if C2 has two rectangle types then fi(;) + fa(;) < 1 for all vertical
sections s; € Scgsea since the rectangles in C'o define boundary Bs 3 and so fractional
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values a and b would appear within Scgse1 and Scgse2 and so a + b would be at
most 1; therefore, C'o must have three rectangle types.

Additionally, note that since Cy has three rectangle types, its rectangles must
also define By 2 or B2 2, as otherwise fl(i) + f2(i) < 1 for all sections s; € Sggse2-
The rectangles in C2 cannot define By 1 as then the rectangles in C's would have to
define By 2 and so count would have value 1.

We first consider when the rectangles in C5 define B1 2, which means that the
rectangles in C3 define either Bg 2, Bs 3, or B3 3, all of which are handled the same
way.

Since a + ¢ > 1, then a > % and/or ¢ > %

o Ifa> % then re-order the configurations so that fractional rectangles with
fractional value a appear in the bottom configuration, pair the top two con-
figurations, and re-shape, pack, and round fractional rectangles as explained
in Section 4.2. The height increase caused by pairing the top two configu-
rations is at most 1. The height increase caused by rounding up fractional
rectangles with fractional value a is at most % so the total height increase
is at most %

o Ifa< % then ¢ > %; also d > %, and f > % as fractional values a, d, and f
appear in Sggse3. Re-order the configurations so that fractional rectangles
with fractional value ¢ appear in the bottom configuration, pair the top
two configurations, and re-shape, pack, and round fractional rectangles as
explained in Section 4.2. The height increase caused by pairing the top
two configurations is at most 1. The height increase caused by rounding up
fractional rectangles with fractional values ¢ and d is at most % so the total
height increase is at most %

For the case when the rectangles in Cy define Bs 2, which means that the rect-
angles in C3 define By 2, we use the same approach as in Lemma 8. O

5.5 Remaining Cases

When only Scgse1 is not empty, or when only Scgses is not empty, we can
use the algorithms described in Section 4 for the same cases. Note that when
only Scase2 Or Scases are empty, then count > 0 since there is a configuration
containing a single rectangle type, and hence the algorithms from Lemmas 8-
10 can be used. When only S¢gse2 is not empty or when only Scgse1 is empty,
then count > 0 and the algorithms from Lemmas 8-10 can be used.

Theorem 2 If K = 3 and the fractional solution computed by solving linear program
(1) has ezactly three configurations, one configuration has three rectangle types, one
configuration has two rectangle types, and one configuration has only one rectangle
type, then there is an algorithm that produces an integer packing of height at most %
plus the value of the solution for linear program (1).
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5.6 Fewer Than Three Configurations

We have described how to round a fractional packing with exactly three config-
urations computed by solving linear program (1). When the fractional packing
has fewer than three configurations we need to group the vertical sections
in a different manner. When there are only two configurations, a vertical
section s; is classified as Scase1 if fis) + fo(i) < 1 and classified as Soqse2 if
fi) + f2¢i) > 1. Pair the two configurations and re-shape, pack, and round
fractional rectangles as explained in Section 4.2. Note that the height increase
caused by pairing the two configurations is at most 1.

When there is only one configuration, all fractional rectangles are rounded
up for a height increase of the packing of at most 1.

5.7 Differing Number of Rectangle Types in Each
Configuration

We have described how to round Sypcommon When each configuration has
exactly two rectangle types, or when one configuration has three rectangle
types, one configuration has two rectangle types, and one configuration has
only one rectangle type. In all of the other remaining possible combinations
of the number of rectangle types in each configuration there is at least one
configuration with only a single rectangle type, and so the approach used in
Sections 5.1-5.6 can be applied for all of these remaining cases.

6 Polynomial Time Implementation

Recall that the input to 2DHMSPP is represented as a list of 3K numbers, not
a list specifying the dimensions of n rectangles; therefore, any algorithm that
specifies individual locations of rectangles in a solution for 2DHMSPP will not
run in polynomial time.

We represent a configuration as a list of O(K) numbers: for 1 <1i < K we
specify the rectangle type T;, the number of rectangles of type T; packed side-
by-side, and the number of rectangles of type T; packed on top of each other
(note that this last number might not be integer).

Since there are at most K configurations, and we create at most one addi-
tional configuration by creating C'41 during the rounding process, then at most
O(K?) numbers are needed to specify the packing in Stncommon. Similarly,
the packing in Scommon 18 specified using at most O(K) numbers, for a total
of O(K?) numbers to specify the entire packing.

The number of rectangles of type 7; that are packed side-by-side in
Scommon 18 equal to the minimum of the number of rectangles of type T; that
are packed in each of Cy, Cs, and C3. The number of rectangles of type T; that
are packed vertically in Scommon 1S equal to the rounded up sum of the num-
ber of rectangles of type T; that are packed one-on-top of the other in each of
C1, Cs, and Cjs. Therefore, finding the number of rectangles of each type that
belong in Scommon requires O(K?) operations.
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Processing Scommon requires O(K) operations as for 1 < ¢ < K our algo-
rithm only needs to round up the fractional values for each rectangle type T;.
Sorting the rectangles in each configuration in Sy,common by their fractional
values requires O(K?) operations.

Ordering the configurations as specified in Sections 4 and 5 requires O(K)
operations, computing the value of the count variable requires O(K) oper-
ations, and checking which of the cases specified in the lemmas of Sections
4 and 5 are present in the fractional packing requires O(K) operations. Re-
shaping, packing, and rounding fractional rectangles as described in Section 4.2
requires O(K?) operations. Finally, packing leftover vertically split fractional
rectangles as shown in the figures requires O(K) operations.

Note that the above analysis holds regardless of how many rectangle types
are in each configuration of Syncommon -

Theorem 3 There is a polynomial time algorithm for 2DHMSPP with three
rectangle types that computes solutions of value at most OPT + % + € fore > 0.

Proof As shown in Section 2, an optimal fractional solution to 2DFSPP can be
computed in polynomial time. Our algorithm transforms fractional packings obtained
by solving linear program (1) into integer packings with height of at most % + € plus
the height of the corresponding fractional packing, where € is a positive constant.
Finally, as shown above our algorithm can be implemented in polynomial time. |

7 4-Type Algorithm

When K = 4 a basic feasible solution for linear program (1) consists of at most
four configurations. Our algorithm for this case performs the same four steps
as for the case when K = 3.

When there are only one or two configurations, the fractional rectangles
can be rounded as described in Section 5.6. Note that when K = 4 but there
are only three configurations in the fractional solution of linear program (1),
we cannot use our 3-type algorithm described above, as that algorithm takes
advantage of where the at most three case boundaries B; j,¢ # j are located,
but when K = 4 there can be up to eight boundaries, and these are not
accounted for in the algorithms we described above. Therefore, when K =
4 but there are three configurations, we pair the top two configurations as
described in Section 4.2 and round up the fractional rectangles in the bottom
configuration to produce a packing of height at most 2 plus the value of the
solution for linear program (1). In the sequel we only consider the case where
the solution of linear program (1) has 4 configurations.

7.1 Grouping Vertical Sections

Recall that within a vertical section s;, each configuration has a single rectangle
type. Let ¢ be the smallest section index for which the sum of the smallest
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three fractions in section s; is more than 1, if such a section exists; otherwise,
we set 1 = 0. We order the configurations so that fi) < fau) < f34) < fag),
where f1:), fa(i), f3(:), and fa(;) represent the fractional values of the fractional
rectangles packed in s; of Cy, Cy, C3, and Cy, respectively.

We classify the vertical sections s; € Syncommon iNto 4 cases, depending
on the four fractional values fi(;), fa@i), f33i), and fy(;) as follows:

® Scase1 includes all sections s; such that fi;y 4 fa) + f3) + fay < 1.

® Scasez includes all sections s; such that fi;y + fou) + fau) + fay) > 1 and
fiay + foe) + f36) < 1.

® Scuases includes all sections s; such that fi) + foe) + f3e) > 1 and fi) +
faiy < 1.

® Scuases includes all sections s; such that fl(i) + f2(i) > 1.

If no section s; exists for which the sum of the smallest three fractions is
more than 1, then cases Scases and Scgseqa Will be empty.

Cq
empty empty empty
Ca1 I 1
emllY empty empty -
C2
C3
_— Jm‘m -_— __ -emgty -_— _— -_— -_— | _— - -_— -_—
4
S —
3
p_— -emm -_— -_— -_— -_— _— -_— -_— -_— — -_— -_— -_—
Cq
L $1 A S2 A S3 A S4 J
RS Y Y T
Scase1 Scase2 Scase3 Scase4

Fig. 10: When K = 4 and the fractional packing has exactly four configura-
tions, our algorithm partitions the packing into at most 4 cases.

7.2 Casel: fiu) + fai) + f30) + fa) <1

For every section s; € Scgse1, we remove the fractional rectangles in Cf,
Cy, C3, and Cy (see Figure 10), including the parts rggse1 for vertically split
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fractional rectangles. We re-shape the fractional rectangles so that they have
the full height of a rectangle of the same type but only a fraction of its width,
and then we pack them side-by-side in C'41: to create C'4; all rectangles in C
are shifted upwards, including rectangles in Scgse2, Scases, and Scgsea, until
there is empty space of height 1 between C; and Cs in section s;. After shifting
the rectangles the tops of the topmost rectangles in C; must lie on a common
line.
The creation of C'4; increases the height of the packing by at most 1.

7.3 Case2: fl(i) + f2(i) + .f3(i) —+ .f4(i) > 1 and
frie) + Fe) + f36) < 1

For every section s; € Sggse2, we remove the fractional rectangles in C7, Cs,
and Cj3 (see Figure 10), including the parts rcqse2 for vertically split fractional
rectangles. We re-shape the fractional rectangles so that they have the full
height of a rectangle of the same type but only a fraction of its width, and then
we pack them side-by-side in C'4; as described above. Fractional rectangles in
Cy are rounded up.

The creation of C'4; and rounding fractional rectangles in Cy increases the
height of the packing by at most 2.

7.4 Case3: fiu) + f2¢) + fae) > 1 and fi) + f2) < 1

For every section s; € Scase3, we remove the fractional rectangles in C7 and
Cy (see Figure 10), including the parts rogses for vertically split fractional
rectangles. We re-shape the fractional rectangles so that they have the full
height of a rectangle of the same type but only a fraction of its width, and then
we pack them side-by-side in C'4; as described above. Fractional rectangles in
C3 and C4 are rounded up.

Note that we ordered the configurations based on the fractional values of
the fractional rectangles in the leftmost section s; of Scases, 80 fii) + f2q) +
fa@y > Land fig) < fou) < fau) < fa)- Hence, faq) > faq) > 3; therefore,
rounding up the fractional rectangles in C3 and Cj increases the height of
the packing by at most %, and when including the height increase caused by
creating C'41 the total height increase for this case is at most %

7.5 Case4: .fl(i) + f2(i) >1

For every section s; € Sggsea the fractional rectangles in C; and Cy are
rounded up, increasing the height of the packing by at most 1 (see Figure 10).
Additionally, the fractional rectangles in C's and Cy4 are rounded up, and by the
same reasoning shown for Scgse3, the height increase is at most %. Therefore,
the height increase for this case is at most %

Theorem 4 If K = 4 there is an algorithm that produces an integer packing of
height at most % plus the value of the solution for linear program (1).
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8 K-Type Algorithm

Our algorithm for the case when K > 4 also performs four steps. The first two
steps are the same as the cases when K = 3 and K = 4. However, we per-
form one additional pre-processing step: if there are any rectangle types whose
widths are greater than half the width of the strip, we place these rectangles
leftmost within their configurations. Additionally, we order the configurations
so that configurations containing these wide rectangles are placed at the bot-
tom of the packing so that two configurations containing wide rectangles of
the same type are put in adjacent positions. Observe that this ensures that
wide rectangles are whole (see Figure 11).

T3 T3 T3 T3 Ts5
T T T T T
co 4 3 3 3 3 5
T3 T3 T3 T3 T5
" To 3 T3
T T T
cq A 2 3 3
T2 T3 T3
" T2 T3 T3
i r T
cy A 2 3 3
T2 T3 T3
r T T4
T r
c3 A 1 4
T1 T4
" T T4
T T
ca 4 1 4
T1 T4
-

1

Fig. 11: Configurations with wide rectangle types are adjacent and near the
bottom.

8.1 Pairing Configurations

If there are an odd number of configurations, let Cjy be the configuration at the
top of the packing, and let each subsequently lower configuration be Cy, Cs, ...,
Ck_1, respectively. Otherwise, if there are an even number of configurations,
let them be C7, Cs, ..., Ck, respectively, from top to bottom. Pair configu-
rations Cy;_q and Co; for i = 1,2,..., L%J Add a region R; ;41 of height 1
between each pair of configurations C; and Cj41, shifting rectangles upwards
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as necessary, but ensure that the rectangles whose widths are greater than half
the width of the strip still remain at the bottom of the packing (see Figure 12).
If there is an odd number of configurations, the final configuration (topmost)
will simply have all of its fractional rectangles rounded up.
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g i I
1 1
< 1 c T
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L 1 L t I
1 1
o 1 o 1
1 T
b L O | By ___|
78 1 78 1
b b
1 1
< 1 < 1
1 1
1 1

st 2 st 2

Scaset Scasez SCaset Scasez

Fig. 12: The K configurations are stacked; if there are an odd number of
configurations, the topmost configuration is rounded up instead of paired. After
creating the regions R; j11, the rectangles whose widths are greater than half
the width of the strip are again grouped at the bottom of the configuration.

For every paired configurations C; and Cj41, a vertical section s; is classi-
fied as Scase1 if fj) + fj+1() < 1 and classified as Scase2 if fjq) + fij+10) >
1.

Note that since rectangle types whose widths are greater than half the
width of the strip were packed together at the bottom of the packing and are
already whole, these rectangles are not considered for the remainder of this
section.

8.2 Processing Fractional Rectangles

Consider paired configurations C; and Cj11. For any vertically split fractional
rectangle 7 € Scase1 N Scase2, put the fractional piece roqse2 of r located in
Scase2 into a set F. Round up the remaining fractional rectangles contained
in SCase2-



Springer Nature 2021 BTEX template

High Multiplicity Strip Packing with Three Rectangle Types 29

Add to the set F' all the fractional rectangles from each vertical section s; €
Scase1- Using fractional rectangles from F', form as many whole rectangles as
possible. Note that all fractional rectangles in Scommon and Scase2 (excluding
the pieces Tcqse2) are rounded up and therefore represent an integer number
of whole rectangles of each type. Since there was an integer number of whole
rectangles given as input to 2DHMSPP, then the fractional rectangles in F'
must yield an integer number of whole rectangles of each type. Therefore, any
leftover fractional rectangles in F' must have been used to round up other
rectangles and can be discarded.

8.3 Packing Rectangles into the Regions R; ;1

Consider one by one the regions R; ;1. Pack the rectangles from F' one by one
into R; j+1 until the next rectangle r does not fit. Split » and pack in R; j 41
the largest fraction of r that fits; the other piece of r is put back in F. Note
that either R, ;i1 is completely full (width-wise) or the set F' is empty. If F'
is not empty, continue packing rectangles from F' starting with the fractional
piece of r, if any, into the remaining regions in the same manner. Note that
the rectangles from F' must fit within these regions as we did not leave empty
space (width-wise) in any region and the total width of the rectangles in F
was at most the total width of all the regions combined.

Lemma 11 After packing the whole rectangles from F' into the regions R; ;1 as
described above, at most L%J — 1 rectangles were split.

Proof When rectangles from F' are packed into the first region R; ; 11, at most one
fractional rectangle is leftover (the final rectangle that did not fit in the region). This
fractional rectangle combines with the fractional rectangle packed at the beginning of
the next region to form a whole rectangle. Combining the fractional rectangle located
at the end of a region with the fractional rectangle located at the beginning of the
next region accounts for L%J — 1 whole rectangles, as the final region will only have
a fractional rectangle at the beginning of the region and not at the end of it. (|

8.4 Packing the Split Rectangles

We create additional regions R;, Ra, ..., RL% k| at the top of the packing of
width equal to the width of the strip to pack the rectangles that were split
(see Figure 13). These regions have width 1, the same as the rectangular strip,
instead of having just the width of Syncommon- Since the height of Scommon 18
increased by at most 1, then as long as K > 2 these regions are located above
Scommon- Note that Scommon could be empty, so that the width of Syncommon
is equal to the width of the full strip.

Lemma 12 The L%J —1 split rectangles can be packed using at most \_%j additional
regions of height 1.
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Fig. 13: The configurations have been paired, the fractional rectangles have
been processed, and the split rectangles have been made whole and packed in
regions placed at the top of the packing.

Proof Note that none of the split rectangles are wide, hence we can pack at least
two of these split rectangles into each region. Since there are fewer than L%J whole
rectangles, packing them at least two to a region will use at most \_%j additional
regions. O

Note that if K is even, then the height increase of Syncommon 18 at most L%J
from the regions created between each pair of configurations and an additional
L%J from the final regions added to the top of the packing. If K is odd, then
the height increase of Syncommon 1S at most L%J + L%J + 1, where the term 1
is from rounding up the un-paired configuration.

Theorem 5 If K > 3 then there is an algorithm that produces an integer packing of
height at most OPT + L%Kj +1 plus the value of the solution for linear program (1).

9 Experimental Results

We compared our rectangle packing algorithm for the case when the input
contains three types of rectangles with the fractional packings produced by
solving linear program (1). We implemented our algorithm for 3 rectangle
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types using Java. The commercial integer and linear program solver Cplex
12.7, configured using default settings, was used to compute optimal fractional
solutions. For each test instance we pre-computed the list of possible base
configurations to provide to the linear program.

Our algorithm for three rectangle types produces integer packings of height
at most %hmam + ¢ plus the height of the fractional packing where € is a positive
constant, but as we show, its experimental performance is much better than
its theoretical upper bound.

9.1 Input Data

We used randomly generated sets of rectangles of 3 types to evaluate our
algorithm. Note that the running time of our algorithm depends on K, so the
number of rectangles in the input does not have much effect on the running
time of the algorithm. For each rectangle type, we randomly generate a width,
a height, and a multiplicity, but we performed different tests changing the
intervals over which we selected the random values. The width and height of
the rectangles were always rounded to two decimal places. For every test case
we generated one thousand trials.

The structure of the fractional packing impacts how well our algorithm
performs. When all of the heights of the fractional rectangles are nearly the
full height of their corresponding rectangle types, our algorithm simply rounds
them up and computes near-optimum solutions. In contrast, when some of the
heights of the fractional rectangles are much smaller than the heights of their
corresponding rectangle types, our algorithm needs to apply a combination of
rounding techniques. Therefore, when analyzing the results, we divide the test
cases into groups based on the structure of the fractional packing.

9.2 Test Cases

We studied the impact that rectangle type width has on the performance of our
algorithm. For ¢ = 1,2, ..., 10, we generated packings where the upper bound
on the randomly generated widths was % For example, when ¢ = 5 the widths
of the rectangle types were randomly generated from the interval from 0.01 to
0.20. The running time of our algorithm quickly increases when we decrease
the upper bound for the rectangle widths because the need to pre-compute
the base configurations, so we limited the maximum value of ¢ to be 10 for the
majority of our test caes. We also performed a smaller number of experiments
where the widths of the rectangle types were randomly generated from the
interval 0.01 to 0.05.

We studied the impact that rectangle type height has on the performance
of our algorithm. For each value of i noted above, we chose height intervals of
size 0.10, 0.25, 0.50, and 1. The minimum height of a rectangle type was 0.01.
We include the following height intervals:

© 0.9-0.1jto1—0.1j for j=0,1,...,9.
® 0.75—0.25j to 1 — 0.257 for j = 0,1,2, 3.
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® 0.50 — 0.505 to 1 — 0.50§ for j = 0, 1.
* 0.01 to 1.

We summarize the results below.

9.3 Results

=] =]
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w

Height increase wrt fractional packing

1 2 3 4 5 6 7 8 9 10
The value of j used for randomly generating rectangle heights

Fig. 14: Average height increase with respect to optimal fractional packing.
Each data line represents a different value used for ¢ when selecting the rectan-
gle widths and the x-axis shows the value used for j when selecting the height
from the upper bound interval 1 — 0.15 and the lower bound 0.9 — 0.1j. From
left to right the chart shows taller to shorter rectangles, and from top to bot-
tom the series of lines show narrower to wider rectangles.

In this section we present only a sample of our experimental results, but the
observations that we make in this section will cover all of our experiments *.

Figure 14 shows how the widths and heights of the rectangle types impact
the height of the packing computed by our algorithm. On the x-axis, each
label represents the value of j used for that test case, and the height was
randomly generated using the interval from 0.9 — 0.1j to 1 — 0.15. On the y-
axis, each label represents the mean of the difference between the height of the

!'The complete results are available at www.csd.uwo.ca/~ablochha/2DHMSPP _Journal_
RawData.pdf
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Test Case Description Trials Avg Min Max
1 Configurations have 3, 2, and 1 rectangle types 163 0.913 0.48 1.3
2 Configurations have 3, 1, and 1 rectangle types 41 0.834 048 1.16
3 Configurations have 2, 2, and 2 rectangle types 389 0.941 0.34 1.38
4 Configurations have 2, 2, and 1 rectangle types 326 0.877 0.19 1.35
5 Configurations have 2, 1, and 1 rectangle types 71 0.828 044 1.26
6 Configurations have 1, 1, and 1 rectangle types 10 0.718 0.15 0.98
7 Our Algorithm Total 1000 0.901 0.15 1.38
8 Simple Algorithm Total 1000  2.041 0.65 2.9

Table 1: One thousand trials. Widths are between 0.01 and 0.05, heights are
between 0.90 and 1. The results are separated into categories depending on
how many different rectangle types appear in each configuration, and within
these categories the mean average height increase, minimum height increase,
and maximum height increase is listed with respect to the height of an optimal
fractional packing. Note that in all 1000 trials the fractional packing contained
three configurations.

packing computed by our algorithm and the height of the fractional packing
obtained by solving linear program (1); the mean is taken over the thousand
tests performed for each value of i. Each individual line on the figure represents
the change in value of j for a particular value of i (recall that the width of
the rectangles was randomly generated using the interval from 0.01 to %) So,
looking at the chart from left to right shows results of our test cases of taller
to shorter rectangles, and looking at the series of lines from top to bottom
shows results of our test cases of narrower to wider rectangles.

Rectangle Heights. The height increase in a packing caused by rounding
up a fractional rectangle depends on the height of the rectangle type (see Figure
14). Instances generated using shorter rectangle types resulted in our algorithm
producing solutions that were closer to the optimal fractional solutions. The
correlation between the height of the rectangles and the height increase of the
packing was observed in each of our tests cases. Note that if the heights of all
the rectangle types are the same, then the fractional values for each fractional
rectangle will also be the same (see the full results), which leads to a simpler
problem.

Rectangle Widths. Our results do not include the trivial case when all
rectangle types have widths larger than %; however, we did consider cases when
some of the rectangle types have widths larger than % Within a particular
height interval, the instances that contained rectangles wider than % have the
lowest height increase with respect to the optimal fractional packing. To see
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this, observe in Figure 14 the data points corresponding to j = 1 on the x-
axis; the bottommost line represents the results where ¢ = 1 and the maximum
rectangle width was 1, and each line above the blue line represents a larger and
larger value of ¢. Our results show that for many of the fractional packings that
include one or more rectangle types wider than % each of the configurations
contain a single rectangle type, Scgse2 and Scqses are both empty, or they have
fewer than three configurations (see the full results). Each of these situations
are simple to solve and most of their solutions increase the height by less than
1.

As we reduced the maximum width allowed for each rectangle type, the
solutions computed by our algorithm had heights that were further away from
the height of an optimal fractional packing. Note that in the full results you can
see that the fraction of the instances that had three configurations increased
when we reduced the maximum width (recall that the theoretical upper bound
on the height increase is worse for rounding three configurations). For the
instances where the maximum rectangle width was %, the average height
increase of our algorithm nearly reached its maximum for all of our test cases
(nearly 0.9 more than the height of an optimal fractional packing).

To get instances that pushed our algorithm towards its theoretical upper
bound, we generated inputs that contained rectangle types that are tall and
narrow. In Table 1 we show results for a test case where rectangle widths were
randomly chosen from the interval 0.01 to 0.05. Under the column labeled
”Test Case” we include a number so that we can refer to it easliy, and under
the column labeled ”Description” we give a description of the data that is
included for that test case. For example, test case 1 includes all of the trials (for
width between 0.01 and 0.05 and height between 0.90 and 1) where there was a
configuration with three different rectangle types, another configuration with
two different rectangle types, and a configuration with only a single rectangle
type. Test case 7 includes all of the results from the 1000 trials using our
algorithm, while test case 8 includes all of the results from the 1000 trials
using a simple algorithm that only rounds up fractional rectangles. Under
the ”Trials” column, we list the number of instances that are included in
each test case, and under the ”"Avg”, "Min”, and ”"Max” columns we list the
mean average height increase, minimum height increase, and maximum height
increase, respectively, within each test case with respect to the height of an
optimal fractional packing. Note that in all 1000 instances shown in Table 1
the fractional packing contained three configurations.

The results shown in Table 1 include some of the largest height increases
with respect to the fractional packing that we were able to produce in our
testing (recall that the running time of our algorithm increases as the rectan-
gles become more narrow). Observe that in test cases 2, 5, and 6, when two
of the three configurations have only a single rectangle type each, the problem
becomes simpler: the boundaries between the cases are limited to the config-
uration that has multiple rectangle types, and often one of the configurations
with a single rectangle type can be rounded up without increasing the height
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by a large amount. As seen in the table, 122 of the 1000 trials were this simpler
version of the problem and their average height increases (0.834, 0.828, and
0.718 for test cases 2, 5, and 6, respectively) were the lowest within the table.

The instances from Table 1 that have the highest average height increases
are in test cases 1 and 3, with height increases of 0.913 and 0.941, respectively.
Recall that these test cases are the most complicated versions of the problem
and required multiple different algorithms (described in the previous sections)
to transform the fractional rectangles into whole ones. When Sycommon has
the maximum number of rectangle types (6) in its configurations (3 + 2 + 1
or 2 4 2 + 2), the instance is the most difficult to solve. As seen in the table,
552 of the 1000 trials were this more complicated version of the problem,
which represents a majority of the instances. We did not perform additional
experiments with even narrower rectangles because of the increased running
time.

9.4 Final Observation

We compared our 2DHMSPP algorithm for three types against optimal frac-
tional solutions computed by Cplex. Even though our algorithm has a worst
case performance of 1.5 + € plus the height of an optimal fractional packing,
its average performance was significantly better. Our algorithm produces solu-
tions that are closest to the optimal fractional packings on instances where
the rectangle types are short and wide and produces solutions that are fur-
thest from the optimal where the rectangles are tall and narrow. Moreover,
for instances that have at most two configurations our algorithm performs
significantly better than when there are three configurations.
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