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ABSTRACT

In this paper we study a generalization of the classical notions of bordered and
unbordered words. A nonempty word is called bordered if it has a proper prefix which
is also a suffix of that word. A nonempty word is called unbordered if it is not bordered.
We extend the notion of bordered and unbordered words to incorporate the notion of an
involution function. (An involution function 6 is such that 62 is the identity function.)
We show that the set of all 6-bordered words is regular, when 6 is an antimorphic
involution and the set of all §-bordered words is context sensitive when € is a morphic
involution. We study the properties of involution bordered and unbordered words and
also the relation between involution bordered and unbordered words and certain type of
involution codes. *
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1. Introduction

The study of combinatorial properties of strings of symbols from a finite alpha-
bet set is profoundly connected to numerous fields. In particular periodicity and
borderedness are two basic word properties that play a role in many areas including
string searching algorithms [5, 7, 8], data compression [9, 29] and in the study of
coding properties of sets of words [1, 28, 30] and sequence assembly [26] in compu-
tational biology. A word u is called bordered if it has a proper prefix which is also
its suffix. A word which is not bordered is called unbordered. Unbordered words
have also been called dipolar words in [27], non-overlapping words and d-primitive
words in [30] and d-minimal words in [31]. There are several classical results about
bordered words. Several properties of bordered and unbordered words have been
presented in [27, 30]. An authoritative text on the study of combinatorial properties
of strings would be [25]. The relationship between the length of a word and the
maximal length of its unbordered factors have been investigated in [12]. Factoriza-
tions of primitive words have been discussed in [17]. In [13], the authors define the
border correlation function, which specifies the bordered conjugates (u is a conju-
gate of w if uv = vw for some v € ¥*) of a given word w of length n and use it to
study the relationship between unbordered conjugates and critical points. In [14],
the authors
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Figure 1: The word is #-bordered which forms a hairpin with no sticky ends.

estimate the number of words that have a unique border. In [6], the author
characterizes the biinfinite words in terms of their unbordered factors. A shorter
proof was presented in [16]. A proof of the extended version of the Duval-Conjecture
[10] which states that “Let w and v be words such that u # v, |u| = |v] = n and
u unbordered. Then wv contains an unbordered word of length atleast n 4+ 17 was
given in [15]. The study of unbordered partial words was discussed in [2] and [3]. In
[4], the authors have discussed the equations on partial words. The relation between
monogenic expansion closed languages and unbordered words has been discussed in
[27].

The stimulus for recent work on combinatorics of finite words is the study of
molecules such as DNA that play a crucial role in molecular biology and biomolecu-
lar computation. Finding repeats or duplicated oligo nucleotides present as a string
within the genome is an active research area in genomics. In [11], the authors have
developed a computer program that identifies the periodic distribution of unique
words. In this paper we study a generalization of the classical notions of bordered
and unbordered words motivated by DNA based computing. We use an antimor-
phic involution map 6 to formalize the notion of Watson-Crick complementarity of
the DNA strands. We extend the study of bordered and unbordered words to 6-
bordered and #-unbordered words where 6 is either a morphism or an antimorphism.
The study of f-unbordered words was initiated in [19] and [21] for an involution map
6. (An involution 6 is such that 62 is identity). A word u is called f-bordered if v is
a proper prefix of u and 6(v) is a proper suffix of u. A word w is called §-unbordered
if u is not f-bordered. A particular type of 6-bordered word as described in Fig.1,
has non-overlapping 6-borders and such words form the well known hairpin struc-
ture. The words that avoid the hairpin structure were called #-hairpin-free words
n [19]. Another type of #-bordered word has overlapping 6-borders such that the
complement of a prefix of the word appears as a suffix of the word (See Fig.2).

In this paper we extend the properties of bordered and unbordered words [30]
to O-bordered and #-unbordered words for @ either a morphic or an antimorphic
involution. We begin the paper by reviewing basic concepts on words and intro-
ducing the definition of 8-bordered and #-unbordered words. We define a relation
<fl such that v <fl u iff v is a 6-border of u and also show that for an antimorphic
involution the relation <fl is transitive. In Section 3, we give a characterization of
the set of all #-bordered words when 6 is an antimorphic involution and show that
the set of all #-unbordered words is a dense set. We also provide necessary and
sufficient conditions for a word w to be #-unbordered. In Section 4, we study the
closure property of the set of all #-unbordered words with respect to the catenation
operation. In Section 5, we show that the set of all §-bordered words is regular for
an antimorphic involution 6 and the set of all #-bordered words is context-sensitive
for a morphic involution 6. We discuss the relation between involution codes and
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Figure 2: The word u has v as its prefix and 6(v) = w as its suffix and they overlap
within w.

the sets of all #-bordered and #-unbordered words for a morphic or an antimorphic
involution # in Section 6. (For more on involution codes we refer the reader to
[18, 19, 20, 21, 22].)

2. Basic concepts and properties

An alphabet ¥ is a finite non-empty set of symbols. A word u over X is a finite
sequence of symbols in ¥. We denote by X* the set of all words over ¥, including
the empty word A and by X7 the set of all non-empty words over ¥.. We note that
with the concatenation operation on words, ¥* is the free monoid and X7 is the
free semigroup generated by ¥. For a word w € ¥*, the length of w is the number
of non empty symbols in w and is denoted by |w|. Throughout the paper we assume
that for an alphabet ¥, |3] > 2. In the following we review some known concepts.
For a word w, the set of its proper prefixes, proper suffixes and proper subwords
are defined as follows.

PPref(w) ={ue Xt|3ve X uw = w}.

PSuff(w) ={ue Xt|3ve Xt vu=w}

PSub(w) ={ue€ Xt |Jv;,vs € X* vjv2 # N\, vyuve = w}.
Note that Pref(w) = {u € £7|3v € ¥*,w = uv} and Suff(w) = {u € XT|Fv €
* w = vul.

We also recall some partial orders, the notion of bordered and unbordered words
and their relation to certain partial orders in the following. For more on these
relations and bordered words we refer the reader to [30].

Definition 1 1. (Prefiz order). For v,w € ¥*, w <, v iff v € wX*.

2. (Suffiz order). For v,w € ¥*, w <, v iff v € T*w.
(Division order). Define <q =<, N <,.

Foru e X%, v e X* is said to be a border of u if v <4 u.
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For w,v € ¥*, w <, v iff v € wEt.
6. For w,v € X%, w <, v iff v € SFw.
7. <q =<p N <s.
8. Foru € X*, v € X* is said to be a proper border of u if v <q u.
9. Foru € ¥, define Lq(u) = {v|v € *,v <q u}.
10. v(u) = |Lq(u)].

11. D(i) = {ulu € ¥, v(u) = i}.



12. A word w € X7 is bordered if there exists v € T such that v <q u, i.e.,
u = vx = yv for some x,y € LT.

18. A non-empty word which is not bordered is called unbordered.

Bordered words were initially called overlapped words and unbordered words were
called non-overlapping words. Note that D(1) is the set of all unbordered words.

Similar to the above definition, we define relations that involves either a morphic
or an antimorphic involution 6. For properties of bordered and unbordered words
we refer the reader to [30].

Definition 2 Let 0 be either a morphic or antimorphic involution on X*.
1. Forv,w € ¥*, w <Y v iff v € O(w)x*.
For v,w € ¥*, w <% v iff v € T*0(w).
0 _ 0
<g =<p N <g.

Foru € X%, v € ¥* is said to be a 0-border of u ifv <8 u, i.e., u = vx = yh(v).

A

For w,v € ¥, w <f v iff vefw)oT.
6. For w,v € ¥, w <? v iff v e TT0(w).
7. <9 =<, n<b.
8. Foru e X*, v € ¥ is said to be a proper 0-border of u if v <Z u.
9. Foru € X%, define LY(u) = {v:v e ¥*,v <G u}.
10. vp(u) = |LY(u)|.
11. Dy(i) = {ulu € T, vg(u) = i}.

12. A wordu € X7 is said to be 0-bordered if there exists v € X7 such that v <Z u,
i.e., u=vz = yO(v) for some z,y € LT,

18. A non-empty word which is not 0-bordered is called 8-unbordered.

Note that we call a word u to be 8-bordered if it has non empty #-border .i.e., if it
has a proper #-border. Also note that the empty word A is a 6-border of any word
in .

Example 2.1 Let w = abababa be a word over the alphabet set {a,b} and let
0 be a morphic involution such that 6(a) = b and O(b) = a. Then L4(u) =
{\, ab, abab, ababab} and vy(u) = 4, hence u € Dy(4).

Based on the above definition we have the following observations.
Lemma 1 Let 6 be either morphic or an antimorphic involution.

1. Dy(1) is the set of all O-unbordered words.
A 0-bordered word x € X* has length greater than or equal to 2.
For all a € X, a is O-unbordered.

For all w € 7 such that u # 0(u), LI(u) = {v|v € B*,v <f u}.
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For all a € ¥ such that a # 6(a), a™ C Dy(1).

Recall that an involution is a map € on ¥* such that 62 is the identity map.



Lemma 2 Letu € X*. Then for a morphic involution 6, 0(L%(u)) = L%(0(u)) and
when 0 is an antimorphic involution we have, L% (u) = L% (0(u)).
Proof. Let 6 be a morphic involution and let v € LY(u) which implies u = vz =
yO(v) for some z,y € X1 and hence 0(u) = 0(v)f(x) = 6(y)0(0(v)) which implies
0(v) € LE(O(u)). Thus O(LY(u)) C LY(O(u)). Similarly let v € L((u)) which
implies O(u) = vx = yO(v) for some z,y € L1 and u = O(v)f(z) = 6(y)v which
implies 0(v) € LY(u) and hence v € §(LY(u)). Thus O(LY(u)) = LE(0(u)).
Let 6 be an antimorphic involution and let v € LY (u), then u = va = yf(v) for some
z,y € T which imply that 6(u) = 6(x)0(v) = v0(y). Thus v € LI(A(u)). Similarly
we can show that L9(0(u)) C LY(u). Hence LY(u) = LY (6(u)). O
Using the following lemma we show that the relation <fl is transitive for an
antimorphic involution 6.

Lemma 3 Let u € ¥* and v,w € ¥ such that u <§ w and w <Z v. Then for a
morphic involution 0, we have u <4 v and for an antimorphic involution 0, we have
u<fo.

Proof. When 6 is a morphic involution, u <Z w and w <Z v imply that w =
ur = yf(u) and v = wa = BO(w) for some z,y, o, B € LT which implies v = ura =
00(y0(u)) and hence v = uza = S(y)u which implies u <4 v.

When 6 is an antimorphic involution, u <Z w and w <Z v imply that w = ux =
yO(u) and v = wa = B0(w) for some z,y,a, 3 € LT and hence v = ura = 30(ux)
which implies v = ura = 86(x)f(u) implying that u <& v. O
Corollary 1 If 0 is an antimorphic involution, the relation <Z 1s transitive.

Lemma 4 Let u,v,w be such that u,v € X7, u # v and u <Z w, v <fl w. If 0 is a
morphic involution, then either v <q u oru <gq v. If 0 is an antimorphic involution,
then either v <, u or u <, v.

Proof. Let 8 be a morphic involution and u <§ w, v <g w which imply that
w=uzr =yl(u), w=va = B60(v) for some z,y,a, S € L+. If |u| > |v|, then u = vp
and 0(u) = ¢f(v) for some p,q € X1. Thus u = 6(q)v implying that u = vp = 0(q)v
which implies v <4 u. If |u| < |v| then v = up and 0(v) = ¢f(u) for some p,q € XT
which imply that v = 6(q)u. Therefore v = up = 8(q)u and hence u <q v.

Let 6 be an antimorphic involution and u <fl w, v <fl w which imply that w =
uz = yO(u) and w = va = B(v) for some z,y, o, 3 € . If |u| > |v| then u = vp
and 6(u) = ¢f(v) for some p,q € X7 and hence u = v6(q) which implies v <, u.
Similarly if |v| > |u|, we can show that u <, v. O
Corollary 2 Let u,v,w be such that u,v € X7, u # v and u <(91 w, v <Z w. Then
for an antimorphic involution 8, either 0(v) <, 6(u) or O(u) <, 0(v).

Corollary 3 Let u € ©*. Then

1. For a morphic involution 0, LZ(’U,) s a totally ordered set with <g.

2. For an antimorphic involution 0, LY(u) is a totally ordered set with <, and
0(L%(w)) is a totally ordered set with <.

Lemma 5 Let 6 be a morphic involution. Then for all 6-unbordered words x,y
such that x # vy, xy # 0(y)x.

Proof. Let x,y be two f-unbordered words, i.e., z,y € Dy(1). Note that both
x and y are non empty as Dy(i) C XT. Suppose zy = 6(y)z then we have the
following cases to consider. If |z| = |y| then = 0(y) and y = x a contradiction to
our assumption that z # y. If || > |y| then there exists p € X1 such that x = 6(y)p
and z = py which imply that = = 0(y)p = pf(0(y)) since 0 is an involution, which



is a contradiction since x is f-unbordered. If |z| < |y| then there exists ¢ € ¥ such
that 8(y) = zq and y = gz which imply that y = gz = 0(x)6(q) since 6 is a morphic
involution, which is a contradiction since y is 8-unbordered. Thus zy # 6(y)x. O

3. f-bordered words

In the next result we give a characterization of the set of all -bordered words
when 6 is an antimorphic involution. We use this characterization to show several
properties of the set of all #-bordered and #-unbordered words for an antimorphic
involution 6.

Lemma 6 Let 0 be an antimorphic involution. Then x € X7 is O-bordered iff
x = ayb(a) for some a € ¥ and y € T*.

Proof. If x is f-bordered then = = pa = 30(p) for some p,a, 3 € XT. Let p = ar
for some a € ¥ and r € X*. Then 6(p) = 0(r)f(a) and since o € XF, we have
a = sf(a) for some s € ¥*. Thus there exists y € ¥* such that © = ayf(a). The
converse is obvious. O

We recall that a language or a set X C ¥* is said to be dense if for all u € ¥*,
X NX*uX* # (. We use the above lemma to show that Dp(1) is a dense set.
Corollary 4 Let 6 be an antimorphic involution on ¥*. Then

1. ue De(l) sz@(u) S Dg(l)
2. If ¥ is such that there exists a,b € ¥ with 6(a) # b then Dy(1) is a dense set.

3. Let a,b € X such that 0(a) = b then for allu € ¥ either ua is 6-unbordered
or ub is 8-unbordered.

4. If uwv € Dy(1) for some u,v € ¥ and w € £* then uv € Dy(1).
5. For all a,b € ¥ such that a # 0(b), aX*b C Dy(1).

6. Let u € X be O-bordered and x be the shortest 0-border of u, then x is 0-
unbordered.

Proof. We only prove the first two statements. The rest of them follow from
Lemma 6. Let 6 be an antimorphic involution on :*.

1. Let u € Dy(1) and suppose 0(u) ¢ Dy(1) then we have 6(u) = aab(a) for some
a € ¥ which imply that v = af(«)0(a) and hence u ¢ Dy(1) a contradiction.
The converse is similar.

2. Choose a,b € ¥ such that a # 6(b) then for all w € X* there exists a,b € X*
such that awb € Dg(1) which implies that Dy (1) is a dense set.

O

Statement 6 in the above corollary does not hold true when 6 is a morphism.
For example let ¥ = {a,b} and 6 be a morphism such that 6(a) = b and 0(b) = a.
Take v = ababa. The shortest f-border of u is x = ab. But z = ab = a.b = a.0(a)
which is #-bordered.

It was shown in [30] that when 6 is identity and if = is the shortest border of u,
then for all other borders y # x of u, y is bordered. But this is not true when 6 is
an antimorphism, as shown by the following example.

Example 3.1 Let ¥ = {a,b,c} and 0 be antimorphism that maps a — b, b — a
and ¢ — c. Then for u = acach, we have * = a to be the shortest 0-border of u.
Also y = ac is a 0-border of u as 0(ac) = cb, but y is 6-unbordered.



The following lemma relates the set of all prefixes and suffixes of a word with
the set of all prefixes and suffixes of the set of all words obtained by concatenating
the word with itself. We use the lemma to show some closure properties of the set
of all #-bordered and #-unbordered words.

Lemma 7 Let 6 be a morphism or an antimorphism of ¥* and let u,v € ¥*. Then
O(Pref(u)) N Suff(v) =0 iff 6(Pref(u™)) N Suff(vt) = 0.
Proof. “=” Assume that 8(Pref(u)) N Suff(v) = 0 and we need to show that
O(Pref(u™)) N Suff(vt) = 0. Suppose there exists z € O(Pref(u™)) N Suff(vh)
then z = 0(u*u;) = vov! where uy € Pref(u) and va € Suff(v). When 0 is a
morphism, we have = 0(u*)0(u;) = vov! which implies that either (u;) is a suffix
of v or B(uy) = v'v" for some v’ € Suff(v) which imply that 6(u}) = v for some
u) € Pref(uy). Both cases lead to a contradiction since 8(Pref(u))NSuf f(v) = 0.
The converse is obvious.
The case when 6 is an antimorphism can be proved similarly. O
In the next lemma we give a necessary and sufficient condition for a word to be
f-unbordered. Note that it is clear from Lemma 6 that a word u is #-unbordered for
an antimorphic involution 6 iff u = ayb such that a # 0(b). The following lemma
provides a much weaker characterization of #-unbordered words. However this char-
acterization can be used in proving certain closure properties of 8-unbordered words.

Lemma 8 Let 0 be an antimorphic involution on ¥*. Then for all u € ¥ such
that |u| > 2, u is @-unbordered iff O(Pref(u)) N Suf f(u) = 0.

Proof. Let u be #-unbordered. Suppose there exists x € O(Pref(u)) N Suf f(u)
then © = 0(u;) = u” for some u = wjuy = uw'v” which imply that v = wjus =
u'0(u1). Then we have the following cases. If us,u’ € ¥ then u ¢ Dy(1) which is a
contradiction since u is 8-unbordered. If ug = v/ = X then v = 0(u) and u = av for
some a € ¥ and v € X7 since |u| > 2 which imply that © = av = 8(v)f(a) = 6(u)
which is a contradiction since u is §-unbordered. Hence 8(Pref(u))NSuf f(u) = 0.
Conversely assume that 8(Pref(u)) N Suff(u) = 0 and suppose u is 6-bordered
then there exists y € £* and a € ¥ such that v = ayf(a) which is a contradiction
since (a) € §(Pref(u)) N Suf f(u). O
Corollary 5 Let 8 be an antimorphic involution on ¥* and let u € X such that
|u] > 2. Then u is -unbordered iff u™ C Dgy(1).

Proof. Follows from Lemma 8 and Lemma 7. O

Lemma 9 Let 6 be a morphic involution on X*. Then for all w € ¥ such that
[u] > 2 and u # 0(u), u is O-unbordered iff O(Pref(u)) N Suf f(u) = 0.
Proof. Let u € Dy(1) such that |u| > 2 and u # 6(u). Suppose there exists
an x € O(Pref(u)) N Suff(u) then we have the following cases. If x = 6(u) then
x =u € Suf f(u) which implies that u = 6(u) which is a contradiction. If x = 0(u;)
for some w1, uz € 2T such that u = ujuz and u = ujug = v'0(uq) since © € Suf f(u)
which is a contradiction since u is §-unbordered. O
Corollary 6 Let 0 be a morphic involution on X* and let u € 3V such that |u| > 2
and u # 0(u). Then u is O-unbordered iff ut C Dy(1).
Proof. Follows from Lemma 9 and 7. O
In view of Lemma 8 and Lemma 9 we have the following observation. The proof
of the following lemma is similar to that of the above two lemmas and hence we
omit the proof.

Lemma 10 Let 6 be either a morphic or an antimorphic involution. Then for
u € X1 such that |u] > 2, u is O-unbordered iff O(PPref(u)) N PSuf f(u) = 0.



4. Closure properties of the set of all #-unbordered words

In the next proposition we give a necessary and sufficient condition for the set
of all #-unbordered words to be closed under concatenation.

Proposition 1 Let 0 be either a morphic or an antimorphic involution and let
u,v € X1 be O-unbordered. Then uv is -unbordered iff O(Pref(u)) N Suf f(v) = 0.

Proof. Assume that for u,v € X7 such that |uv| > 2, O(Pref(u)) N Suff(v) =0
and suppose uv is not #-unbordered.

Then for an antimorphic involution 8, we have by Lemma 6, uv = ayf(a) for some
a € X and y € ¥*. Then a € Pref(u) and 6(a) € Suff(v) which implies that
0(a) € O(Pref(u)) N Suf f(v) which is a contradiction. Hence uv is #-unbordered.
When 6 is a morphism, then there exists € ¥ such that uv = za = 6(x) for
some a, 3 € ©*. We have the following cases:

(i) Jo] < Jul and [0(2)] < Jo]

(i) o] < [u] and |0(x)] > Jo]

(ii) 2] > [u] and [8(x)| < |o

(iv) |z > |ul and [0(x)] > [v|

Note that case(i) implies that x € Pref(u) and 6(z) € Suff(v) which immediately
leads to a contradiction since x € Pref(u) and 6(z) € (Pref(u)) N Suf f(v).

Case(ii) implies that = € Pref(u), 6(z) € Suff(uv) and 0(z) ¢ Suff(u) and hence
x = u; for some u; € ¥ and uy € I* such that u = ujus and 6(z) € Suff(v)
implies that 6(z) = u”v for some v’ € £1 and u” € ¥* such that v = v'u”. Thus
x = 0(u")0(v) = uy which imply that 6(u”) € Pref(u) and u = §(u")y = v'v” with
y,u' € XF since v € ¥+, which is a contradiction since u is #-unbordered.

Case(iil) implies that z € Pref(uv), 6(z) € Suff(v) and = ¢ Pref(u) and hence
x = uwvy for some v; € ¥ and v = vyvy with va € ¥ and 0(x) € Suf f(v) implies
that 0(x) = v” for some v € ¥, v € ¥* with v = v’v”. Thus for z = vy,
0(z) = 0(u)f(v1) = v"” which implies that v = vivs = yf(v1) with ve,y € XT since
u € X1 which is a contradiction since v is #-unbordered.

Case(iv) implies that x € Pref(uv) and 6(z) € Suff(uv) but none of the above
hold. x € Pref(uv) implies that z = uwv; for some vi,v, € X7 with v = vyvg
and 0(z) € Suff(uv) implies that 0(x) = ugv for some uj,us € LT with u =
ujug. Thus for x = wvy, 0(x) = 0(w)0(vy) = ugv. If u = w'u” then 6(u)d(v,) =
O(u")0(u")0(v1) = ugv such that 8(u') = us which imply that v = v'u” = u10(u’)
with «’,u”,u; € X% which is a contradiction since u is §-unbordered. Hence uv is
f-unbordered.

Conversely for u,v both #-unbordered and |uv| > 2, assume that wv is also
f-unbordered. Suppose there exists x € O(Pref(u)) N Suff(v) such that x =
O(u1) = ve for u = ujug and v = vive with ug,v2 € LF and ug,v; € ¥*. Then
UV = UugV1V2 = ujugv16(u1) which is a contradiction since wv is f-unbordered.
Hence O(Pref(u)) N Suff(v) =0. O
Lemma 11 Let 6 be either a morphic or an antimorphic involution on ¥* and let
u,v € LT with both u and v O-unbordered and non 6(u) # u, 0(v) # v. Then the
following are equivalent.

1. wv s 8-unbordered.
2. The set of all words in utv™ is O-unbordered.

3. 0(Pref(u)) N Suff(v) = 0.



4. For all x € (uww)™, x is O-unbordered.

Proof. Note that from Proposition 1 it is clear that 1 < 3. From Lemma 7
and Proposition 1 it is clear that 1 < 2. Note that from Lemma 8 uv € Dy(1) iff
O(Pref(uv)) NSuf f(uv) = 0. Also from Lemma 7 (Pref(uv)) N Suf f(uv) = 0 iff
O(Pref((uv)™)) N Suf f((uv)™) = 0. Hence from Proposition 1 8(Pref((uv)™)) N
Suff((uv)™) =0 iff (uv)™ C Dy(1). Hence 1 < 4. O

We use the following result from [23] to prove the next result.

Lemma 12 (/23]) Let w and w be such that uv = 6(v)w for some v € £*. Then
for a morphic involution 6 there exists x,y € ¥* such that uw = xy and one of the
following hold

1. If |lu| > |v| then w = yO(z) and v = (0(z)0(y)xy)'d(x) fori > 0.
2. If |u| < |v| then w = 0(y)z and v = (0(x)0(y)xy)'0(z)0(y)x for i > 0.

Proposition 2 Let 21,70 € 7 and 0 be cither a morphic or an antimorphic
involution. If 1wy is O-unbordered, then for any k > 1, 125 is 0-unbordered.

Proof. We first consider the case when 6 is an antimorphism. Suppose that, for
some k > 1, 7175 is #-bordered, then from Lemma 6, there exists a € ¥ and y € ©*,
125 = ayf(a). Since both z1,z5 € ¥ we have z129 = axf(a) for some r € ¥*
which is a contradiction since x1xs is f-unbordered. Hence xla:’g is #-unbordered.
We shall prove by induction on k the case when 6 is morphism.

Base Case: Let k = 2. Suppose 122 is -bordered. Then there exists x,y,u € L+
such that 2123 = uz = yf(u). We have several cases:

Case 1 Let |u| < |z1| then we have x; = u« for some « € X*.

o If |0(u)| < |z2| then 2 = BO(u) for some B € ¥* and x129 = uaB0(u) with
u € T, which is a contradiction since ;x5 is §-unbordered.

o If |z5| < [0(u)|] < |23 then O(u) = Bias for some x5 = B6; with 3; € BT,
Thus u = 6(51)0(z2) and 129 = uaxrs = ualfpy = 0(81)0(xz2)albBy, which is
a contradiction since x1xo is #-unbordered.

o If |O(u)| > |z3| then O(u) = G123 with 21 = 86 and 31 € ¥F. Thus u
0(531)0(23) and x1 = ua = (BF; which implies that z129 = 0(51)0(23) s
B0122 which imply that z129 = 0(8122)0(x2)axs = B(f122) which is a con-
tradiction since x1x9 is 8-unbordered.

Case 2 Let |z1] < |u| < |z122] then we have ua = x125 for some o € X*.

o If |6(u)| < |z2| then $16(u) = x5 which implies 2129 = ua = z1610(u) a
contradiction.

o If o] < |0(u)| < |xoxs| then z129 = ua and O(u) = Pras for zo = BF;. As 6
is a morphism, z129 = ua = 6(F1)0(x2)a which imply that zi20 = 21661 =
0(B1)0(x2) a contradiction.

o If |zome| < [0(u)| < |z12222], then z129 = ua and 6(u) = syxaxwe for x1 = ss7.
Then we have z122 = ua = 6(s1)0(z2)0(x2)a and hence zi1x9 = ss1x9 =
0(s1)0(x2)0(2z2)a a contradiction.

Case 3 Let |z122| < |u] < |x12222]. If [22] < |0(u)| < |x272] then we have u = z1220
with o = 61 and 0(u) = s1x5 for 29 = ss1. Then we have u = z1220 = 0(s1)0(x2).



Note that |z108] = |s1| hence 6(s1) = z17r, 2o = rp and 6(z3) = pfB which im-
plies z1223 = 6(s1)pf which imply that x120 = 1881 = 6(s1)p a contradic-
tion. If |zoxs| < [0(u)] < |xix922] then O(u) = sjxozs and u = x50 for
x1 = ss1 and xo = BF; with s,s1,0,31 € ¥T. Then u = x1220 = 0(s1)0(x2)0(z2)
which implies that u = 2166108 = 0(s1)0(z2)0(z2) and by the length argument we
have 6(z2) = (18 and hence xo = S5 = 0(61)0(8) or 518 = 6(3)0(61). Thus
210 = 0(s1)0(x2) which implies that x125 = $510(51)80(8) = 0(s1)61601 which is a
contradiction since z1xy is @-unbordered. Hence we have x123 € Dy(1).
Induction Step Assume x1z5 € Dgy(1). Suppose xlx’;H ¢ Dy(1), then we have
xlxgﬂ = uzx = yO(u) for some x,y € XT.
Case 1: Let u be such that |z;25| < |8(u)| < |z125| then 6(u) = ajzb™ for some
o € Xt such that 1 = aay. If [z125| < |u| < |z125TY, then u = 21258 for some
B € ¥t such that xy = 33;. Hence u = 0(a1)0(z5)0(z2) = 0(a1)0(25)0(83)0(51) =
x122B61 6. Thus 125718 = 0(a1)0(2k) and hence z125 = 0(a1)0(x5)81 = aayzh
which is a contradiction since z124 is 6-unbordered. If |u| < |z;2%| then u = z1 233
for some i < k and xy = B for some (3,3 € *. Thus u = 0(a;)0(z5*") which
implies that 21250 = 0(a1)0(25)0(6)0(51) and hence x5 8 = 0()0(2k). There-
fore x5 = 0(ay)0(xk) G125~ = aay 2k a contradiction since x5 is f-unbordered.
Case 2: Let u be such that |f(u)| < |¢5T!. Then 0(u) = fixh with 2o = (6
and i < k and B,0; € *. If |zy2h| < |u| < |z125Y| then v = 1250 with
Ty = aa; and a; € X1, Hence u = 0(8,)0(zh 1)0(x2) = z125 L aara which im-
plies that 2125 o = 0(51)0(x51). Therefore z1z5 = 0(6,)0(x5 HNay = 2125136,
a contradiction. If |u| < |zi2%| then v = zala with zo = ao, a; € U
and j < k. Thus x5 = xlx%aalx’;_j_l = 9(61)9(x§)a1x§_j_1 which implies
that z125 = 21257186, = 0(81)0(xh)arzh 7! a contradiction since zqz% is 6-
unbordered. Hence z;x5 € Dy(1) for all k& > 1. O
The proof of the next proposition is similar to that of the previous one and hence
we omit the proof.
Proposition 3 Let x1,29 € ¥ and 0 be either morphic or an antimorphic invo-
lution. If x1x9 is O-unbordered, then for any k > 1, a:’fxg is B-unbordered.
Proposition 4 Let 6 be an antimorphic involution and let v be 8-unbordered. Then
for all v, € PPref(v) and vs € PSuf f(v), vyuvs is 8-unbordered for all u € X*.
Proof. Let z € v,X*v, such that x is 6-bordered. Then there exists a € ¥ and
y € ¥* such that x = ayf(a) which implies that a € Pref(v,) and 8(a) € Suf f(vs).
Thus there exists z € ¥* such that v = az6(a) which is a contradiction since v is
f-unbordered. Hence z is also #-unbordered. O
Note that the above lemma does not hold when 6 is a morphic involution. For
example, let ¥ = {a,b} such that 8(a) = b and 0 is a morphism. Note that
aa,b € Dy(1) but aba = (ab)a = af(ab) and hence aba ¢ Dy(1).
Proposition 5 Let 0 be a morphic or an antimorphic involution and v be 8-unbordered.
1. If u = vgu1...vn—1 for some v; € PPref(v), then uwv € Dy(1).
2. If u=vgvy...vp_1 for some v; € PSuff(v), then vu € Dy(1).

Proof. We prove the first case (the second one is similar to the first case). The
case when 6 is an antimorphic involution follows directly from Proposition 4. We
only consider the case when 6 is a morphism. Let v € Dy(1) such that |v| > 2 and
let u = vovy...v,—1 for some v; € PPref(v). Suppose wv is -bordered, then there
exists ¢, a, 8 € T such that uv = za = 30(x).

1. If || > |u| then there exists v',v” € ¥ such that v = v'v” and = = uv’ then
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we have uwv = wv'v” = pO(uv’) = B0(uw)f(v’) which implies that v = v'v” =
rf(v') for some r € £t a contradiction since v is f-unbordered.

2. If |z| < |u| then there exists aj,as such that a; € ¥* and as € I and
u = xag, v = ag. If |x] < |vg| then there exists p € 1 such that vy = zp
which implies that € PPref(v) and hence v = zr = s(z) for some r,s € T
which is a contradiction. If |x| > |ug| then there exists p;,p € ¥* such that
x = vopp1 and p = v;..vy for some k and p; € PPref(vi11) with |[p1]| < |v].
Hence uwv = za = (6(x) = vopprae = B6(vg)0(p)f(p1) which implies that
v =p1r = s6(p1) a contradiction.

5. Classification of the set of all §-bordered words

In this section we show that the set of all §-bordered words is regular when 6
is an antimorphic involution and context sensitive when 6 is a morphic involution.
In the next proposition we use Lemma 7 and show that the set of all #-unbordered
words is indeed a regular language when 6 is an antimorphic involution.
Proposition 6 When 0 is an antimorphic involution on ¥*, Dy(1) is a regular
language.

Proof. Note that for all @ € X, a is #-unbordered and from Lemma 7, we have
Dy(1) =2 UY where Y = |J, yex aX"b such that 6(a) # b. Since ¥ is finite, Y is
regular and hence Dy(1) is regular. O

In the next proposition we find an example of 6, which is a morphic involution
but not the identity function and an alphabet ¥ such that the set of all §-bordered
words over X is not context free and hence not regular.

Proposition 7 If 6 is a morphic involution over an alphabet ¥, such that 6 is not
identity, the set of all 6-bordered words over ¥ is not context free.

Proof. Let a,b € X such that a # b and 6(a) = b. Then 0(b) = a holds because 0
is an involution map. Denote by L the set of all §-bordered words over ¥. We will
prove, by contradiction, that L is not context-free.

Indeed, assume L were context-free. Let n be the constant defined by the Pump-
ing Lemma for context-free languages. Choose the word z; = a™T1b"*1a"*1, which
is clearly #-bordered. By the pumping lemma, there is a decomposition z; = azvys
such that |zvy| < n, |xy| > 1, and for all i > 0, z; = ax'vy’3 € L. Note that any
f-border w; of z; has the property w; = au for some u € ¥* because z; begins with
a for any i > 0.

We will consider first the case where zvy is a subword of a” 16" %! of z;. In this
case, 0(w;) = bX*a" ! for any i > 0 because z; has the suffix a”*1. Consequently,
w; € aX*b" L. If neither = nor y contains any bs, that is, zvy is in the prefix a"*!
of z1, z = a™b"tla™! for 4 > 2, where m > n + 1. Considering the form of w;
mentioned above, w; = a™b"*1. This further implies 6(w;) = b™a"*!, which is a
contradiction since z; does not contain m consecutive bs. Consequently, x or y must
include at least one letter b. However, in this case zy has at most n letters b which
contradicts the fact that zo has wg = aub™*! for u € £* as its 6-border.

By virtue of the symmetric form of z;, it is clear that the second case, where
zvy occurs as a subword of b"a™ of 21, leads to the same contradiction.

These two cases cover all possible decompositions, and they all lead to contra-
dictions. Consequently, our assumption was false and L is not context-free. O
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Note that in [24], it was shown that for a morphic involution 6, for all #-bordered
words v, either v = uré(u) for some r,u € £* or v = (zyf(z)0(y))*xyb(x)0(y)x for
some z,y € X*. In the next proposition we construct a grammar that generates all
such #-bordered words.

Proposition 8 Let 6 be a morphic involution on X*. Then the set of all 0-bordered

words is context sensitive i.e., 3* \ Dg(1) is context sensitive.

Proof. Let X = {ay, as, ..., a, } be a finite alphabet set and take G = (Vy, Vr, Xo, 2)
where Vy = {X, X0, X1, X2, X3,Y;, Z2,721,P,Q} where 1 <i <n and Vp C ¥*. De-

fine the productions of G for all a; € ¥ to be

Xo — ZX1 X0 X3 X 7, (1)

X1Xo — a; X1Y; (2)

Y X3 — X20(a;) X3, Yia; — a;Y;, 0, X0 — Xoa; (3)

Y; X3 — PX20(a;)X3Q,a; PXy — PXsa;,Y;a; — a;Y; (4)
X1PXy — a; X1 PXs (5)

a; X — Xa;, VX7 — a;XZ1,ZXa; — ;Z2Y; X, Y, Xa; — a;V; X (6)
X1 Xz — A\ X3 — A (7)

QXZy — \X1PXy— N\ Z — A (8)

XZy — A (9)

Consider derivations D from ZRX; X20(R)X3X Z; leading to a terminal word (after
an application of the initial rule 1 and R = A). If the rule in 2 is used then we
can either use rules 3 or rules 4. If rule 2 is used then we eventually end up
with ZuX;X20(u)XZ,. Then we can either use rules in 6 and 7 which results in
the word (uvf(u)f(v))*uvf(u)f(v)u for u,v € ¥* or use rules in 2 and 4 which
results in word of the type urf(u) for r,u € ¥*. If D begins with an applica-
tion of rule 2 and the first rule in 3 then the only possibility is to continue the
derivation to the word Zra, X1Y;0(r)X3XZ, — Zra; X10(r)Y; X3X Z; which leads
to Zra; X1X20(r)0(a;)X3XZ;. Here we have two choices, either we continue to
apply rules in 2 or apply rules in 7 and get Zra;0(r)0(a;) X Z, and we can apply
rules in 6 which will lead to ZXra;0(r)f(a;)Z; and the only possibility to con-
tinue the derivation is to apply the rule ZXa; — a;ZY;X in 6 and we get the
word a;ZY;Xroa;60(r)f(a;)Z; which leads to a;Zrea;0(r)0(a;)Y;XZ; and hence
a; Zr20;0(r)0(a;)a; X Z1. Continuing to apply the rules in 6 we end up with the
word of type (uvf(u)f(v)) * wvb(u)f(v)u. If D begins with an application of rule 2
and the first rule in 4, then it will lead to the word Zra; X1 PX20(r)0(a;)X5QX Z;.
Then we can either apply rules in 8 to get words of type uf(u) or apply the rule in
5 to get words of type usf(u) for s € ¥*. Hence L(G) = {xs0(z), (uvf(u)d(v))'u
for ¢ > 1 and u,v, s,z € ¥*}. Note that L(G) = X* \ Dy(1). O
Proposition 9 Given v € 371 it is decidable whether v € Dg(1) or not.

Proof.  Follows immediately from the decidability of membership for context
sensitive and regular languages. O

Note that for an antimorphic involution € and for u € Dy(7) for some ¢ > 2 with
LI(u) = {\ <p ur <p ug <p ... <pui—1} we have ug € Dg(1).
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Proposition 10 Let u € Dy(1). If v <4 u' then either v = X or u = 0(u) and
v=ul for1 <j<i.
Proof. Let v <Y u’ for some u € Dy(1). If v # A\, v’ = va = p0(v), for
a,B,v € £t then v = w/r; and 0(v) = sou’ for u = riry = 518 and 0 < j < 4.
We only prove the statement when 6 is a morphic involution. The case when 0 is
an antimorphic involution is similar. If v = w’ry, then 6(v) = 0(u/)0(r1) = sou’.
If r1.80 € X7, then u = rry = pf(r1). If ro # X then v ¢ Dy(1) which is a
contradiction. If 7o = A then p = XA and v = 1 = 6(r1) which implies that u = 6(u)
and v = w1 = f(v). If r; = X then v = v/ = 0(v) and u = O(u). O
The following lemma provides for a given u € ¥*, the number of 6-borders of .
We recall that v € ¥* is said to be primitive if u = v* for some v € X1, i > 1, then
i =1 and the set of all primitive words over X is denoted by Q.

Lemma 13 Let u € Q such that w = 0(u) and j > 1. Then,
1. For a morphic involution 0, v9(w) = vi(u) +j — 1.

2. For an antimorphic involution 0, v9(u?) = |u)? = j.|ul.

Proof. Let 6 be a morphic involution and u € Lfml,
a1az...an, 0(u) = 0(a1)...0(a,), a; € ¥ which implies a; = 6(a;) for all i. Hence
¢ is identity on ¥ and thus v4(u) = v9(u). It was shown in [30] that vy(u/) =
v9(u) +j — 1. Hence vg(u?) = v§(u?) = v9(u) + 7 — 1.

Let 6 be an antimorphic involution and v = 8(u). If v = a;...a,, then 6(u) =
0(ay)...0(a1) and since u = 6(u) we have a; = 0(an1-;). Hence vj(u) = |u| since
L%(u) = {\,a1,a1a9,...,a1az...a,—1}. Note that for all j > 1, u/ = 0(u’/). Hence

vi(u?) = [ul| = j.lul. 0

de, u = 0(u). For u =

6. Relations to involution codes

Involution codes were introduced in [18] in the process of designing DNA strands
with certain properties. Several properties of involution codes that avoid various
types of unwanted hybridizations have been discussed in [18, 19, 21, 22]. In this
section we discuss the relations between certain involution codes and the set of
all words that are unbordered with respect to the involution map 6. We begin the
section with the review of definitions of some involution codes defined in [19, 20, 21].
Definition 3 Let 0 : ¥* — X* be a morphic or antimorphic involution and X C
>+,

1. The set X is called f-infix if 2*(X)XTNX =0 and TTH(X)X* N X = 0.
2. The set X is called 0-comma-free if X? N X TO(X)L+ = 0.

3. The set X is called f-intercode if X™Tt N YTO(X™)ST =0, m > 1. The
integer m is called the index of X.

4. The set X is called n-0-comma-free if every n element subset of X is 8-comma-
free.

5. The set X is called n-0-intercode of index m if every n element subset of X
is a O-intercode of index m.

6. The set X is called B-overlap-free if PPref(X)NPSuff(6(X)) = 0 and PPref(8(X))N
PSuff(X) = 0.
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7. The set X is called O-sticky-free if wz,y0(w) € X then zy = \.
8. The set X is called 0-strict if X NO(X) =10 .

We recall the following definition. Let R be a binary relation on 3¥*. A language
L is R-independent if for any u,v € L, uREC implies v = v. In the following
propositions we show that some of the involution sets are independent with respect
to the binary relation <§, where 6 is either a morphic or an antimorphic involution.
Proposition 11 If X C X* is 0-infix (0-comma-free) then the set X is independent
with respect to <Z.
Proof. Suppose there exists u,v € X such that v = uz = yf(u) for some z,y € L+
which implies X is not #-infix and hence not #-comma-free since 0(u) is a suffix of
v. Hence X is independent with respect to <9. O

Proposition 12 If X C X* is 0-sticky-free then X is independent with respect to
<b.

Proof. Let u,v € X such that v = uz = y0(u) for some z,y € X*. Then
ux,yf(u) € X but x # y # X which is a contradiction since X is 6 sticky-free. O

Proposition 13 Let 0 be a morphic involution. If X C ¥* is strictly 6-overlap-free
then X is independent with respect to <Z.

Proof. Since X is #-overlap-free we have PPref(X) N PSuff(#(X)) = @ and
PSuff(X)N PPref(0(X)) = 0. Suppose for u,v € X we have v = ur = yf(u),
for some z,y € X7 then 6(v) = O(u)f(z) and O(v) = O(y)u = u € PPref(X)N
PSuff(6(X)) and 8(u) € PSuff(X)N PPref(6(X)) a contradiction. O
Proposition 14 Let 6 be morphic involution and let L, be a set of all 0-unbordered
words such that for all x,y € Ly, || = |y| = n and vy € Dy(1). Then L) is
0-comma-free.

Proof. Note that from Proposition 1 for all x,y € Dgy(1), zy € Dy(1) iff
O(Pref(z)) N Suff(y) = (. Suppose L(,) is not §-comma-free then there exists
x,y, 2 € L(y) such that 2y = af(z)p for some a, 3 € $F. Then we have 0(2) = xay;
where © = z129 and y = y1y2 with both zq9,y; € X*. The case when 6(z) = z or
0(z) = y implies that zax = 26(z) or zy = z60(z) which is a contradiction since zx
and zy are f-unbordered. The case when 0(z) = woy; with x9,y; € >+ implies
that o € 0(Pref(z)) and thus zx = 6(x2)z22122 which is a contradiction since
zx € Dg(1). Similar contradiction arises when y; € 0(Suff(z)). Hence L, is
f-comma-free. O

Corollary 7 Let 0 be a morphic involution. Let Ly be as defined in Proposition
14. Then Ly is a 0-intercode of index m for all m > 1.
Proof. Obvious, since every -comma-free is also a #-intercode of index m for all
m > 1. O
Note that the set L(,) defined in Proposition 14 is not unique. For example,
let ¥ = {a,b,c,d} and 6 be a morphic involution such that 6(a) = b and 6(c) = d.
Then Ly) = {aa, cc,ac, ca} or {bc,bb, cc, cb} or {ad,da,dd,aa} or {bd,bb, db, dd}.
The above proposition does not hold when 6 is an antimorphic involution. Let
Y = {a,b,c,d} and 6 be an antimorphic involution such that a — b , ¢ — d and
viceversa. Note that aaba, cbbc, adba € Ly, but aa(bacb)bc = aab(adba)bc which
implies that L4 is not f-comma-free.
Proposition 15 Let 6 be a morphic or an antimorphic involution such that 6 is
not identity. Then L C XV is 0-strict and 0-sticky-free if and only if L C Dg(1)
and L? C Dg(1).
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Proof. Assume that L is -strict and #-sticky-free. We need to show that both
L,L? C Dy(1). Note that since L is f-sticky-free for all wz,yf(w) € L we have
xy = A and since L is O-strict we have L NO(L) = (. Thus for all u,v € L we have
O(Pref(u)) N Suff(v) = 0. Hence from Lemma 8, 9 and Proposition 1 we have
L,L? C Dy(1).
Conversely, assume that L, L? C Dg(1). We need to show that L is f-strict and
L is #-sticky-free. Suppose L is not #-strict. Then there exist u,v € L such that
u = 6(v). This implies that vu = 0(u)u ¢ Dy(1) a contradiction since L? C Dy(1).
Suppose L is not f-sticky-free. Then there exist wz, yf(w) € L with zy # A, which
implies that wayf(w) € L? but wryd(w) ¢ Dg(1) a contradiction. Hence L is both
f-strict and 0-sticky-free. O
The following results follow from Corollary 11.
Corollary 8 Let L be 0-strict and 0-sticky-free. Then L™ C Dy(1).
Corollary 9 Let Ly, Ly C X1 be O-strict and 0-sticky-free. Then L1Lo C Dg(1) iff
LY L3 C Dy(1).
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