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Abstract. We present a Kalman lter framework for recovering depth

from the time-varying optical ow elds generated by a camera translating over a scene by a known amount. Synthetic data made from ray
traced cubical, cylinderal and spherical primitives are used in the optical
ow calculation and allow a quantitative error analysis of the recovered
depth.
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1 Introduction
We consider the problem of depth recovery from monocular image sequences
when the 3D camera motion is either known [10] or recovered from a Motion
and Structure algorithm [2]. Using the assumption of local planarity, inverse
depth can rst be computed from the measured optical ow, then integrated
into surface normals in small neighbourhoods and tracked over time in a Kalman
lter framework [7, 6].
There are a number of approaches for computing depth from optical ow/image
derivatives in the literature. Piecewise planarity has been used by Faugeras and
Lustman [5] to solve for motion and structure from point displacements using
recursive least squares. Barron et al. [1] also used the planarity assumption to
recover motion and structure from time varying optical ow. More recent work
has used Kalman ltering as a way to recover depth values from time varying
ow where the camera motion is known. Kalman ltering seems especially appropriate here as, from empirical observations by the 1st author, optical ow
error (as computed from Lucas and Kanade's algorithm [8]) has Gaussian meanzero error. This was conjectured after examining plots of optical ow error for
a number of images that looked Gaussian. Also, use of the Lorentzian robust
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estimator [4] with the Lucas and Kanade calculation shows that the best results
approached the standard least squares Lucas and Kanade results: least squares
is optimal for Gaussian mean-zero noise.

2 Literature Survey
Some of the Kalman lter approaches include those by Matthies et al. [12], Heel
[9] Xiong and Shafer [15] and Hung and Ho [10]. Matthies et al.'s approach
[12] is a Kalman lter-based algorithm for recovering the depth map of a 3D
scene from 2 frame image displacements, using the sum of squared di erences
(SSD) method to integrate the squared intensity di erence between two shifted
images over a small area to obtain an estimate of the optical ow, (v1; v2 )T ,
and its covariance matrix, Pm , for each pixel of the image. A Kalman lter
tracks the inverse depth using predictions about how the depth changes. Heel
[9] computed depth directly from image intensity derivatives in a Kalman lter
framework by assuming local constant depth. If the camera motion is unknown
it can also be estimated in a least squares framework. Given (X (t); Y (t); Z (t))
(X (t + 1); Y (t + 1); Z (t + 1)) can be estimated and bilinear interpolation is then
used to nd the Z value at pixel locations. Further interpolation and extrapolation are used to compute dense elds. Heel has tested his algorithm on planar
images with unknown translation with good results. Xiong and Shafer [15] use an
extended Kalman lter to track the sensor's motion and the depth of each image
pixel. The Levenberg-Marquardt method is used here to perform the nonlinear
minimization to get an initial estimate of the motion and depth parameters.
Their experiments include estimating camera motion and surface depth in a 51
image sequence generated by a moving camera over a scene of a straw hat, with
realistic subjective surface results. Hung and Ho [10] use image intensity derivatives in a Kalman lter framework for known camera translation. At each time,
the depth map is warped using the known camera motion and used to compute
depth at pixel points. An experiment with a scene consisting of a coke can, a
small box and a planar poster as background, show that with smoothing, good
subjective depth can be recovered.

3 A New Approach
We also assume that the direction of sensor translation, u^, and its rotation,

!, are known or can be computed by some other means [2]. In the case where
the true sensor translation U is known, we can compute the absolute 3D depth

map; otherwise we can compute relative depth. Interpolation of surface orientation values at non-pixel image locations is avoided by assuming local planarity,
a seemingly reasonable assumption everywhere in the image except at depth discontinuities. Our use of planarity is di erent than Faugeras and Lustman's [5]:
we use it to avoid having to compute non-pixel correspondences. Given image velocity v(Y ; t) we believe it valid most of the time to assume the correspondence
is at round(Y + vt) at time t + t.

Depth from Optical Flow

3

We consider a setup consisting of a single camera taking the images while it
is moving through a static 3D scene. The standard image velocity equations [11]
relate a velocity vector measured at image location Y = (y1 ; y2 ; f ) = f P =X3 ,
[i.e. the perspective projection of a 3D point P = (X1 ; X2; X3 )], to the 3D sensor
translation U and 3D sensor rotation !. We can rewrite the standard equation
for the image velocity v = (v1 ; v2) as v(Y ; t) = vT (Y ; t) + v R (Y ; t) where vT
and vR are the translational and rotational components of image velocity:

vT (Y ; t) = A (Y ) XU and v (Y ; t) = A (Y )!(t)
1

R

3

and
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We de ne the depth scaled camera translation as

u(Y ; t) = jjPU((tt))jj = u^(Y ; t);
2

(3)

where u^ = U^ = (u1; u2; u3) is the normalized direction of translation and
(Y ; t) = jjjjPU jjjj = jXf jjjjjUYjj jj is the depth scaled sensor speed at Y at time t.
We refer to  as scaled speed. Note that translational image velocity, vT , is
bilinear in u^ and , making the image velocity equations non-linear. The focal
length f is assumed to be known via some camera calibration scheme. If we
de ne 2 vectors:
2

2

2

3

2

r(Y ) = (r ; r ) = jv A (Y )!j and
d(Y ) = (d ; d ) = jA (Y )^uj jjYfjj ;
1

2

1

2

2

2

1

(4)
(5)

where jAj means each element in the vector is replaced by its absolute value.
Then we can solve for  from the image velocity equation, which can now be
written as:
r d = (r1; r2) (d1; d2) = 0:
(6)
 has solutions dr or dr or (best) a weighted average:
1
1

2
2



=

r1 jv1j + r2 jv2 j
d1
d2



jv1 j + jv2j :

(7)

We use the magnitudes of v1 and v2 to weight the calculation: we expect  values
computed from the larger velocity component magnitude to be more reliable.
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4 Planar Orientation from Relative Depth
We are interested in computing the local surface orientation as a unit normal vector, ^ = ( 1; 2; 3) from  values. Consider two 3D points, P1 =
fX
(X11; X12; X13) and P2 = (X21 ; X22; X23), with images Y 1 = fX
X ; X ;f


fX
and Y 2 = fX
X ; X ; f . If they lie on the same 3D plane then:
11
13

21

23

12
13

22
23

^  Y1 = X32 :
(8)
^  Y2 X13
This equation gives the ratio of the 3rd coordinates (X3 ) of two 3D points in
terms of their image locations and their planar surface orientation (assuming
they lie on a common 3D plane). From the de nition of  = jjjjUP jjjj = jXf jjjjjUYjj jj
we can write
X3 = f jjjjYU jjjj2 :
(9)
2
yielding:
^  Y1 1jjY 1 jj2
(10)
^  Y =  jjY jj :
2

2

2

From the planar equation ^  P =

2

^  Xf3 Y

2

3

2

2 2

= c and using equation (9) we obtain:

^  Y = cjjjjUYjjjj2
(11)
2
We can solve for ^c by setting up a linear system of equations, one for each
pixel in a n  n neighbourhood where planarity has been assumed and using a
standard least squares solution method [14].

5 The Overall Calculation
If we assume that u^ (or indeed U ) and ! are knowns, we need only concern
ourselves with the surface orientation step of the calculation.
At the initial time, t = 1:
1. Given u^ and !, we compute all the 's as described above (see [2] for one
way of computing u^ and !).
2. In each n  n neighbourhood centered at a pixel (i; j ) we compute ( ^c )(i;j )
at that pixel using equations (7) and (11). We call these computed ^c 's the
measurements and denote them as gM .
Given these measurements, gM , we can recompute the (i;j )'s as:
(i;j )

(i;j )

(i; j ) =

(gM

 Y (i;j ))jjU jj2
jjY (i;j )jj2

(i;j )

(12)
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The recomputed  values are more \smoothed" than the actual measurements
and better represent the scene shape. These (i; j ) values are currently the best
estimate of the scene's dense shape. Note that we can obtain  values for pixels
with no optical ow, these are computed from the image velocities in its neighbourhood (which are assumed to result from the same local planar patch).
At time t = 2:
1. Given the measurements or best estimates of u^ and ! , we compute  at
each pixel location and then compute all gM 's in the same way described
above for the new optical ow eld. Using the image velocity measurements
at time t = 2, we use the best estimate of surface orientation at time t = 1
at location Y v (t = 1) plus the measurement at Y and its covariance
matrix to obtain a new best estimate at Y at time t = 2. We do this at all
Y locations (where possible), recompute the  values via equation (12) and
output these as the 3D shape of the scene.
At time t = i we proceed as for time t = 2, except we use the best  estimates
from time t = i 1 instead of time t = 1 in the Kalman lter updating.
Note that if the true sensor translation U is known, the absolute 3D depth
X3 can be computed everywhere from the ltered  values:
(13)
X3 = f jjjjYU jjjj2 :
2
(i;j )

6 The Kalman Filter Equations
We note here that the components of c^ in equation (11) are not independent,
thus we have a covariance matrix with non-zero o diagonal elements in the
Kalman lter equations. [In [2], the components of all 2D and 3D vectors, u^ and
! respectively were treated as 1D variables in the Kalman
lter framework.]
If we assume u^ and ! are known, we can compute c^ at each pixel (i; j ) as
outlined above, assuming local planarity. For the purposes of understanding the
equations below we will subscript symbols with a M to indicate measured quantities (computed from the image velocities), P to indicate predicted quantities
and C to indicate the computed quantities (the current best estimates). We use
g to denote ^c . It is a 3D quantity, so we need an initial predicted value and an
initial covariance matrix at time t = 0:

gP = 02;
(i;j )

CP

(i;j )

3
10 0
= 4 0 1 0 5:

0 01

(14)
(15)

This de nition of CP says that initially the coecients of g are independent and
we have no con dence in their estimates.
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For each time t = 1; 2; 3; ::: at all pixels (i; j ), we use equations (7) and
(11) to make a measurement of gM and an estimate of its covariance matrix
CM , respectively. Then using the previous best surface orientation estimate
at time t t at image location Y vt, denoted by (i ; j ), the Kalman lter
equations are computed [12] as follows:
(i;j )

(i;j )

i

h

1

CP
+ CM
;
(16)
K(i;j ) = CP


and
(17)
gP
+ K(i;j ) gM
gC = gP
K(i;j ) CP
:
(18)
CC = CP
Because g, i.e. c^ , can be rotated by sensor rotation, the predicted values gP
must take this into account in their update:
(19)
gP = R(!; t + t)RT (!; t)gC and
(20)
CP = CC :
(i

(i;j )

(i

(i;j )

(i

;j

;j

;j

)

(i

;j

(i;j )

)

(i;j )

)

)

(i

;j

(i

;j

)

)

(i;j )

(i;j )

(i;j )

(i;j )

(i;j )

7 Abnormal Situations and Their Resolution
While tracking individual surface orientations, a number of situations may arise.
It is possible that:
1. When tracking a surface orientation at a moving pixel, no surface orientation
can be computed at the latest time, in which case tracking stops.
2. A new, untracked surface orientation can be computed, in which case tracking starts.
3. A surface orientation is tracked to a wrong pixel, in which case the tracking
continues from that wrong pixel as no error recovery is possible or detectable.
4. The surface orientations at two di erent pixels with (perhaps) di erent surface orientations track to the same pixel, in which case the surface orientations are combined and then tracked as a single surface orientation (a
weighted average using the covariance matrices as weighting matrices).

8 Generation of Synthetic Test Image Sequences
For the experiments, we use synthetic images because that allows for a quantitative error analysis on the estimated depth values. We generate a 30 image
sequence of 512  512 images using each of three di erent 3D objects: a sphere,
a cube and a cylinder (Figures 1a, 1b and 1c). For each experiment, a sequence
of images of one of these three objects is generated while the synthetic camera is
moving in a known way and the object is rendered by perspective projection onto
the image plane. In all the experiments we performed, all the image sequences
were generated using a camera translation of (1; 1; 0) with a focal length of 1000.
All the objects have a marble texture to facilitate optical ow computation. Although the synthetic images themselves are error free, the optical ow computed
using them is not, as can be seen in Figure 2a through 2c.
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(a)

(b)
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(c)

Fig.1. Synthetic test data: (a) A marble-texture cube with sides of length 300 with
its center located at (0,0,1500), (b) A marble-texture cylinder with two end spheres
of radius 200 and a wall of length 400 with its center located at (0,0,1500) and (c) A
marble-texture sphere of radius 200 with its center located at (0,0,1300).

(a)

(b)

(c)

Fig. 2. The optical ow of the (a) cube, (b) cylinder and (c) sphere.

9 Experimental Results and Discussion
Error was measured for relative depth  using the exact  values: hence the use
of the term absolute relative error. Optical ow was computed using (see Figures
2a, 2b and 2c) Lucas and Kanade's algorithm [8] with di erentiation performed
as proposed by Simoncelli [13]. Figures 3a to 3c shows the histograms of the
error distribution for the cube data for the 1st, 22nd and 25th frames. Figures 4a
to 4c shows the histograms of the error distribution for the cylinder data for the
1st, 22nd and 25th frames. Figures 5a to 5b shows the histograms of the error
distribution for the cylinder data for the 1st, 17th and 25th frames. Note that at
depth discontinuities, where the local planarity assumption is de nitely violated,
no depth is recovered as the Kalman lter rejects those values as unreliable. This
suppose image velocity can be computed at a depth discontinuity. Normally
Lucas and Kanade optical ow does not yield such velocity values.
Table 1 shows the average absolute relative error for the 3 objects for a
number of ranges. The quantitative error results were best for the cube (the
most planar) and worst for the sphere (the most curved). Obviously, the planarity
assumption is not always valid and we plan on replacing this with a higher order
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the (a) 1 , (b) 22 and (c) 24 images of the cube sequence using our approach.
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Fig.4. The
histogram of the absolute relative errors of the estimated depth values at
st
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th
the (a) 1 , (b) 22 and 24 images of the cylinder sequence using our approach.

parametric model. We have already seen that higher order parametric models
are sometimes necessary to get better optical ow [3].

10 Conclusions
We have presented a new algorithm to compute dense accurate depth using a
Kalman lter framework. We need to test our algorithm for camera motions
including rotation and to use real data (preferably with ground truth). Lastly,
we plan to integrate this algorithm into the Kalman lter based motion and
structure algorithm designed earlier [2].
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