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Abstract. The duplication and repeat-deletion operations are the basis
of a formal language theoretic model of errors that can occur during DNA
replication. During DNA replication, subsequences of a strand of DNA
may be copied several times (resulting in duplications) or skipped (result-
ing in repeat-deletions). As formal language operations, iterated duplica-
tion and repeat-deletion of words and languages have been well-studied
in the literature. However, little is known about single-step duplications
and repeat-deletions. In this paper, we investigate several properties of
these operations, including closure properties of language families in the
Chomsky hierarchy and equations involving these operations. We also
make progress towards a characterization of regular languages that are
generated by duplicating a regular language.

1 Introduction

Duplication grammars and duplication languages have recently received a great
deal of attention in the formal language theory community. Duplication gram-
mars, defined in [16], model duplication using string rewriting systems. Several
properties of languages generated by duplication grammars were investigated
in [16] and [17]. Another prevalent model for duplication is a unary operation
on words [2], [3], [9], [11], [12], [13]. The research on duplication is motivated
by errors that occur during DNA* replication. Duplication and repeat-deletion
(also called repeat expansion and repeat contraction, i.e., insertions and dele-
tions of tandem repeating sequence) are biologically significant because they are
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* A DNA single strand is a string over the DNA alphabet of bases {4, C,G,T}. Due
to the Watson-Crick complementarity property of bases, wherein A is complement
to T and C is complement to G, two DNA single strands of opposite orientation
and exact complementary sequences can bind to each other to form a double DNA
strand. This process is called base-pairing.



among the most common errors that occur during DNA replication. In general
insertions and deletions have been linked to cancer and more than 15 hereditary
diseases [1]. They can also have positive consequences such as a contribution to
the genetic functional compensation [5]. Interestingly, the mechanisms that cause
insertions and deletions are not all well understood by geneticists [4]. For ex-
ample, the strand slippages at tandem repeats and interspersed repeats are well
understood but the repeat expansion and contraction in tri-nucleotide repeat
diseases remain unexplained.

Strand slippage is a prevalent explanation for the occurence of repeat expan-
sions and repeat contractions during DNA replication. DNA replication is the
process by which the DNA polymerase enzyme creates a new “nascent DNA
strand” that is the complement of a given single strand of DNA referred to as
the “template strand”. The replication process begins by mixing together the
template DNA strand, the DNA polymerase enzyme, a special short DNA single
strand called a “primer”, and sufficient individual bases that will be used as
building blocks. The primer is specially designed to base-pair with the template
and thus make it double-stranded for the length of the primer. The DNA poly-
merase will use the primer-template double-strand subsequence as a toe-hold,
and will start adding complementary bases to the template strand, one by one,
in one direction only, until the entire template strand becomes double-stranded.
It has been observed that errors can happen during this process, the most com-
mon of them being insertions and deletions of bases. The current explanation
is that these repeat expansions and repeat contractions are caused by misalign-
ments between the template and nascent strand during replication [4]. DNA
polymerase is not known to have any “memory” to remember which base on the
template has been just copied onto the nascent strand, and hence the template
and nascent strands can slip. As such, the DNA polymerase may copy a part of
the template twice (resulting in an insertion) or forget to copy it (deletion). Re-
peat expansions and contractions occur most frequently on repeated sequences,
so they are appropriately modelled by the rewriting rules v — uu and uu — u,
respectively.

The rule v — wu is a natural model for duplication, and the rule uu — u mod-
els the dual of duplication, which we call repeat-deletion. Since strand slippage is
responsible for both these operations, it is natural to study both duplication and
repeat-deletion. Repeat-deletion has already been extensively studied, e. g. , in
[10]. However, the existing literature addresses mainly the iterated application
of both repeat-deletion and duplication. This paper investigates the effects of a
single duplication or repeat-deletion. This restriction introduces subtle new com-
plexities into languages that can be obtained as a duplication or repeat-deletion
of a language.

This paper is organized as follows: in Section 2, we define terminology and
notations to be used throughout the paper. Section 3 is dedicated to the closure
properties of the language families of the Chomsky hierarchy under duplica-
tion and repeat-deletion. In Section 4, we present and solve language equations
based on these operations, and give constructive solutions of the equation in the



case involving duplication operation and regular languages. In Section 5, we in-
troduce a generalization of duplication, namely controlled duplication. Section 6
investigates a characterization of the regular languages that can be obtained as a
duplication of a regular language. When complete, such a characterization would
constructively solve the language equation involving repeat-deletion and regular
languages, for a certain class of languages. Lastly, in Section 7 we present some
results on the relationship between duplication, repeat-deletion, and primitive
words.
The conference version of this paper was published in [8].

2 Preliminaries

We now provide definitions for terms and notations to be used throughout the
paper. For basic concepts in formal language theory, we refer the reader to [6],
[7], [20], and [22]. For a relation R, we denote by R* the reflexive, transitive
closure of R. X denotes a finite alphabet, X* denotes the set of words over X,
and YT denotes the set of words over X' excluding the empty word \. For a
non-negative integer n > 0, 2™ denotes the set of words of length n over X', and
let <" =J._, £%. The length of a word w € X* is denoted by |w|. A language
over X is a subset of X*. For a language L C X*, the set of all (internal) factors
(resp. prefixes, suffixes) of L, are denoted by F(L) (resp. Pref(L), Suff(L)). The
complement of a language L C X*, denoted by L€, is defined as L = X* \ L.
We denote by FIN the family of all finite languages, by REG the family of all
regular languages, by CFL the family of all context-free languages, and by CSL
the family of all context-sensitive languages. We note that FIN C REG C CFL C
CSL.

For a finite automaton A = (Q, X, 4, s, F) (where @ is a state set, X' is an
alphabet, § : Q x ¥ — 29 is a transition function, s € @ is the start state, and
F C Q is a set of final states), let £(A) denote the language accepted by A. We
extend 6 to § : Q x X* — 29 as follows: (1) §(¢g,\) = {q} for ¢ € Q and (2)
S(q,wa) = Upeg(q,w)é(p, a) forge Q,w € ¥* and a € X. For P, P, C Q, we
define an automaton A(p, p,) = (Q U so, X,d’, 50, P2), where so ¢ Q is a new
start state and &' = § U (so, A, P1). Thus,

L(Ap,,p,)) ={w ] S(pl,w) NPy # (B for some p; € P}

If P; is the singleton set {p;}, then we may simply write p; for i € {1,2}.

In this paper, we investigate two operations that are defined on words and ex-
tended to languages: duplication and repeat-deletion. We employ the duplication
operation Q described in [2], which is defined as follows:

u” = {v | u = zyz,v = TYyz for some z,y € T*,y € XT}.
In the canonical way, the duplication operation is extended to a language

L C 5*:
L° = U u®.
u€L



We also define another unary operation based on the dual of the © operation.
We term this operation repeat-deletion and denote it by #. Note that while
biologists refer to this process simply as deletion, in formal language theory,
the term deletion typically refers to removing arbitrary (rather than repeated)
factors of word.

Definition 1. For a word v € X*, the language generated by repeat-deletion of
v is defined

v® = {u | v = zyyz,u = Yz for some x,z € X*,y € T},

Again, the repeat-deletion operation is extended to languages: for a given
language L C X%,
L* = U o®

veEL

We avoid inverse notation because © and # are not inverses when considered
as operations on languages. That is, for a language L C X*, L C (L¥)® but it
is not always the case that L = (L°)*.

Ezample 1. Let L = a*bb. Then abb € L = aabb € LY. Therefore aab € (LV)*,
but aab ¢ L.

Previous work focussed on the reflexive transitive closure of the duplication
operation, which we will refer to as duplication closure. All occurrences of Q,
duplication, #, and repeat-deletion refer to the single step variations of the
operations.

3 Closure Properties

Much of the work on duplication has been concerned with determining which of
the families of languages on the Chomsky hierarchy are closed under duplication
closure. It is known that, on a binary alphabet, the family of regular languages is
closed under duplication closure. In contrast, on a larger alphabet, REG is still
closed under n-bounded duplication closure for n < 2, but REG is not closed
under n-bounded operation closure for any n > 4. The family of context-free
languages is closed under (uniformly) bounded duplication closure. The readers
are refered to [9] for these results.

It is a natural first step to determine these closure properties under (single
step) duplication. In this section, we show that the family of regular languages
is closed under repeat-deletion but not duplication, the family of context-free
languages is not closed under either operation, and the family of context-sensitive
languages is closed under both operations.

The following two propositions are due to [21] (without proofs):

Proposition 1. The family of reqular languages is not closed under duplication.



Proof. Let L = ab* and suppose that L% is regular. Since the family of regular
languages is closed under intersection, L' = L% N ab*ab* is regular. But L'
is exactly the language {ab'ab’ : i < j}, which is clearly not regular. So by
contradiction, LY is not regular, and the family of regular languages is not
closed under duplication. O

Note that the proof of the preceding proposition requires that the alphabet
contain at least two letters. As we shall see in Section 6, this bound is tight: the
family of regular languages over a unary alphabet is closed under duplication.

Proposition 2. The family of context-free languages is not closed under dupli-
cation.

Proof. Let L = {a'b’ | i > 1}, a context-free language. Suppose L% is context-
free. Since the family of context-free languages is closed under intersection with
regular languages, D = LY N {a*b*a*b*} is context free.

Let p be the pumping-lemma constant of the language D. Consider the word
z = aPbPaPb? € D. We can decompose z as z = uvwxy such that vz is a pumped
part. Let z; = wv'wzly. Firstly, v must not contain both a and b; otherwise
pumping v results in a word with more than two repetitions of a’t’ for some
i,j > 1. This also applies to z. Secondly, vz must be within the central b?a?
part; otherwise, the pumped vz causes a difference between the number of first
as and the number of last bs. Now we know that vwz is within the central b”a?
part of z, and v = b* and = = a’ for some 0 < 4,j < p (with i, 5 not both zero).
Then z, = aPbP+iaPt7pP, which can not be generated by duplication of a word
in L. Thus we conclude that LY is not context-free. O

Proposition 3. The family of context-sensitive languages is closed under du-
plication.

Proof. Let L be a context-sensitive language, and Ay be a linear bounded au-
tomaton for L. Now we construct a Turing machine Ao for LY and show that
Ao is a linear bounded automaton. Indeed, for a given input w € X*, Ao nonde-
terministically choose w’ € F(w) (let w = zw'z for some x,z € X*) and checks
whether w' = yy for some y € X*. If not, it turns down this choice. Otherwise,
it deletes one of y so that the input tape has zyz. Now Ao simulates Ay on
this tape, and if Ay accepts the given input, zyz, then Ao accepts w = zyyz.
Therefore, Ag accepts w if and only if there exists a nondeterministic choice of
the infix with respect to which the simulated Ay accepts the given input. Thus,
L(Ao) = L°.

This construction has four steps; the choice of an infix of an input, check
of whether the infix is repetitive, deletion, and the simulation of Aj. The first
three steps require the workspace linear-proportional to the length of an input.
In the fourth step, A receives an input which is shorter than the original input
to Ap and Ay is a linear bounded automaton. As a result, Ay is also a linear
bounded automaton. O



In the following, we consider the closure properties of the language families
in the Chomsky hierarchy under repeat-deletion. Our first goal is to prove that
the family of regular languages is closed under repeat-deletion. For this purpose,
we define the following binary operation § on languages L, R C X*:

LiR = {zyz | zy € L,yz € R,y # \}.

Proposition 4 (Due to Z. Esik). The family of regular languages is closed
under f.

Proof. Let L1, Ly C X1 be regular languages. Let # be a new letter (not in X)
and let A be homomorphism defined by h(a) = a for a € ¥* and h(#) = A
Let Li = Ly « {#} = {u#v | wv € L1} (+ denotes the insertion operation)
and Ly = Ly « {#}. Moreover, let L; = L{#X* and let Ly = Z*#L}. Then
LifLo = h(L1 N Ls). Since the family of regular languages is closed under inser-
tion, concatenation, intersection, and homomorphism, Li}Ls is regular. O

Let L be a regular language. We can construct a finite automaton A =
(Q,X,0,s, F) such that £L(A) = L. Recall that for any state ¢ € Q, L(A(,,q)) =
{w: sw k% q} and L(A,,r)) = {w : 3f € F such that qw 3 f}. Intuitively,
L(A(s,q)) is the set of words accepted “up to ¢”, and L(A(,,r)) is the set of words
accepted “after ¢” so that L(A(,,q))L(A(g,r)) C L is the set of words in L that
have a derivation that passes through state q.

Lemma 1. Let L be a regular language and A = (Q, X, 4,s,F) be a finite au-
tomaton accepting L. Then L® = .o L(A(s,0))iL(A(g,F))-

Proof. Let L' = U, cq L(A(s,9))8L(A(q,F)). First we prove that L* C L. Let
a € L®. Then there exists a decomposition o = zyz for some z,y, z € X* such
that zyyz € L and y # A. Since A accepts zyyz, there exists some ¢ € () such
that szyyz F* qyz and qyz F* f for some f € F. By construction, zy € L(A(s,q))
and yz € L(A(g,r))- This implies that zyz € L(A(s,4))0L(A(q,F)), from which we
have L* C L'.

Conversely, if a € L', then there exists ¢ € ) such that a € L(A(;,¢))1L(A(q,F))-
We can decompose « into zyz for some x,y,2 € X* such that zy € L(A( q),
yz € L(A(g,Fr)), and y # X. Since L(A(;4))L(A(q,r)) € L, we have that zyyz
belongs to L. It follows that a = zyz € L*® and L' C L*®. We conclude that
L'=L*. O

Proposition 5. The family of reqular languages is closed under repeat-deletion.

Proof. Since the family of regular languages is closed under finite union and the
i operation, it is closed under repeat-deletion (due to Lemma, 1). ]

Proposition 6. The family of context-free languages is closed under i with reg-
ular languages.



Proof. Repeat the argument in the proof for Proposition 4. Since the family
of context-free languages is closed under insertion, concatenation with regular
languages, intersection with regular languages, and homomorphism, the family
of context-free languages is closed under § with regular languages. O

Lemma 2. The family of context-free languages is not closed under l;.

Proof. Let Ly = {a'#b'$ | i > 0} and Ly = {#b7$¢? | j > 0}. Although L; and
Ly are CFLs, LitLy = {a’#b'$c’ | i > 0}, which is not context-free. o

Proposition 7. The family of context-free languages is not closed under repeat-
deletion.

Proof. Let L = {ai#bi#b'c | i,j > 0}, which is context-free. Then L* N
a*#b*c* = {a'#bc | i,57 > 0,i < j}, which is not context free. Since the
family of context-free languages is closed under intersection with regular lan-
guages, and since L® Na*#b*c* is not context-free, we may conclude that L® is
not context free. Thus, the family of context-free languages is not closed under
repeat-deletion. O

However, there do exist context-free (and non-regular) languages whose im-
age under repeat deletion remains context-free. An example is shown below.

Ezample 2. Let L = {a™™ | n > 0}; this is a context-free language. Then
L* = {a™™ |1 <m <n < 2m}U{a™™ | 1 < n < m < 2n}. This L®
is generated by the following context-free grammar, and hence in CFL. Let
G = ({a,b},{S,X,Y, X;,Ys}, P,S), where the set of production rules P is given
by

S = X|Y,

X —aXb|aaXyb,

Y —aYb|aY;bd,

Xf — abe | aabe | )\,

Yf — anb | anbb | /\,

Proposition 8. The family of context-sensitive languages is closed under repeat-
deletion.

Proof. Let L and Ay, be defined as we did in Proposition 3. As Ag in the propo-
sition, we construct a linear bounded automaton A4 for L*® which simulates A7.
In contrast to Ay, Ae nondeterministically copies an infix of a given input w.
Formally speaking, w is regarded as a catenation of z,y, 2 and y is duplicated
80 as to result in xyyz on the input tape. Then A4 runs Az on the tape. If Af
accepts xyyz, then Ay accepts w = xyz. As shown in Proposition 3, A4 is a
linear bounded automaton. O

In summary, the following closure properties related to duplication, repeat-
deletion, and the fj operation hold:
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4 Language Equations

We now consider the language equation problem posed by the duplication oper-
ation: for a given language L C X*, can we find a language X C X* such that
XY = L? In the following, we show that, if L is a regular language and there
exists a solution to X% = L, then we can compute a maximal solution. We note
that the solution to the language equation is not unique in general.

Ezample 3. {aaa,aaaa, aaaaa}o = {aaa,aaaaa}v ={a':4<i <10}

In view of the fact that a language equation may have multiple solutions, we
define an equivalence relation ~¢ on languages as follows:

XroVeX¥=Y"
For the same reason, we define an equivalence relation ~4 as follows:
X ~aY & X4 =Y4
Lemma 3. If[X] € 2¥"/ ~o and if £ C [X] (£ #0), then U= L € [X].

Proof. Let [X] € 2¥"/ ~o and £ C [X] (£ # (). Prove that Lz = ;s L €
[X].

Let Y € 5. Clearly, Y C Lz and so Y C L=". Now let w € L=z". Then
dz,z € X*,y € X*,v € L= such that w = zyyz and v = zyz. Then there exists
Z € Z such that v € Z. Since Y, Z € =, v¥ C Z¥ = Y. Then w € v* implies
w €YY, Thus, L=Y C Y“. We conclude that Y¥ = L= and Lz € [X]. O

Corollary 1. For an equivalence class [X] € 2%/ ~o, there exists a unique
mazximal element X .« with respect to the set inclusion partial order defined as

follows:
Xmax = |J L.
Le[X]

We provide a way to construct the maximum element of a given equivalence
class. First, we prove a more general result.

Proposition 9. Let L C X*, and let f,g : £* — 2% be any functions such
that u € g(v) & v € f(u) for all u,v € X*. If a solution to the language
equation | J,c x f(x) = L exists, then the maxzimum solution (with respect to the

set inclusion partial order) is given by Xmax = (UyeLc g(y))c.



Proof. For two languages X,Y C X* such that U,cx f(z) = Land U,y f(y) =
L,U.cxuy f(2) = L holds. Hence the assumption implies the existence of Xpax.

(C) Suppose Fw € g(v) N Xmax for some v € L. This means that v € f(w).
However, f(w) C U,cx,... f(z) = L, and hence v € L, a contradiction. (2)
Suppose that Jw € Xg . N (Uyer-9())°. If f(w) C L, then w € Xpax (by
the maximality of Xax). Otherwise, Jv € f(w) N L¢. This implies that w €
9(v) € U,er-9(y)- In both cases, we have a contradiction. Therefore, we have

Xiax = UyeLC 9(y), i-.; Xmax = (UyeLc 9(y))°. U
Lemma 4. Let u,v € X*. Then u € v° if and only if v € u®.

Proof. (=) If u € v%, then there exist 2,z € £* and y € X7 such that v = zyz
and u = zyyz. Then u® contains zyz = v. (<) If v € u®, then there exist
x',2' € X* and y' € X7F such that v = z'y'2' and u = z'y'y’z’. Then z'y'y'2' =

u € v®. O
Proposition 9 and Lemma 4 imply the following corollaries.

Corollary 2. Let L C X*. If there exists a language X C X* such that X® = L,

then the mazimum element Xmax of [X]~, is given by ((L))e.

Corollary 3. Let L C X*. If there exists a language X C X* such that X = L,
then the mazimum element Xmax of [X]~o is given by ((L€)*)°.

Proposition 10. Let L, X be regular languages satisfying X¥ = L. Then it is
decidable whether X is the mazimal solution for this language equation.

Proof. Since L is regular and REG is closed under repeat-deletion and com-
plement, the maximum solution of X¥ = L given in Corollary 3, ((L°)*)¢, is
regular. Since the equivalence problem for regular languages is decidable, it is
decidable whether a given solution to the duplication language equation is max-
imal. O

Due to the fact that REG is not closed under duplication, we cannot obtain
a similar decidability result for the X® = L language equation. This motivates
our investigation in the next two sections of necessary and sufficient conditions
for the duplication of a regular language to be regular. Indeed, in the cases when
the duplication language (LC)O is regular, the solution to language equations
X* =L, L € REG, can be constructed as described in Corollary 2.

5 Controlled Duplication

In Section 4 we showed that for a given language L C X*, the maximal solution
of the repeat-deletion language equation X*® = L is given by ((L¢)")°. However,
unlike the duplication language equation, we do not have an efficient algorithm
to compute this language due to the fact that the family of regular languages
is not closed under duplication. This motivates “controlling” the duplication in
such a manner that duplications can occur only for some specific words.



Let L,C be languages over Y. We define the duplication of L using the
control set C' as follows:

L9 = {ayyz | zyz € L,y € C}.

Note that this generalization of the duplication operation can express two
variants of duplication that appear in previous literature, namely uniform and
length-bounded duplication ([12], [13]). Indeed, using the notation in [13], we
have -

Di,y(L) = L% and Dy, (L) = LY.

This section presents basic properties of controlled duplications, some of
which will turn out to be useful in Section 6 . For symmetry, we also inves-
tigate properties of controlled repeat-deletion.

Lemma 5. Let L C X* be a language and Cy,Cy C X* be control sets. If
Cy C Cs, then LY C [V(C2),

Lemma 6. Let L C X* be a language and C1,Cy C X* be control sets. Then
LO(ClUCQ) — L@(Cl) U L@(CQ)

Let L C X* be a language, C' C X* be a control set, and w € C. Then w is
said to be useful with respect to L if w € F(L); otherwise, it is called useless with
respect to L. The control set C is said to contain an infinite number of useful
words with respect to L if and only if |[F(L) N C| = oo.

Lemma 7. Let L C X* be a language, C C X* be a control set, and C' be the
set of all useless words in C with respect to L. Then LY(C) = [P(C\C"),

Proof. Lemma 6 implies L%(©) = LV |y L) | Since LYC) = 0, LY =
L(?(C\C') O

Proposition 11. For a regular language L C X* and a regular control set C C
X* it is decidable whether C contains an infinite number of useful words with
respect to L.

Proof. Since L and C are regular, F(L) and hence F(L) N C are also regular.
Since finiteness of a regular language is decidable, it is decidable whether or not
a regular control set C' contains an infinite number of useful words with respect
to a language L. O

Note that if L C X*, C C X* is a control set, and C contains at most a finite
number of useful words with respect to L, then C' = CNF(L) is a finite language
and satisfies LYY = L¥() In particular, for any finite language L and any
control set C, there exists a finite control set C! C C satisfying LY(©) = L9,

We now extend our previous results on the closure properties of language
families so as to accommodate the controlled duplication. Since © = Qg+, we
trivially have the following:

— The family of regular languages is not closed under controlled duplication.



— The family of context-free languages is not closed under controlled duplica-
tion, repeat-deletion, or §.

We conclude this section with definions of repeat-deletion and the fj operation
using control sets, and by providing a few results of them.
Let L,Ly,Ly,C C X*. Then

L™ = {azyz | myyz € L,y € C},
LiheLs = {zyz | zy € L1,yz € Lo,y € C}.

It is straightforward to prove that the family of regular languages is closed
under ¢ for any regular language C. Let L1, Lo be regular languages and form
L, and L, as defined in the proof of Proposition 4. We see that LitcLs =
h(L; N Ly N X*#C#X*). Furthermore, by repeating the argument in the proof
of Proposition 5, we have that the family of regular languages is closed under
A& for any regular control set C.

It is simple to check that if each word in L contains a subword that is in
C, Q¢ and 8¢ satisfy the requirements of Proposition 9, so that we have a
procedure to find X such that X¥(©) = L if such an X exists.

Proposition 12. Let L C X* be a context-free language and let C C XT be a
finite control set. Then L®C) is context-free.

Proof. Let h be the homomorphism defined by h(a) = h(@) = afora € X,a € X.
Then L' = h™!(L) is context-free. Consider L" = L' N (Z*{uu | u € C}X*).
Then L" is context-free. Now let 6 be the homomorphism defined by 6(a) = a
and 0(@) = X for a € X. Then (L") = L*©) and hence L*) is context-free.
O

6 Conditions for L) to be Regular

For a regular language L and a control set C, we now investigate a necessary
and sufficient condition for L¥(©) to be regular. As suggested in the following
example, even for a “simple” language L and a control set C, L%(©) can be
non-regular.

Ezample 4. Let ¥ = {a,b} and L = {w € ¥* | jw| =0 (mod 3)} and C = X*.
Then L¥(©) ¢ REG.

Given a regular language L, a sufficient condition for LY(®) to be regular is a
corollary of the following result in [3]. A family of languages is called a trio if it
is closed under A-free homomorphism, inverse homomorphism, and intersection
with regular languages. Note that both the families of regular languages and of
context-free languages are trio.

Theorem 1 ([3]). Any trio is closed under duplication with a finite control set.



Corollary 4. Let L C X* be a regular language and C C X*. If there exists a
finite control set C' C X* such that LY = L9 | then L¥©) is regular.

Given a regular language L, we now investigate necessary conditions for
L) to be regular. Results in [19] stating that infinite repetitive languages
cannot be even context-free indicate that the converse of Corollary 4 may also
be true. Hence, in the remainder of this section we shall investigate the following
claim:

Claim. Let L C X* be a regular language and C' C X* be a control set. If L@(IC)
is regular then there exist a finite control set C! C X* such that LY(¢) = L"),

As shown in the following example, this claim generally does not hold.

Example 5. Let X = {a,b}, L = batb, and C = bat Ua*h. We can duplicate a
prefix ba’ of a word ba’b € L (i < j) to obtain a word ba‘ba’b € L¥(©). In the
same way, the duplication of a suffix a‘b of a word ba*b (k > £) results in a word
ba*batb € L), Thus L) = batbatb. Note that L and L¥() are regular.
However there exists no finite control set C' satisfying L) = L"), This is
because batbatb can have arbitrary long repetitions of a’s, and hence arbitrary
long control factors are required to generate it.

Nevertheless this claim holds for several interesting cases: the case where
L is finite or C' contains at most a finite number of useful words with respect
to L, the case of a unary alphabet X = {a}, the case L = X*  and the case
where the control set is “marked”, i.e. there exists a € X such that C' C a(X'\
{a})*a. Moreover, it turned out that the proof technique we employ for this
fourth case can be utilized to prove that the claim holds for the case where C'
is nonoverlapping and an infix code, which is more general than the fourth case.
In the following, we prove the direct implication of the claim for these cases (the
reverse one is clear from Corollary 4).

In the case where L is finite, LY(®) is finite and hence regular. Since F(L) is
finite, by letting C' = C NF(L), we have LY@ = L9(%) Thus the claim holds
for this case. Moreover, even for an infinite L, we can say that if C contains at
most a finite number of useful words with respect to L, then the claim holds
because C', defined in the same manner as above, is finite. Therefore in the
following we assume that L is infinite and C' contains an infinite number of
useful words with respect to L.

Next, we show that the claim holds in the case of a unary alphabet. We
employ the following known result for this purpose.

Proposition 13 ([6]). Let X = {a} be a unary alphabet, and L be a language
over X. L is regular if and only if there exists a finite set N of pairs of integers
such that L = U0 (n,m)en akntm,

Proposition 14. Let X be a unary alphabet, say ¥ = {a}, L C X* be a regular
language, and C C X* be an arbitrary language. Then LY is regular, and
there exists a finite context C' € FIN such that LY(¢) = LT,



Proof. L being regular, there exists a finite set of pairs of integers N = {(pi, ¢;) |
Di,qi € No,1 <i <n} for some n € N such that L = UI>0,(Pi,qi)€N aPivtdi
Let L; = U,soa"®"%, and consider a word a¥ € C, where k € N. For

some z > 0, we can apply the duplication with respect to a* to a?i**+% if and
only if p;z + ¢; > k. The application generates a?*+%+* ¢ L9(C) Note that
for x1,29 € Ny, piz1 + i + k = piz2 + ¢; + k (mod p;). We define a function
i : C = {0,1,...,p;—1} such that for a* € C, 1;(a*) = ¢; +k (mod p;). Hence,
we can partition C into p; disjoint sets depending on %);. Formally speaking,
C = U0<m<p,- Ci,m, where C; , = {w € C | ¢;(w) = m}. Now the necessary
and sufficient condition mentioned above as to the applicability implies that for
a’,a* € Cjm, if j <k, then L?({aj}) D L?({ak}). Let w; , be the shortest word
in Cjm. Then LY 1"md) = [2(%m) holds. Thus, by letting C' = {w;m | 1 <
i <n,0<m < p}, we have LY = L9(P) Clearly C' is finite, and hence
L) g regular. o

By letting C = X*, Proposition 14 implies that the family of regular lan-
guages is closed under duplication when X' is unary.

Next we show that the claim holds for the case when L = X* (Corollary 5).
This requires the following known two lemmata. A word w € X+ is said to be
primitive if w = v™ implies that n = 1, i.e., w = v. A word v € X7 is called a
conjugate of w if v = xy and w = yx for some z,y € X*.

Lemma 8 ([14]). For a primitive word p, any conjugate of p is primitive.

Lemma 9 ([15]). Let p and g be primitive words with p # q and let i,j > 2.
Then piq? is primitive.

For a language C C X*, we define Dup(C) = {ww | w € C}.

Proposition 15. Let C C X*. Then X*Dup(C)X* is regular if and only if
there exists a finite language C' such that X*Dup(C')X* = X*Dup(C) X*.

Proof. The proof of ’if’-part is obvious since X*Dup(C") X* is regular. Now con-
sider the proof of ’only if’-part. Assume L = X*Dup(C)X* is regular and
consider the regular language L N (X* \ LXY*) N (X* \ T+L). All words in
this language have a representation ww for some w € C. Hence there exists
C'" C C such that Dup(C’) = LN (Z*\ LY*)N(Z*\ Z*L). Notice that for any
w € C there exist w’ € C' and z,y € X* such that ww = zw'w'y. Therefore,
2*Dup(C)X* = Z*Dup(C") X*.

Suppose C' is infinite. Then there exists a word uu € Dup(C’) with length
twice that of the pumping lemma constant for Dup(C’). So by the pumping
lemma, there exists a decomposition uu = ujususujusus, of uu such that
uy,u3 € X* uy € Xt and wyubuzujusus € Dup(C’) for any i € N. Notice
that for any i € N, ujubuzuiuzusz is not primitive because it is in Dup(C"). Con-
sider the case i > 3. By Lemma 8, u} ! (upuszu;)? is not primitive. Then Lemma
9 implies that us and ususu; share a primitive root, say p € Xt. We may now
write us = p™ and wugusu; = p™ for some n,m > 1. Hence u%‘l(uguwl)2 =



pi—D+2m From Lemma 8, it follows that ujubusuiusus = ¢"*~V+?™ where

q is a conjugate word of p. Now we have that uluéuguluzug = q"(i_l)‘|r2m is a
proper prefix (and suffix) of u1u§+1U3u1U2U3 = ¢™*2™  which contradicts with
the definition of Dup(C’). Thus C' must be finite. O

Lemma 10. Let C C Z*. Then (£*)¥(©) = X*Dup(C)X*.

Proof. Let w € (£*)¥(%). Then there exist z,y,z € X* such that y € C and
w = xyyz. Thus, w € X*Dup(C)X*. Conversely, let v € X*Dup(C)X*. Then
v is of the form zyyz such that z,z € X* and yy € Dup(C) (i.e., y € C). The
duplication of y in zyz € X* results in zyyz = v, and hence v € (Z*)¥©). O

The following corollary derives from Lemma 10 and Proposition 15. In fact,
this corollary asserts the claim in the case when L = X*.

Corollary 5. Let C C X*. Then (X*)() is regular if and only if there exists
a finite subset C' C C such that (5*)V(C) = (Z*)¥(O),

The last case we consider is that of marked duplication, where given a word w
in LY, we can deduce or at least guess the factor whose duplication generates
w from a word in L, according to some mark of a control set C. Here we consider
a mark which shows the beginning and end of a word in C, that is, C C #(X'\
{#})*# for some character #. For a strongly-marked duplication, where # ¢ X
and L C X*#X*#X* we can easily show that the existence of a finite control
set provided L¥(©) is regular, using the pumping lemma for the regular language.
Hence we consider the case when the mark itself is a character in X, say # = a
for some a € X.

It turned out that we could employ the proof of the claim in the case of
the marked duplication for the more general case when C' is a nonoverlapping
and an infix code. A language L is called non-overlapping if vx,yv € L implies
z =y = A and L is called infiz-code if LN (X*LX+ U X+YLX*) = (). That is,
any elements of the language which is non-overlapping and an infix-code do not
overlap each other. In the following, we prove the claim for this case.

We introduce several notions and notations used in the proof. For a word
w € L%©) we call a tuple (z,y,2) a dup-factorization of w with respect to L
and C if w = zyyz, zyz € L, and y € C. When L and C are clear from the
context, we simply say that (z,y,2) is a dup-factorization of w. Let §(w) be
the number of dup-factorizations of w with respect to L and C. For y € C, if
there are x,z € X* such that (x,y, z) is a dup-factorization of w, then we call
y a dup-factor of w. Let Fy(w) be the set of all dup-factors of w. Note that
|Fy(w)| < 6(w) but the inequality may be strict.

Proposition 16. Let L be a regular language and C be a control set which
is non-overlapping and an infiz-code. Then the reqularity of LV(C) implies the
existence of a finite control set C' such that LY(¢) = [9(C)

Proof. Let =1, and =o be the syntactic congruences of L and L¥(C) | respectively,
and we define = = =, N =o. Since both L and L%©) are regular, C/ = is



finite. Let I3 = {[c] € C/= s.t. |[¢]| < 2}. Using induction on the number of
dup-factorizations, we prove that (i) I # §, and (ii) any word in L¥(©) has a
dup-factor which is in an equivalence class in I5.

Firstly, we consider a word w in L¥(®) which has the smallest number of
dup-factorizations among the elements of L¥(©). Suppose that no dup-factor of
w is in equivalence classes in I'y. Let (z,y, z) be a dup-factorization of w. Then
there exists y' € C such that y' =y, ¢y’ # v, and y' & Suff(z). Let w' = zy'yz.
This is in L¥(©), and hence w' must have a dup-factorization, say (e, 3,7) for
some «, 8,7 € X*. Due to the non-overlapping and infix-code properties of C,
B? is an infix of either x or yz. Here we assume that it is in , and let = af?v,
~v = vy'yz for some v € X*. Then

w' = apf?y e L¥C) = apuy'yz € L
= afuvyyz € L
= afvyyz =w € LY,

Thus, (a, 8,vyyz) is a dup-factorization of w. Generally speaking, for a dup-
factorization (a,(,7) of w', w has a corresponding dup-factorization (¢, 3,7)
if ' is an infix of «, or («,3,7') otherwise (i.e., ¥’ is an infix of 7). Indeed,
this means that §(w') < 0(w) and Fy(w') C Fy(w). The first consequence is
a contradiction while the second one is of importance in the induction step.
The second is clear from the above discussion. In order to show the first, it
is enough to prove that there do not exist two distinct dup-factorizations of
w' which correspond to the same dup-factorization of w, and there exists no
dup-factorization of w' which corresponds to (z,y, 2).

Let (a1,81,71) and (as, B2,72) be two distinct dup-factorizations of w', and
consider dup-factorizations of w which correspond to them respectively (either
(a{iaﬂia’yi) or (Oé“,B,,’Yzl) for each ¢ = 1’2) FlrStly we prove that (alaﬂlavi) #
(a2, B2,74). Suppose not, then since w' = a1 87v1 = a28272, we have y1 = 72, a
contradiction. Next we compare (a1, 1,7;) and (ah, B2,7v2) (see Fig. 1). Their
construction shown above implies that 7, and @y must contain gy’ as their infix.
Hence |a18%| + |y'| < |az|. Since o is generated by replacing y’ in as with y
and 8 # A, we have |ai1| < |az|. Thus, (a1, S1,7]) # (), B2,72). Using the same
way, we can easily check that (al, 8:,v:), (i, Bi, Vi) # (2,9, 2).

Now we assume that for all words in L¥(®) which have at most n dup-
factorizations have a dup-factor which is in the equivalence class in I';. Suppose
that there were v € L) with n + 1 dup-factorizations and without any dup-
factor which is in the equivalence class of size at most 2. Then we can construct a
word v’ as above which satisfies 6(v') < n and F;(v') C Fy(v), which contradict
with the induction assumption. O

Corollary 6. Let L be a regular language and C' be a control set. If there exists
a finite set C1 C C such that C' \ C1 is non-overlapping and an infiz-code, then

the reqularity of LYC) implies the existence of a finite control set C' such that
L) = (¢,



Fig. 1. The comparison between two dup-factorizations, (a1, 31,v1) and (a2, B2,72),
of w'.

Proof. Note that LY(C) = L¥(C1) y LY(C\CY) | Proposition 16 implies the exis-
tence of a finite control set Co such that LY(C\C1) = L9(C2) Then by letting
C' = C, U C,, which is finite, we have LY(0) = L¥(0), ]

Indeed, we can prove that I1 = {[c] € C/ = s.t. |[c]| = 1} is enough to
generate LY(©) that is, for a finite control set C' = {c | [¢] € I}, LY) =
LoE,

Proposition 17. Let L be a regular language and C C X* be a nonoverlapping
and an infiz code. If LV is regular, then LVC) = L) where C' = {c |
[C] € Fl}

Proof. All we have to prove is that for w € L¥(©) unless w has a dup-factor
which is in C’, there exists w' € L¥(°) such that d(w') < §(w) and Fy(w') C
Fd(w)

Let (z,y,2) be a dup-factorization of w, and let y' € C such that y # ¢’
but y = y'. Then let wy = zy'yz, which is in L), The proof of Proposition
16 implies that if either (1) y' ¢ Suff(z) or (2) ¢ = x1y’ for some z; € X*
but (z1,y’,yz) is not a dup-factorization of wyp, then d(wg) < §(w). Even other-
wise (wg = z1y'y'yz), 6(wo) < §(w). If this holds with equality, consider w; =
z1yy'yz € LO©), If either (1) y & Suff(z1) or (2) 1 = 2y for some zy € X*
but (z2,y,y'yz) is not a dup-factorization of wi, then §(wi) < d(wp) = §(w).
Otherwise, let ws = z2y'yy'yz. Note that zj is getting strictly shorter. Hence
repeating this process, we eventually reach an integer ¢ > 0 such that either
(1) or (2) holds for w;. We can check that §(w;) < d(wi—1) < -+ < §(wp) <
S(w) and Fy(w;) C Fy(w) as follows: Let w; = z;(y'y)/**'z € LY (for
even i; the odd case is essentially same and hence omitted). Let w; = af%,
where (o, 8,7) is a dup-factorization of w;. Since either (1) or (2) holds, 32
is an infix of 2; or that of yz. Assume the former and let z; = af%y' and
v = 4'(y'y)/** 2. Then aBy (y'y)"/*t 2z € L. Using y = ¢/, we can say that
aBy (yy')/?yyz € L, and hence a2 (yy')/>yyz € LY(). The lefthand side is
zi(yy' ) Pyyz = w1y (yy') P ryyz = - = wyyz = w. O



Consequently, we can say that if we let m = |C/=|, then the size of finite control
set C' is at most m — 1 because at least one equivalence class in C/ = must have
infinite cardinality.

7 Duplication and Primitivity

Recall that a word w € X* is primitive if there exists no u € X* such that
w = u* for some k > 2. We denote by @ the set of all primitive words over
the alphabet Y. There is evidently a connection between duplication, repeat-
deletion, and primitive words, but the nature of this relationship is unclear. The
following section elucidates some of the properties of this relationship.

Proposition 18 (see, for instance, [18]). Let u,v € X such that uv is
primitive. Then both u(uv)™ and v(uv)™ are primitive for any n > 2.

Proposition 19. Let w € X* be a non-primitive word. If we duplicate an infix
of w which is strictly shorter than the primitive root of w, then the resulting
word 1is primitive.

Proof. Let w = f™ for f € @Q and n > 2. We also denote w = zyz for z,y,2 €
27*, where y is the infix we duplicate so that the resulting word is xyyz. Since
w = f" = xyz, there exist f; € Suff(f) and f, € Pref(f) satisfying y = fsf,.
Then yzz, a conjugate of zyz, is written as yzx = (f;fp)™, where f, € Pref(f)
satisfying f = fpfs. Let g = fsfp. Clearly g € ). Now we prove that yyzz is
primitive, and hence zyyz is also primitive.

We have yyzz = f.fjyzx = f.f,g". Since |y| < |f], there exists a word
v € X7 such that f, = flv. Then yyzz = y(yv)" and Proposition 18 implies
that yyzx is primitive. O

Proposition 20. Letx,y,z € X*. If xyz is primitive and xyyz is not primitive,
then xz is primitive.

Proof. Let f be the primitive root of y, i.e., y = f™ for some m > 1. Since xyyz &
Q, its conjugate zxyy is also not primitive. Suppose zx were not primitive, i.e.,
2z = g" for some n > 2 and g € Q. If g # f, then zzyy = ¢g"f*™. Lemma 9
implies that zzyy € @, a contradiction. If ¢ = f, then y = ¢™ and hence
zzy = g™t & Q. Thus, zyz € @, a contradiction. As a result, 2z € @, that is,
Tz € Q. O

8 Discussion

In this paper, we studied duplication and repeat-deletion, two formal language
theoretic models of insertion and deletion errors occurring during DNA replica-
tion. Specifically, we obtained the closure properties of the families of languages
in the Chomsky hierarchy under these operations, the language equations of
the form X% = L and X*® = L for a given language L, and the operation of



controlled duplication. In addition, we made steps towards finding a necessary
and sufficient condition for a controlled duplication of a regular language to be
regular.

Two problems for further investigation are: the problem of how to decide for
a given language L whether the language equation X = L has a solution, and
the problem of finding a necessary condition for the controlled duplication of a
regular language to be regular, in the general case.
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