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Abstract

We show that differentiation via fitting B-splines to
the spatio-temporal intensity data comprising an im-
age sequence provides at least the same and usu-
ally better 2D Lucas and Kanade optical flow than
that computed via Simoncelli’s balanced /matched
filters.
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1 Introduction

This paper quantitatively compares 2D optical
flow computed using derivatives measured with
the same spatio-temporal support via Simoncelli’s
matched/balanced filters [16] and via B-spline dif-
ferentiation. As Unser [21] points out, splines are
a natural way to convert discrete data into continu-
ous data and splines have already been used in opti-
cal flow work. For example, the work by Goshtasby
[10] applied surface fitting to discrete displacement
estimates based on feature correspondences to ob-
tain smooth displacement fields. Bab-Hadiashar et
al. [1] proposed an optical flow computation that
involves fitting 2D thin-plate spline patches to im-
age intensity data on a rectangular grid via an LU
decomposition. This method is different from those
using a spline to smooth the optical flow field [18].
Szeliski and Couchlan [19] represent the optical flow,
(u,v) using 2D splines controlled by a smaller num-
ber of displacement estimates, (i, ), which lie on a
coarser ‘control point’ grid. Our idea is to use B-
splines directly to obtain a smooth spatio-temporal
grayvalue model of the spatio-temporal grayvalue in-
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tensities that make up an image sequence and use
this model to compute analytic 15¢ order derivatives
in z, y, and t. We believe our use of a 3-variate
spline with a uniform knot vector is unique in this
context. Modeling with B-splines offers an extra im-
portant flexibility because of the different smoothing
parameters. An introduction to B-spline theory is
proposed in [6] and some background on their use
can be found in [7].

We use the computed flow from Lucas and
Kanade’s method to compute the flow for syn-
thetic images sequences with known groundtruth for
derivatives computed both ways: we hypothesize the
error in the flow indicates which type of derivatives
are more numerically accurate. As such, it shouldn’t
matter very much which optical flow method we
use. We choose Lucas and Kanade because it
is computationally efficient (versus, say, Horn and
Schunck’s regularization method [11] which is signif-
icantly slower), provides accurate flow and because
we already have a good implementation of this algo-
rithm.

2 Lucas and Kanade Optical
Flow Review

The basis of all differential optical flow methods is
the motion constraint equation,

Ipv, + Lyvy = — 14, (1)
where I, I, and I; are the spatio-temporal image
intensity derivatives at a pixel and (vg,vy,) are the
z and y components of the 2D image motion (image
velocity) at that pixel. Equation (1) is one equation
in two unknowns. Any velocity that satisfies this
equation is potentially the correct velocity. If we as-
sume the motion is constant in some neighbourhood



than two (or more) sets of derivatives can yield a
non-singular linear (least squares) system of equa-
tions that yield values for (vg,vy).

The velocity with the smallest magnitude on the
motion constraint equation is called the normal ve-
locity as it is one of the endpoints on the shortest line
from that point to the origin (this line is perpendic-
ular [normal] to the motion constraint line) and is
given by 7,, = v, N, where

_It ~ (valu)
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are the normal velocity magnitude and the normal
velocity direction and VI = (I, I,) is the spatial
intensity gradient.

We implemented a weighted least-squares fit of
the local first-order constraints (1) based on Lucas
and Kanade [12, 3] to a constant model for v in each
small spatial neighbourhood €2 by minimizing

> WAVI-v-1L)*], (3)

(z,y)€N

where (2 is some local neighbourhood and W denotes
the diagonal weight matrix whose diagonal elements
are the magnitudes of the spatial gradients, ||VI]||2.
The solution to equation (3) is given by

MTW?Mv = MTW?b, (4)

where, for n points (z,y) € Q at a single time ¢,

M; = [Lei Lyil,i € [1,n],
1% = diag[p1,p2, ---,pn]v
b = —(In Lp .. Iy (5)

The solution to (4) is v = [MTW2M|"'MTW?b,
which is solved in closed form when MTW?2M is non-
singular, since it is a 2 X 2 matrix:
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where all sums are taken over points in the local
spatial 5 x 5 neighbourhood 2. The solution to this
system of equations is a least squares fit of a single
full velocity to a local 5 x 5 neighbourhood of spatio-
temporal intensity derivatives, i.e. a constant local
velocity model is assumed for each neighbourhood.
With respect to the motion constraint equation in
equation (1) this can be viewed as a least squares
computation of the intersection point of all the mo-
tion constraint lines arising from the normal veloci-
ties in the neighbourhood.

We used eigenvalue/eigenvector decomposition to
threshold the computed flows. Eigenvalue (Ao < A1)
and corresponding eigenvector (ég and é;) decom-
position of the symmetric matrix MTW?2M yields
least squares full image velocity, if both Ao, Ay > T,
or least squares normal image velocity, v,, = v - éq,
if Ay > 7 but A\g < 7 [3]. We use 7 = 1.0 for the full
image velocity results reported in this paper.

3 Simoncelli Differentiation

Differentiation via convolution was done using Si-
moncelli’s matched/balanced filters [16]. Simoncelli
designed filters that required the derivative kernels
to be good approximations to the derivatives of the
prefilter, are linear, have zero phase and are separa-
ble. Let 7 and d be N-vectors containing the kernels
for a prefilter and its derivative. If P(&J) and D(&)
are the FTs of p'and d respectively, then a weighted
least squares minimization in the frequency domain
of:

/ W () [~iwP(w) — D(w)]? dw, (7)

where W (w) = 1/|w|%? is a weighting function, will
yield the N tap kernels for the prefilter and its
derivative. A discrete least squares minimization of
equation (7) requires us to minimize:

e (%), ®)

where F' is a matrix containing the first N Fourier
basis functions, F’ is the same matrix multiplied by
frequency w and W is a weighting matrix (as above).
This minimization is performed by finding the min-
imum eigenvalue and corresponding eigenvector of
MTM. We use N = 5 which gives a low pass filter-
ing (blurring), ps, and a high pass filtering (differen-
tiation), ds, as specified in Table 1. Matched filters
allow comparisons between the signal and its deriva-
tives as the high pass filter is simply the derivative
of the low pass filter and should yield more accu-
rate derivative values. Using these two masks I, is
computed by applying ps in the ¢ dimension, then ps
to those results in the y dimension and finally ds to
those results in the = dimension. I,, and I; are com-
puted in a similar manner. Before performing this
filtering we use a simple averaging filter 1,1, 1] to
slightly blur the images. Simoncelli claims that be-
cause both of his filters were derived from the same
principles more accurate derivatives result and he
demonstrated this on the Yosemite Fly-Through se-
quence [16].



Figure 1: Synthetic image data: (a) The middle translating tree image (the middle diverging image is very
similar and not shown), (b) the middle Yosemite-Fly Through image and (c¢) the middle marble image.

n| ps ds

0 | 0.036 | -0.108

1] 0.249 | -0.283

210431 0.0

3 10.249 | 0.283

41 0.036 | 0.108
Table 1: Simoncelli’s 5-point Matched/Balanced
Kernels

4 Spline Differentiation

We use B-splines to parameterize the spatio-
temporal grayvalue data. Then the spatio-temporal
grayvalue derivatives, I, I, and I; can be computed
by analytically differentiating the spline. A B-spline
curve of order m (degree m — 1) can be defined as

L
P(t) = PuNiml(t), 9)
k=0

where a knot vector T = (to,t1,, ..., t+m) must be
specified, there must be L 4+ 1 control points, P
(pixel intensity values in our case) and the order m
of the B-spline functions. Typically, cubic B-splines
(m = 4) are the most common because they produce
a C? curve with the lowest number of calculations.
The B-spline function, Ny, is defined recursively as
[6]:

t— 1t
thtm—-1 — Tk

Nim(t) = ( ) Nigm—1(t)+

(M) Nit1.m—1(t). (10)
thtm — tht1

Since this is a recursive definition that defines the
m'" order function in terms of 2 B-spline (m — 1)t"
order functions we need to define the 1** order func-
tion:

1 if g, <t <tpga
0 otherwise

Nea(t) = { (11)

We can differentiate Equation (10) with respect to ¢
to obtain:

N (®) = (1)

Nim—1(t) >+<Nk+1,m—1(t)>'

teym—1 — tk Uetm — tit1

(12)
Equation (12) provides the explicit derivation of ex-
pression (9). Reorganizing the result leads to a most
classical expression of the derivative [7], but also en-
tails more computations. We can smooth an image
sequence segment as a 3D spline of order m,, m,,
ms by computing C(u, v, s) as:

Ny My N
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where I; ; 1 is the image intensity at pixel (,7) at
frame k. n,, n, and ny are the dimensions of image
sequence in the spatio-temporal dimensions. Using
such a smoothing, intensity derivatives, I, (1,7, k),
I,(%, 7, k) and I.(4, j, k), reduce to:

L(i,j.k) = Culu,v,5) x 22

Tn (14)
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. dv
Iy(zajv k) = Cv(ua v, S) X d_y (15)
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.. ds
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274 order derivatives can be computed in a similar
way if required. The image sequence parameteriza-
tion depends on the 3D data distribution and the
knot vectors. In our case, the data are regularly
spaced in x, y and t. We also use a uniform knot
vector. When a set of n + 1 points is smoothed with
a B-spline of order k, the knot vector must exactly
have n+ k + 1 knots, to, ..., t,+%. The first knots are
starting knots and the last ones are ending knots.
The definition interval of the corresponding B-spline
model is [tg—1, tn+1] [6]. We always use uniform knot
vectors in our calculations, i.e. the step between two
consecutive knots is always the same (the easiest step
to use is 1). Using such a sequence (as opposed to
a classical clamped knot vector) does not constrain
the model to reach the extreme control points, which,
in any case, would not be very useful as the latter
are the inaccurate borders of an image. Moreover,
having uniform knot vectors to smooth our regular
lattice of points implies that there exist affine maps
between respective parameters z, y, t and u, v, s.
The first computed x value is x4, while the last one
iS Tymaz. With our parameterization, in a 512 x 512
image, T, is not 0 and the value x4, is not 511.
However, both values are within the range [0, 511].
From applying the affine map, it is simple to com-
pute the first and last parametric values correspond-
ing to integer values of x, y and ¢t. Thus, we obtain
the clipping window, within which the derivatives
can be computed reliably with respect to x, y and ¢.
The smaller the B-spline orders, the larger the win-
dows and the number of frames, but the smaller the
smoothing effect. One can note that determining a
zyt clipping window is not a problem as our method
reduces the number of pixels (at spatio-temporal bor-
ders) where we can’t compute good derivatives. If
the reduction in the number of the computed frames
becomes a drawback, three different solutions can be
proposed. First, a low B-spline order in s can be fixed
(the minimal value being 2, suppressing the smooth-
ing in time). The second is to consider a different
parameterization allowing one to reach the extreme
frames. The last solution is to use periodic B-splines

when the frames correspond to the sampling of a pe-
riodic motion [20].

Computing a smoothed image is always a com-
promise between smoothness, accuracy and compu-
tational time. In order to obtain better results with
low degree splines, we first pre-smooth the image se-
quence by parameterizing it with a spatio-temporal
spline. The order of the B-splines used for smoothing
was fixed at m. s = 4. Then we resample the im-
age sequence from this parameterization and again
fit a B-spline to this re-sampled data. This method
is believed to yield more accurate derivatives even
though if we still plan additional investigations.

Another advantage of computing derivatives us-
ing a spatio-temporal B-spline is that multiple sets
of derivatives can be computed, yielding multiple op-
tical flow fields. Using Simoncelli filters on the same
number of images in a sequence (7 in our case) yields
only 1 optical flow field where as using spline differ-
entiation may provide more. We analyze the accu-
racy/goodness of these flows below.

5 Experimental Technique

We use 4 synthetic image sequences with known
truth, the Translating Tree and the Diverg-
ing Tree sequences made by David Fleet [8], the
Yosemite Fly-Through sequence made by Lynn
Quan at SRI and the Marble sequence made by
Otte and Nagel [14]. Figure 1 shows the middle im-
age of each sequence. Due to space limitations, we
do not show the correct flow fields in this paper but
refer the interested reader to papers by Barron et al.
[3] and Otte and Nagel [14].

We measure average magnitude and angle error
(plus standard deviations) for the computed flows.
Average magnitude error is computed as:

N -
2 | Tl —

¢2Dmag - = X 100% (17)
|U0i|
Average angle error is computed as:
¢2py = arccos <7f}ci g ) : (18)
||U0i| 2| |v€i ||2

We also use the Fleet and Jepson 3D angular measure
[8, 3]. In this case, velocity is viewed as displace-
ment per time unit as in ¥ = (u,v) pixels/frame,
or as a space-time direction vector (u,v,1) in units
of (pixel, pixel, frame). Then error is measured as
angular deviation from the correct space-time orien-
tation. Let 3D estimated velocity be expressed as

\}% while the 3D

the normalized vector 0, =



correct velocity is expressed as the normalized vector
(Ucﬂ)c:l)

0, = ——===2L__ The angular error is then computed
c e g p
as:

3py = arccos(e - U¢). (19)

Lastly, we present the density of the flow as a per-
centage out of 100. This is because we threshold
Lucas and Kanade flow fields on the smallest eigen-
value of the least squares integration matrix using
7= 1.0.

6 Experimental Results

In this section we present quantitative results of the
computed flows for our 4 synthetic sequences. Tables
2 to 5 show our quantitative spline results for the
Translating Tree, Diverging Tree, Yosemite
Fly-Through and Marble sequences while Table 6
show our quantitative Simoncelli results for the mid-
dle images of those 4 sequences. Figures 2 to 5 show
3 representative flow for each of the 4 sequences: the
flows at the middle image when the spatio-temporal
spline order is my,.,s = 4 and when the spatio-
temporal order is my,, s = 6 and when Simoncelli’s
filters are used for 7 = 1.0. The results in the Ta-
bles show that as the spatial orders, m, and m,
(m, = m, always here) and the temporal order,
myg, are increased, the flows usually become more
accurate. Since the computed flows are compared
to the correct flow for the middle image, non-middle
flows are only difference measures with respect to
the middle image flow; nevertheless the time-varying
flow varies smoothly and slowly and we can see that
they often are in good agreement with the correct
middle image flow. We perform these calculations
to show that the multiple flow fields often avail-
able with spline differentiation are usually quite good
(this relies on the assumption that the flow fields vary
smoothly and slowly over time). In most cases, the
Simoncelli-filters flows are often significantly inferior
to the best spline flows for the error when the im-
age number matches the correct flow number. We
have also run these same tests with no spline pre-
smoothing; in all cases, the results were inferior and
are not reported here.

7 Conclusions

We have shown that, for 4 realistic synthetic images
sequence with known groundtruth, that we can
compute more accurate intensity derivatives, and as
a result, more accurate optical flow by using deriva-
tives computing via B-splines versus convolution

with filters (known to be good). As well, we can use
splines to compute more dense derivative datasets
from 7 images. The Simoncelli filters we used only
allow 1 flow field computation for each 7 images. A
good question (not addressed in this paper) is one
concerning noise and smoothing. B-splines provide
exact derivatives on the interpolating function (in
fact, the smoothing function). These derivatives are
exact for the model (parameterization) that models
the data. This is an important advantage combined
with the fact that the different parameters provide
a high degree of flexibility for smoothing (for noise
reduction). One can choose to increase smoothing
or to extend the interpolation parameterization. We
are currently investigating this matter. Other future
work includes designing a measure of ”goodness
of spline fit” to the data to allow calculation of
reliability measures for the derivatives that can
then be used to improve subsequent optical flow
computation [17]. We could also use a better optical
flow algorithm, such as Brox et al.’s regularization
algorithm [5]' with our spline differentiation; an
implementation of this is now underway. We are
also in the process of using spline differentiation to
compute 3D optical flow on gated MRI datasets [4].
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Image | M,/ @2DMag @206 @3D8 Density
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10 5/5 9.53% + 14.65% 3.70° + 8.30° 2.31° £ 2.08° | 59.78%
8 6/5 21.46% + 27.75% | 7.93° +11.08° 5.69° +5.25° | 60.44%
9 6/5 9.51% + 13.06% 3.47° £+ 7.10° 2.35° £ 1.98° | 58.46%
10 6/5 9.59% + 14.72% 3.73° £ 8.39° 2.31°+2.11° | 58.48%
9 4/6 9.04% £+ 12.11% 3.36° +6.39° 2.30°+£1.97° | 60.88%
8 5/6 20.75% £ 26.47% | 7.70° £ 10.84° 5.56° £ 5.12° | 62.07%
9 5/6 8.99% + 12.28% 3.32° + 6.62° 2.26° £1.96° | 59.49%
10 5/6 9.75% £ 15.51% 3.79° 4+ 8.56° 2.34° +£2.13° | 59.39%
9 6/6 9.00% £ 12.37% 3.33° £ 6.75° 2.24° +1.94° | 58.08%
10 6/6 9.78% + 15.60% 3.81° + 8.65° 2.33° £ 2.14° | 58.10%

Table 3: Error statistics for the Diverging Tree sequence for images 7-11. For images 7 and 8 as well as
10 and 11 the error measures are difference measures from the correct flow field, which is known for image
9 only.
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Table 4: Error statistics for the Yosemite Fly-Through sequence for images 6-10. For images 6 and 7 as
well as 9 and 10 the error measures are difference measures from the correct flow field, which is known for
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4/4
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4/5
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6/5
6/5
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4/6
4/6
5/6
5/6
5/6
6/6
6/6

34.16% + 35.24%
20.97% £ 27.07%
21.45% =+ 30.32%
22.29% =+ 35.20%
40.53% + 48.70%
32.52% + 34.26%
20.16% =+ 26.55%
20.62% =+ 29.72%
21.46% =+ 34.31%
39.12% + 47.26%
31.50% + 33.69%
19.54% + 26.06%
20.01% =+ 29.16%
20.79% =+ 33.40%
38.17% + 46.31%
20.08% + 26.75%
20.45% + 29.59%
21.51% =+ 34.60%
19.20% + 26.12%
19.65% + 28.99%
20.64% + 33.66%
18.59% =+ 25.62%
19.10% + 28.51%
19.92% + 32.62%
19.65% + 26.57%
19.86% + 29.18%
18.74% + 25.97%
19.05% =+ 28.43%
20.28% =+ 33.08%
18.50% + 27.76%
19.56% + 32.16%

13.63° £ 26.32°
8.95° £ 24.03°
9.12° + 24.41°
9.15° +24.47°
15.12° £ 27.62°
12.87° £25.53°
8.55° £ 23.56°
8.73° £ 23.96°
8.81° +24.14°
14.60° £ 27.13°
12.39° £ 24.98°
8.23° + 23.12°
8.45° £ 23.56°
8.54° + 23.79°
14.24° £ 26.70°
8.63° £ 23.97°
8.78° £24.31°
8.91° £ 24.50°
8.20° £ 23.45°
8.42° £ 23.86°
8.55° £24.11°
7.92° £ 23.06°
8.14° + 23.47°
8.27° £ 23.77°
8.43° +23.91°
8.57° £ 24.26°
8.01° £ 23.40°
8.21° £ 23.80°
8.42° 1+ 24.08°
7.94° £+ 23.43°
8.14° £ 23.75°

10.65° £ 14.58°
7.08° £ 13.12°
7.13° £13.37°
7.24° +£13.30°
11.83° £15.21°
9.87° £13.61°
6.63° +12.47°
6.69° + 12.76°
6.82° +12.76°
11.23° £ 14.54°
9.35° £12.90°
6.26° 4+ 11.89°
6.35° £+ 12.26°
6.48° £+ 12.25°
10.77° £ 13.88°
6.72° £12.91°
6.75° £13.11°
6.91° +13.12°
6.24° £+ 12.20°
6.33° £ 12.53°
6.49° £ 12.59°
5.90° £11.71°
6.01° £+ 12.06°
6.14° £+ 12.06°
6.52° +12.72°
6.53° £ 12.95°
6.05° £ 12.06°
6.12° +12.40°
6.33° £+ 12.45°
5.81° £ 11.95°
5.97° £11.91°

58.32%
57.43%
57.37%
57.65%
58.77%
57.43%
56.70%
56.63%
56.82%
58.00%
56.65%
55.91%
55.89%
56.13%
57.16%
56.88%
56.74%
57.06%
56.06%
56.00%
56.28%
55.28%
55.27%
55.47%
56.33%
56.24%
55.53%
55.50%
55.74%
54.78%
54.91%

image 8 only.
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Image | muy,o/ms @2DMag @206 @3D8 Density
32 4/4 47.72% 4+ 27.00% | 25.52° +£14.18° | 22.94° + 12.21° | 62.06%
33 4/4 42.41% £ 18.70% | 22.94° £12.82° | 20.71° £11.47° | 61.17%
34 4/4 40.60% + 16.05% | 20.15° £ 13.00° | 19.24° +£11.28° | 61.50%
35 4/4 36.34% + 19.93% | 18.43° £13.80° | 17.48° +£12.22° | 62.02%
32 5/4 47.35% 4+ 26.56% | 25.41° £13.85° | 22.74° +£11.95° | 60.84%
33 5/4 42.26% + 18.53% | 22.89° £12.63° | 20.61° +11.30° | 60.14%
34 5/4 40.44% + 15.86% | 20.09° £ 12.86° | 19.14° +11.14° | 60.44%
35 5/4 35.92% +19.33% | 18.28° £13.46° | 17.26° £11.97° | 60.82%
36 5/4 51.07% £ 22.37% | 25.39° £ 17.49° | 24.89° +14.30° | 70.10%
32 6/4 47.04% + 26.34% | 25.28° £13.63° | 22.54° £ 11.76° | 59.80%
33 6/4 42.04% + 18.44% | 22.79° £12.51° | 20.47° +£11.18° | 59.19%
34 6/4 40.21% £ 15.76% | 19.99° £12.76° | 19.00° +11.05° | 59.50%
35 6/4 35.55% + 18.93% | 18.12° £13.26° | 17.07° £11.82° | 59.74%
36 6/4 50.11% £+ 21.79% | 24.96° £ 16.71° | 24.29° +13.80° | 68.16%
33 4/5 41.89% + 18.71% | 22.77° £12.65° | 20.47° £ 11.35° | 60.34%
34 4/5 39.84% + 15.83% | 19.94° £12.83° | 18.92° +11.21° | 60.66%
35 4/5 36.78% +19.98% | 18.57° £13.73° | 17.65° £12.19° | 61.65%
33 5/5 41.77% £ 18.57% | 22.73° £12.51° | 20.38° £ 11.21° | 59.34%
34 5/5 39.71% + 15.66% | 19.89° £12.70° | 18.83° £11.09° | 59.62%
35 5/5 36.35% + 19.38% | 18.43° £13.44° | 17.43° £11.96° | 60.42%
33 6/5 41.57% + 18.51% | 22.64° £+ 12.41° | 20.24° + 11.10° | 58.46%
34 6/5 39.49% 4+ 15.58% | 19.79° £ 12.61° | 18.70° +10.99° | 58.74%
35 6/5 35.97% £ 18.97% | 18.27° £13.25° | 17.22° +£11.80° | 59.33%
33 4/6 41.54% + 18.82% | 22.63° £12.58° | 20.29° £ 11.27° | 59.66%
34 4/6 39.24% + 15.75% | 19.76° £ 12.69° | 18.66° £ 11.16° | 59.94%
33 5/6 41.44% + 18.69% | 22.60° £ 12.46° | 20.21° £ 11.15° | 58.73%
34 5/6 39.14% + 15.59% | 19.73° £12.59° | 18.58° +11.05° | 59.00%
35 5/6 36.65% +19.22% | 18.55° £13.38° | 17.57° +£11.93° | 60.08%
34 6/6 38.96% + 15.56% | 19.64° £ 12.53° | 18.47° £ 10.98° | 58.18%
35 6/6 36.25% + 18.84% | 18.38° £13.20° | 17.34° £ 11.77° | 58.97%

Table 5: Error statistics for the Marble sequence for images 32-36. For images 32 and 33 as well as 35 and
36 the error measures are difference measures from the correct flow field, which is known for image 34 only.

Figure 2: Translating Tree flows for the middle image (a) when my , s = 4, (b) when m,, , s = 6 and (c)
when Simoncelli’s filters are used.



Sequence ®2DMag ®2D6 ®3D9 Density
Translating Tree | 14.12% 4+ 17.51% | 5.60° & 12.80° 6.16° + 10.99° 55.11%
Diverging Tree 14.05% + 13.98% | 5.26° +8.57° 4.10° +£4.69° | 60.41%
Yosemite 32.06% + 41.38% | 13.13° £25.57° | 11.22° £15.90° | 58.32%
Marble 42.17% £ 19.77% | 22.65° £12.91° | 20.55° +11.49° | 58.94%

Table 6: Error statistics for the 4 sequences for the 9t image of the Translating and Diverging Tree
sequences, for the 8" image of the Yosemite Fly-Through sequence and for the 34" image of the Marble
sequence when Simoncelli’s filters were used.

Figure 3: Diverging Tree flows for the middle image (a) when m, , s = 4, (b) when m,_, s = 6 and (c)
when Simoncelli’s filters are used.

Figure 4: Yosemite flows for the middle image (a) when my s = 4, (b) when m, , s = 6 and (c) when
Simoncelli’s filters are used.

(c)
Figure 5: Marble flows for the middle image (a) when my s = 4, (b) when m,, s = 6 and (c) when
Simoncelli’s filters are used.




