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Abstract

The instantaneous three-dimensional velocity field of a
moving surface can be computed from a sequence of dense
range data sets. Here we discuss the computation of the un-
derlying motion constraint equation. This involves the eval-
uation of derivatives of the depth coordinate with respect to
the other world coordinates. As these are not evenly sam-
pled the sampling has to be taken into account explicitly. We
quantitatively compare four methods to compute derivatives
based on the validity of the resulting constraint equation.

1. Introduction

The three-dimensional velocity field of deformable sur-
face can be recovered from a sequence of range data sets
[6, 7, 8, 13]. We denote this velocity fieldrange flowand
the constraint equation used to compute itrange flow con-
straint equation. This equation involves derivatives with
respect to world coordinates but the data is only available in
sensor coordinates. Because the data is generally unevenly
sampled the direct use of derivative filters is questionable.

Previously this limitation has sometimes been resolved
by resampling the data. One can for example use a mem-
brane model [3] or thin plate splines [9] to interpolate the
data on a regular grid. Then the condition of evenly sam-
pled data is met again and standard derivative filters can be
used. Other approaches use finite element models [10, 13].

Here we present an experimental comparison of surface
fits using ordinary least squares and total least squares and
a novel formulation of the constraint equation using deriva-
tives only. This is also compared to a direct derivative com-
putation that ignores the uneven sampling.

2. Range Flow Constraint Equation

A time varying surface may be viewed as a depth func-
tion Z(X, Y, t). If the object under consideration is made

up of local planar patches then this function can be ex-
pressed by its first order Taylor series expansion:

Z(X, Y, t) = Z(0, 0, t) + ZXX(t) + ZY Y (t) , (1)

where theZX , ZY denote the partial derivatives with re-
spect toX and Y respectively. HereX, Y are the local
world coordinates around the point of interest. The change
in depth with time then becomes:

dZ

dt
= Zt + ZX

dX

dt
+ ZY

dY

dt
+ X

dZX

dt
+ Y

dZY

dt
. (2)

Under the assumption that the infinitesimal motion of the
patch is a pure translation, i.e. the slope does not change
(dZX

dt = dZY

dt = 0), this can be written as:

W = ZXU + ZY V + Zt . (3)

The local displacements form the range flow denoted by:
f = [U V W ]T = d

dt [X Y Z]T . Equation (3) will be called
range flow motion constraint(RFMC), the same equation
has also been termedelevation rate constraint equation[3]
andrange flow constraint equation[13]. It is the analogon
to thebrightness change constraint equationused in optical
flow calculation [4].

3. Derivative Estimation

In order to evaluate the RFMC equation (3) the partial
derivatives of the depth function with respect to the other
world coordinates have to be computed. This is not entirely
straightforward for unevenly sampled data. A direct esti-
mation discards the sampling problem and evaluates deriva-
tives directly on the depth map (ZX = Zx; ZY = Zy). A
better approach is to compute the derivatives from a surface
fit using either ordinary least squares OLS (Sect. 3.1) or
total least squares TLS (Sect. 3.2). A novel approach that
uses derivative kernels is presented in Sect. 3.3.



3.1. OLS Estimation

The derivatives can be computed from a local first order
approximation of the surface (depth function):

Z(X + ∆X, Y + ∆Y, t + ∆t) =
Z(X, Y, t) + ZX∆X + ZY ∆Y + Zt∆t . (4)

If we assume the derivatives to be constant in a small local
neighbourhood we can estimate them by solving a linear
system of equations: ∆X1 ∆Y1 ∆t1

...
∆XN ∆YN ∆tN


︸ ︷︷ ︸

A

 ZX

ZY

Zt


︸ ︷︷ ︸

x

=

 ∆Z1

...
∆ZN


︸ ︷︷ ︸

b

, (5)

where∆Zi = Z(X+∆Xi, Y +∆Yi, t+∆ti)−Z(X, Y, t).
Equation (5) is easily solved using the pseudo inverse:
x = (AT A)−1AT b. This approach implicitly assumes the
data matrixA to be error free. While this is true, at least
for practical purposes, for the temporal changes it certainly
does not hold for the spatial differences. However the accu-
racy inX andY is typically one order of magnitude better
than that in the depth estimate [2]. It might still be advisable
to use an error in variables model as presented next.

In order to give more influence to the central pixels we
use a Binomial as weights, this will be denoted WOLS.

3.2. TLS Estimation

Due to the data acquisition at leastX and Y are also
error-prone and even the sampling rate might not be known
accurately. Therefore TLS is the estimation technique of
choice here. We recast Eq. (4) for TLS asdT f̃ = 0 with:

d = [∆X ∆Y ∆t −∆Z]T and f̃ = [ZX ZY Zt 1]T . (6)

This can of course be easily extended to incorporate higher
orders. The sought derivative values are then found from the
eigenvector to the smallest eigenvalue of the scatter matrix:

J = B ∗ (ddT ) . (7)

HereB represents the local integration via an averaging fil-
ter. Because the error in the data vectord is not the same
for all entries we need to scale accordingly [11].

As for OLS it is sometimes desirable to weight the
central region more than the outer pixels. This is easily
achieved using a Binomial integration filterB (WTLS).

3.3. Derivative Filters

Because of their fast application via convolutions and the
availability of highly optimised filter kernels we would like

to employ derivative filters. The question then becomes if
the deviation due to uneven sampling can be compensated
for. Here the objects of interest are 2D surfaces in the 3D
world Z = Z(X, Y, t). The data points are sampled at lo-
cations on the sensor array which in turn depend on the 3D
data points observed:x = x(X, Y, Z); y = y(X, Y, Z).

The range sensors considered here do not yield a depth
function in terms ofX andY but rather produce one data set
for each ofX, Y andZ on a sampling grid (X = X(x, y, t)
etc.). Here sensor coordinates are denoted by(x, y). For the
total variation of the three data sets we obtain:

dX = Xx dx + Xy dy + Xt dt , (8)

dY = Yx dx + Yy dy + Yt dt , (9)

dZ = Zx dx + Zy dy + Zt dt . (10)

Eliminatingdx anddy from (10) results in:

dZ =
(

YyZx − YxZy

YyXx −XyYx

)
dX

+
(

XxZy −XyZx

YyXx −XyYx

)
dY

+

 ∂(X,Y,Z)
∂(x,y,t)

YyXx −XyYx

 dt . (11)

Here ∂(X,Y,Z)
∂(x,y,t) denotes the Jacobian of(X, Y, Z) with re-

spect to(x, y, t). As Eq. (11) has to be equal todZ =
ZX dX +ZY dY +Zt dt we can identify the partial deriva-
tives ofZ with respect to the other world coordinates. These
awkward expressions can be considerably simplified if the
sensor coordinate system is aligned with the world coordi-
nate system, as is often the case. This impliesXy = Yx = 0
and the spatial partial derivatives ofZ become:

ZX =
YyZx − YxZy

YyXx −XyYx
=

Zx

Xx
, (12)

ZY =
XxZy −XyZx

YyXx −XyYx
=

Zy

Yy
. (13)

However we can not generally assume that theX, Y mea-
surements are independent ofZ and will thus use Eq. (11)
below. The derivatives with respect to the sensor coordi-
nates are computed via convolutions with derivative kernels.
Here we use special filters that have been optimized to min-
imize the directional error [5].

4. Experiments

In the following we want to experimentally determine
which of the described derivatives is best suited for range
flow estimation. To do so in a quantitative fashion the resid-
ual of the RFMC (3) is considered as error measure:

r = ZXU + ZY V + Zt −W . (14)
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Figure 1. Result on the plane test sequences
for an increasing slope of the plane.

For averaged quantities we either user directly as a measure
for the bias orr2 to quantify the overall deviation.

In all experiments we use a small 3-tap Binomial spa-
tial pre-filter on the range data in order to reduce the high
frequency content for which the local planarity assumption
does not hold. The used filters are all 5-tap and the fits are
performed on a5 × 5 × 5 spatio-temporal volume. We use
the following abbreviations for the different methods:

• OLS - ordinary least squares (Sect. 3.1).

• WOLS - weighted ordinary least squares (Sect. 3.1).

• TLS - total least squares (Sect. 3.2).

• WTLS - weighted total least squares (Sect. 3.2).

• FILT - derivative filters (Sect. 3.3).

• DIR - direct estimation:ZX = Zx, ZY = Zy.

4.1. Synthetic Data

To investigate the performance on realistic test data we
model a sensor using perspective projection, which corre-
sponds to all sensors that employ a standard camera. Here
we use a focal length off = 12 mm, a pixel size of
7.4 × 7.4 µm2 and256 × 256 sensor elements. For test-
ing a planar target as well as a sphere are used.

For the synthetic plane we choose a viewing distance of
300 mm and typically an angleα between the surface nor-
mal and the Z-axis. The second type of synthetic data used
consists of a sphere with a radius of350 mm with its center
initially placed500 mm away from the camera. Note that in
order to obtain the correct range flow at each sensor location
the velocity has to be projected into the sensor frame.

In these experiments we use a realistic noise regime of
σX = σY = 0.01 mm andσZ = 0.1 mm [2]. Random
noise following a normal distribution with the given stan-
dard deviations is added to the data arrays.
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Figure 2. Result on the sphere test sequences
for an increasing expansion rate.

Figure 1 shows the squared residualr2 for a motion of
the plane of[0.1, 0.2, 0.3]T mm/frame and an increasing ver-
tical angleα. We clearly see that for higher angles the di-
rect estimation introduces larger errors as has to expected.
The other methods yield constant error values. Note that
OLS(WOLS) and TLS(WTLS) produce nearly identical re-
sults (shown together), because the accuracy inX, Y is
much better than that inZ. We find that the surface fits
yield somewhat better results than the filter method. Also,
the use of weights slightly increases the residual on such
ideal data. This is a direct result of the better noise suppres-
sion of the average. On data with faster variations the better
characteristics of the Binomial comes into play.

Similar results are also found for the sphere, where we
use an increasing expansion rate (Fig. 2). For higher expan-
sion rates the direct estimation deteriorates much faster than
the other methods. However, in this case the other methods
also fail for high expansion rates, This is caused by the tem-
poral aliasing accompanied with large movements.

4.2. Real Data

We present work on data captured with aBiris laser
range finder [12, 2] and a structured light (phase shifting)
system using a miniature line projector with grating made of
chrome on glass [1]. Both are used at a working distance of
about 300mm and a field of view of≈ 100×150mm2. Fig-
ure 3a shows the Biris real test sequence, the correct move-
ment of [−0.16, 0.19,−0.32]T mm/frame was achieved by
placing the object (a toy tiger) on a system of linear posi-
tioners. Figure 3b shows the structured light test sequence
(a crumpled sheet of paper), again the correct movement
of [0.0, 0.2, 0.3]T mm/frame is created by linear positioners.
Note that because we are using special filters optimized for
minimal directional error the zero movement in X-direction



a b

Figure 3. Real test sequences (rendered): a)
Biris data of a toy tiger and b) structured light
data of a crumpled sheet of paper.

in the second case should only make a minor difference [5].
We also report the densityd and relative errorEr in the

range flow magnitude as estimated by a total least squares
technique detailed in [6, 7]. The following results are found
on the Biris data (Fig. 3a):

method r r2 Er [%] d [%]
OLS -0.19± 0.04 0.03± 0.01 6.0± 6.6 16.1

WOLS -0.19± 0.04 0.04± 0.02 11.0± 9.2 13.3
TLS -0.19± 0.04 0.04± 0.01 6.0± 6.5 16.1

WTLS -0.19± 0.04 0.04± 0.02 11.0± 9.1 13.3
FILT -0.19± 0.04 0.05± 0.04 3.6± 1.6 24.3
DIR -0.20± 0.05 0.06± 0.05 3.2± 1.6 23.5

We note that all methods exhibit the same bias, indicated by
a negative meanr. This is probably caused by the align-
ment of the sensor and the positioner system, which has
been done manually. Hence the correct movement is not
entirely accurate. On the squared residual we find little
difference. However there is a significant improvement on
the computed range flow and the density when either filters
or the direct derivative estimation is used. Also note that
weighting the OLS and TLS method reduces the accuracy,
as was also found on the synthetic data. On the structured
light data (Fig. 3b) we obtain:

method r r2 Er [%] d [%]
OLS -0.007± 0.007 0.007± 0.0001 0.29± 2.89 12.3

WOLS -0.007± 0.007 0.007± 0.0001 0.09± 0.11 13.5
TLS -0.007± 0.007 0.007± 0.0001 0.29± 2.88 12.3

WTLS -0.007± 0.007 0.007± 0.0001 0.09± 0.11 13.5
FILT -0.007± 0.007 0.007± 0.0001 0.09± 0.22 14.0
DIR -0.006± 0.008 0.007± 0.0002 0.53± 0.35 14.2

Here no bias can be found and the averaged squared residual
is the same for all methods. As the same positioning system
used for calibration is used for the movement there are no
alignment problems. On this data weighting does improve
the accuracy when using OLS and TLS. We also note that
the direct estimation gives less accurate range flow. Yet with
a relative error of0.5% the result is still very good. Hence
we conclude that on the real sequences used here one might
as well compute the derivatives directly from the depth data.
However one should bear in mind that here higher depth

slopes only occur at a few places. In particular for the first
sequence the slope in these places becomes so high that no
reliable range flow estimation is possible in the first place.
This violation of the local planarity assumption is proba-
bly also the reason why the results are much better on the
second data set.

5. Conclusions

We examined four different techniques to evaluate the
range flow motion constraint equation and have presented
an empirical accuracy analysis. For higher surface slopes
one should take the uneven sampling into account and use
either a surface fit by OLS or TLS or the derivatives ob-
tained by a change of coordinates from the sensor to the
world frame. The latter method also gives excellent results
on two tested real sequences. However if the depth slope
remains moderate the direct use of filters on the depth data
alone seems to be a good alternative to the more expensive
other methods.
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