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Abstract

In the last decade, many new results in the area of state complexity have been
obtained. Some are about Boolean operations, e.g. intersection, union and catenation
and most of them focused on the cases of these operations on two languages. But in
the practical applications, these operations are often required to be performed mul-
tiple times on three or more languages. The state complexity of these operations on
k languages may not necessarily equal to the k-1 times direct combination of their
state complexities on two languages. Thus, it is important to study the state com-
plexities of multiple Boolean operations. Several results about the state complexities
of intersection and union on k regular languages are given and proved here. The
state complexities are also obtained in the cases of the catenations of three and four
languages.

1 Introduction

Automata theory is one of the oldest areas of research in computer science. It is the study
of abstract computing devices [11]. Automata theory was started in 1930s, when the
machine named computer had not been invented. Up to today, many research activities
are still going on in automata research, for example, descriptive complexity of automata
and grammars, the power of nondeterminism in finite and pushdown automata, automata
implementations and applications and so on [11, 19, 24]. State complexity is one of the
active subareas.

In the last decade, a large number of new results have been obtained on the topic
of state complexity [1, 2, 3, 4, 5, 6, 7, 8, 9, 12, 13, 14, 15, 16, 17, 18, 22, 23, 27, 28|
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following the publication of the paper [25] by S. Yu et al. The state complexities of many
Boolean operations have been studied, e.g. intersection, union and catenation. However,
most of study on these operations focus on the cases of two languages. In some practical
applications, operations are often required to be performed multiple times on three or
more languages.

Then a problem comes out. Can we simply combine their state complexities on two
languages for £ — 1 times as their state complexities on k languages? To answer this
question, we will study three operations here: intersection, union and catenation.

For intersection and union, we will study their state complexities on k languages.
Assume there are k regular languages L1, Lo,---,Lg, k > 3, which are accepted by an
ni-state DFA Ai, an ng-state DFA Ao, ---, an ng-state DFA Ay, respectively. It is easy
to see that nq - ng - --- - n, states are sufficient in the worst case for a DFA to accept
the intersection (union) of Lj, La,---,Li. We will only study the lower bound. Since
LiuL; = EHL_J and the DFA accepting EOL_] (L; or L_j) has the same number of
states with the DFA accepting L; N L_] (L; or Lj, respectively), so the state complexity of
union and intersection are the same. Thus, we only need to study intersection.

For catenation, we will study its state complexity on three and four regular languages,
since when there are five or more regular languages to work with, the notation of state
complexity will be very complex and our computers are not powerful enough to finish
the experiments. Certainly, given enough time, the state complexity of catenation on five
and more regular languages can be achieved, however, the cases of three and four regular
languages already shows that we can not combine the state complexity on two languages
for k — 1 times as their state complexities on k languages.

2 Preliminaries

In this section, we will introduce several general definitions and notations.

A deterministic finite automaton (DFA) is a 5-tuple (Q, X, 0, qo, F), where @ is a
finite set of states, X is a finite set of all the input symbols, often called the alphabet, §
is a transition function which makes the DFA transfer from the current state to the next
state by reading the current input symbol, i.e., §: @ x X — @), qo is an initial state, gg € @
and I is a set of final states, F' C Q.

A DFA is said to be complete if it has transitions defined for each state in () and each
input symbol in 3. In state complexity research, the DFAs used are complete. So without
specific mentioning, all DFAs are assumed to be complete DFAs here.

For a string z and a string y over an alphabet X, the catenation of x and y is denoted
by xy. It is the string obtained by attaching y to the end of z. Catenation is associative.
The length of the new string zy is the sum of the length of z and the length of y. We
use #(x) to denote the length of string x and #,(z) to denote the number of letter a’s in
string x, where a € X.

For a language L1 and a language Lo over an alphabet X, the catenation of L; and Lo
is denoted by L1Lo. L1Ly = {xy|lx € L1, y € La}.

Readers may refer to [10, 11, 20, 21, 26] for more detailed background knowledge in
automata theory and formal languages.

The state complexity of a regular language L is the number of states of the minimal



DFA that accepts L. The state complexity of a class of regular languages is the worst
among the state complexities of all the languages in the class. The state complexity of
a collection of classes of regular languages is usually denoted by a function of the state
complexities of the classes.

When we speak about the state complexity of an operation on regular languages, we
mean that the state complexity of the resulting languages from the operation [27]. For
example, when we say that the state complexity of the union on an m-state DFA language
and an n-state DFA language is mn, we mean mn is the state complexity of the class of
languages each of which is the resulting language of the union of an m-state DFA language
and an n-state DFA language. In another word, there exist two regular languages which
are respectively accepted by an m-state DFA and an n-state DFA, such that the union
of them is accepted by an mn-state DFA in the worst case. We study worst-case state
complexity.

3 State complexity of multiple intersections

The state complexity of intersection (union) on two regular languages is nj - no, if n; and
ng are the number of states of DFAs accepting these two languages, respectively. Then
the direct k — 1 times combination of the state complexity of intersection (union) on two
regular languages is nq -no -« - - ny, where n; is the number of states of the DFA accepting
the language L;, 1 < i < k. We will show it is indeed the state complexity of intersection
(union) on k regular languages.

As stated in the first section, we only need to study the lower bound for intersection
here.

Theorem 3.1 Let Ry,...,Ri, k > 1, be reqular languages, over a one-letter alphabet,
accepted by minimal DFAs of ny,...,ny states, respectively, where ny,...,np > 0 and
ged(ng,nj) =1 for any 1 <i < j < k. Then the number of states which is both sufficient
and necessary in the worst case for a DFA to accept the intersection of Ri,..., Ry is
Ny ng.

ged is short for greatest common divisor.

Proof. Define a DFA A; = (Q;,{a},0;,0,{0}), where L; = L(A;), 1 < i < k and for
n; > 2, Q; ={0,---,n; —1}. ged(ni,nj) =1, for 1 <i < j < k. The transitions of A; are
given by

di(t,a) = t+1 mod n; t=0,1,---,n;— 1

Fig. 1 shows the transition diagram of A;.

Now we perform intersection operation on L; and Ls. L; = {a?™|p > 0} and Ly =
{a?%|q¢ > 0}. So Ly N Ly = {a"™"2|r > 0}, since ged(ni,n2) = 1. The DFA B which
accepts Lp = Ly N Lo needs at least niny states. B = (@Qp,{a},dp,0,{0}) where Qp =
{0,---,ning — 1} and

op(p,a) = p+1 mod niny, p=0,1,---,nyiny — 1.



Figure 1: The transition diagram of DFA A;

It is easy to see that ning ¢ {ny,ng, -+, ni} and ged(ning, u) = 1, where u € {ns, -, ng}.
Then we perform intersection operation on Ly N Ly and Ls. It is the same with the first
step and we get a new DFA C having ninsns states which accepts L1 N Ly N Ls. Keep
doing this until we perform the last intersection on Ly N---N Lg_q and L. We get a new
DFA having nj - ng - - - - - ny, states which accepts Ly N LaN---N L. N

Theorem 3.2 Let Ry,...,Rg, k > 1, be reqular languages, over a general alphabet,

accepted by minimal DFAs of nq,...,ny states, respectively, where ni,...,n; > 0 and
ged(ni,ng) =1 for any 1 < i < j < k. Then the number of states which is both suffi-
cient and necessary in the worst case for a DFA to accept the intersection of R1,..., Ry
1S Ny -+ - Ng-

This theorem stands for languages over an alphabet with any number of letters. We
have proved the case of unary languages. Here, we prove the case that the alphabet has
more than one letter.

Proof. Define a DFA A; = (Q;,%,;,0,{0}), where L; = L(4;), 1 <i < k, n; > 2,
Qi ={0,---,n; — 1}, |¥| > 1, a € X. ged(ni,nj) =1, for 1 <4 < j < k. The transitions
of A; are given by

Sit,a) = t+1 mod n;, t=0,1,---,n; —1;
5z(t,b) = {, t:()’l,...’ni_l, bGE_{a}

b b b
A
A, A
\—/
a

Figure 2: The transition diagram of DFA A;

We perform intersection operation on L; and Lo. L; = {w|#.(w) mod n; = 0}
and Ly = {w|#4(w) mod ne = 0}. So L1 N Ly = {w|#4(w) mod ning = 0}, since
ged(ny,ng) = 1. The DFA B which accepts Lp = Lj N Ly needs at least ning states.
B =(Qp,%,05,0,{0}) where Qp = {0,---,ning — 1} and

op(p,a) = p+1 mod niny, p=0,1,---,nng — 1;
(5B(p,b) = p, p=0,1,---,nno — 1, bEE—{a},



It is easy to see that ning ¢ {n:|1 <t <k} and ged(ning,u) = 1, where u € {ng|3 <s <
k}. Then we perform intersection operation on Li N Ly and Lg. It is the same with the
first step. Keep doing this until we perform the last intersection on Ly N--- N Lix_1 and
L;.. We get a new DFA having ny -ng---- - ny states which accepts Ly N LoN---NL. N

Theorem 3.3 Let X be a two-letter alphabet and R+, ..., Ry, k > 2, be k regular languages
over X3 accepted by minimal DFAs of ny,...,ny states, respectively, ny,...,n > 1. If the
k languages can be partitioned into two sets {Ry,...,R;} and {Rj41,..., Rk} for somel,
1 <1 <k, such that both {niy,...,n} and {ni41,...,nx} are mutually prime, then the
state complexity of RiN--- N R isny -+ -ny.

Proof. It is clear that nq - - - ng is an upper bound. In the following, we show that nq - - - ng
is also a lower bound.

Assume that a set of integers {ny,no, -+, ng}, n; > 1, 1 <i < k can be divided into
two sets M and N such that ged(ne,ny) =1 for any ne,ny € M, e # f, ged(ng, np) = 1
for any ng,n, € N, g # h. We construct k¥ DFAs as follows.

For each n; € M, define a DFA A; = (Q;,{a,b},0;,0,{0}), where Q; = {0,---,n; — 1}
and §; is given by

di(t,a) = t+1 mod n; t=0,1,---,n; —1;
(5i(t,b) = t, t:O,l,---,ni — 1.
We denote L(A;) by L;.
Similarly for each n, € N, define a DFA A, = (Qp,{a,b},d,,0,{0}), where Q, =
{0,---,n, — 1} and 6, is given by
dp(t,b) = t+1 mod ny, t=0,1,---,n,—1;
Sy(ta) = t, t=0,1,--,mp—1.
We denote L(A,) by L,.

It is easy to show that the following DFA is the minimal DFA that accepts the inter-
section of all L; such that n; € M: C' = (Q¢,{a,b},dc,0,{0}) where

QC = {0717"'7 Hn6_1}7

ne€M
dc(t,a) = t+1 mod H Ne, t=0,1,---, H ne — 1;
ne€M ne€M
So(t,b) = t, t=0,1,---, J] ne—1.
ne€M

Analogously, we have the following minimal DFA that accepts the intersection of lan-
guages L, such that n, € N: D = (@Qp, {a,b},dp,0,{0}) where

QD = {0717"'7 H ng_1}7

ngeN
op(t,b) = t+1 mod H ng, t=0,1,---, H ng — 1;
ngeN ngeN
Sp(t,a) = t, t=0,1,---, [[ ng—1.
ngeN
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Now we have

L(C) = {w|lwe{a,b}", #4(w) mod H ne = 0};
ne€M

L(D) = {w|w € {a,b}*, #p(w) mod H ng = 0};

ngeN

Clearly, we have

L(C)NL(D) = {wlwe{a,b}", #q(w) mod H ne =0, #p(w) mod H ng =0}

ne€M ngeN

Define DFA F = (Qg,{a,b},dr,< 0,0 >,{< 0,0 >}), where

Qe = {<X,Y>|X€QoY €Qp};
5E’(< X7Y>>a) = <5C(X7a)75D(Y>a) >
(< X,Y >,b) = <d0c(X,b),0p(Y,b) > .

It is easy to see that L(E) = L(C) N L(D). Now we will show that E is minimal.

1. For each state < X,Y >€ Qg, dp(< 0,0 >,a*b") =< X,Y >. So every state in
Qg is reachable.

2. For any two different states < Xi1,Y; > and < X5, Y5 > in Qp, if X; # X5 or
Yi # Ya, then

op(< X1,Yq >,alQc=X1pl@nl=Y1y = <00 >;
0p(< Xa,Ya >,al@cl=X1pl@pl=Y1y - 2 <00 >

So any two distinct states of E are not equivalent.

Thus, F is the minimal DFA accepting Lyt N LoN---NL;. M

This result can be easily extended to languages over an arbitrary t-letter alphabet,
t > 2, in the following.

Corollary 3.1 Let X be a t-letter alphabet, t > 2, and R1,..., Ry, k > 2, be k reqular
languages over ¥ accepted by DFAs of ny, ..., ny states, respectively. If the k languages can
be partitioned into t sets, 1 <t < k, and all the numbers of states of the DFAs that accept
the languages in each set are mutually prime, then the state complexity of intersection of
all the k languages is ny - - - ng.

A further improvement of Theorem 3.3 is stated in the following.

Theorem 3.4 Let X be a two-letter alphabet and Ry, ..., Ry, Rx11, kK > 2, be k41 reg-
ular languages over ¥ accepted by DFAs of nq,...,n, states, respectively. If the first k
languages can be partitioned into two sets {Ry,...,R;} and {Rjs+1,...,Ri} for some l,
1 <1 < k, such that both {ni,...,n} and {n;i1,...,nx} are mutually prime, then the
state complexity of R1 N -+ N RN Rpy1 i8S Ny -+ - NgNga1-



Proof. It is clear that nj---ngy1 is an upper bound. In the following, we show that
ny---ngs1 is also a lower bound.

The first part of the proof of this theorem is the same with that of Corollary 3.1.
Assume that a set of integers {ny,no,---,ng}, n; > 1, 1 < i < k can be divided into two
sets M and N such that ged(ne,ny) = 1 for any ne,ng € M, e # f, ged(ng,np) = 1
for any ng,n, € N, g # h. Then construct DFA C' accepting the intersection of all R.,
ne € M and DFA D accepting the intersection of all Ry, ngy € N. Let u = |Q¢| and
v =1|Qpl-

Define an ny1-state DFA F' = {Qp, {a,b},dr,0,{0}} where Qr = {0,1,--- ,ngr1 —1}
and dp is given by

or(0,0) = 1;  dp(0,a) = 0;

or(L,0) = 23 dp(la) =1;

Op(t,a) = t+1 mod ngiq, t=2,- ngyq — 1
(5F(t,b) = t, t:2,---,nk+1—1.

Fig. 3 shows the transition diagram of F. We denote L(F') by Ryy1.
a a b b

ALAVAL A
dan O

a

Figure 3: The transition diagram of DFA F

Define DFA G = {Q¢, {a,b},d5,< 0,0,0 >,{< 0,0,0 >}} where
QG = {<X7KZ>|X€QC7YGQD7ZGQF};

(< X,)Y,Z >,a) = <dc(X,a),0p(Y,a),0p(Z,a) >;

a(< X,Y,Z >,b) = <dc(X,b),0p(Y,b),0r(Z,b) > .

It is easy to see that L(G) = L(C)NL(D)NL(F) = Ry N---N Rk N Rgy1. Now we will
check if G is a minimal DFA.

1. For any state < X,Y,Z >€ Qqg, Z # 0,1,2, 5g(< 0,0,0 >, a™+1+Tpv+Y q2=2) —<
X,Y,Z > where T is a positive integer such that (ng11 +7 + Z —2) mod u = X.

For < X,Y,Z >€ Qg, Z =0or 1 or 2, (< 0,0,0 >, a”b+1v+Y =Zgnen1=2p2) —<
X,Y,Z > where T is a positive integer such that (ngy1 +7 —2) mod u = X.

So every state in Q¢ is reachable.
2. < X1,Y1,771 >,< X9,Ys, Z5 >€ Q¢ are two different states.
(1) X1 #Xg or Yl 75 Y2

Sa(< X1,Y1, Zy >, a™ T2 Yigmen=2)y  — <0,0,0 >,
da(< Xo, Yy, Zy >, a™ 1T Tp2—Y1gmet1=2) £ <(,0,0 >,

where T is a positive integer such that (2ng41 +7 —2) mod v = u — Xj.



(2) X1 =Xo, Y1 =Y, Z1 # 7

(1) Z1 >0, Zy > 2, Zy > Z1, ng1 > 3
Let t; = b1 1gmer1=Z2pgmit1tT where T is a positive integer such that
(2ng41 — Zo+T) mod uw = u — X1. Then

da(< X1,Y1,0>,t1) = <0,0,0 >,
6G(< X27Y27Z2 >7t1) 7é <07070>7

If Z1 > 2, Zy > Zy ,Z9 > 0, t} = bV~ Y2 1gmt1=Z1pgmet1+T can distinguish
these two states, where T is a positive integer such that (2ng.1 — Z1 +T)
mod u = u — Xj.

(H) Zl = O, Z2 =1or 2, Nk+1 > 3
Let to = ba® (a™+1b)20~Y1=1gmk+1 where T is a positive integer such that
(T 4+ ngs1(2v — Y1) mod w = u — X;. Then one of ég(< Xi,Y7,0 >,t9)
and 0g(< Xo, Yo, Zy >,t3) is < 0,0,0 > but the other is not.
If Z1 =1or 2 and Z, =0, ty can also distinguish these two states.

(III) Zl == 1, Z2 == 2, Nk+1 Z 3
Let t3 = a™+1+Tp(a™+10)2v"Y1-1gmk+1 where T is a positive integer such
that (T'+ng41(2v—Y1+1)) mod u = u— X;. Then one of dg(< X1,Y7,1 >
,t3) and dg (< Xa,Ys, Zo >,t3) is < 0,0,0 > but the other is not.
If Z1 =2 and Z5 = 1, t3 can also distinguish these two states.

So any two states of G are distinguishable.

Thus, G is the minimal DFA accepting Ri N Ro N -+ N R N Riy1 has ny -ng -+ -+ - ngaq
states. H

4 State complexity of multiple catenations

There are three regular languages L(A), L(B), L(C), which are accepted by an m-state
DFA A, an n-state DFA B and a p-state DFA C, respectively. In this section, we will study
the number of states of the DFA accepting the L(A)L(B)L(C). The state complexity of
catenation on two regular languages is m2" —2"~!. Then the direct two times combination
of the state complexity of catenation on two regular languages is m2n+? — 27+tp—1 _ op—1,
We will show it is not the state complexity of catenation on three regular languages.

We first consider the lower bound.

Theorem 4.1 For any integers m,n,p > 2, there exist DFAs A, B, and C of m, n,
and p states, respectively, such that any DFA accepting L(A)L(B)L(C) needs at least
m2ntP — on Pl (yy — 1)2nFP=2 _ ndp=3 (1 — 1)(2P — 1) states.

Proof. Let ¥ ={a,b,c,d,e} in the following. Define a DFA A = (Q4,%,d4,0,{m —1}),
where for m > 1, Q4 = {0,---,m — 1}. The transition function of A is as follows. For
t=0,1,---,m—1,04(t,a) =t+1mod m, 04(t,z) =t,x € {b,c,e} and d4(t,d) = 0. Fig.
4 shows the transition diagram of A.
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Figure 5: The transition diagram of DFA B

Define a DFA B = (Qp,%,05,0,{n — 1}), where for n > 1, @ = {0,---,n — 1}. For
t=0,1,---,n—1,0p(t,b) =t+ 1 mod n, ép(t,y) =t,y € {a,d,e} and dp(t,c) = 1. Fig.
5 shows the transition diagram of B.

Define a DFA C = (Q¢, X, ¢, 0,{p — 1}), where for p > 1, Qc = {0,---,p — 1}. For
t=0,1,---,p—1, éc(t,d) =t + 1 mod p, 0¢c(t,z) =t,z € {a,b,c} and d¢c(t,e) = 1. Fig.
6 shows the transition diagram of C.

ab,c ab,ce ab,c ab,c

Figure 6: The transition diagram of DFA C

For each = € {a,b,d}*, we define
S(z) = {ilr =wvw such that u € L(A), ve€ L(B), and i = #4(w) mod p}.

Consider that =,y € {a,b,d}* such that S(x) # S(y). Let k € S(x)—S(y)(or S(y)—S(x)).
Then it is clear that zd?~'=% € L(A)L(B)L(C) but ydP~'=* ¢ L(A)L(B)L(C). So,
x and y are in different equivalence classes of the right-invariant relation induced by
L(A)L(B)L(C).

For each = € {a,b,d}*, we define

T(zx) = {ilr =wuv such that w € L(A), and i = #,(v) mod n}.

Consider that z,y € {a,b,d}* such that T'(z) # T'(y). Let k € T'(x)—T (y)(or T(y)—T(x)).
Then it is clear that zb"~!~*edP~! € L(A)L(B)L(C) but yb"1~*edP~! ¢ L(A)L(B)L(C).
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So, x and y are in different equivalence classes of the right-invariant relation induced by
L(A)L(B)L(C).
For each x € {a,b,d}*, define

R(z) = #4(2) where x = ydz,y € {a,b,d}*,z € {a,b}*, if d occurs in z;
R(z) = #aq(z), otherwise.

Consider u,v € {a,b,d}* such that S(u) = S(v), T'(u) = T(v) and R(u) mod m >
R(v) mod m. Let i = R(u) mod m and w = a™ '~icb" ted’~!. Then clearly uw €
L(A)L(B)L(C) but vw ¢ L(A)L(B)L(C).

Notice that there does not exist a word w € £* such that 0 ¢ T'(w) and R(w) =m—1,
since R(w) = m — 1 guarantees that 0 € T'(w). Because of the same reason, there does
not exist a word w € X* such that n — 1 € T'(w) and 0 ¢ S(w). It is also impossible that
T(w) =0 but S(w) # 0.

For each subset s = {iy,---,ix} of {0,---,p — 1} and each subset t = {j1,---,/j;} of
{0,---,n — 1} where i; > -+ > i and j; > --- > j;, and an integer r € {0,---,m — 1},
except the following three cases (1) 0 ¢tand r=m —1, (2) 0 ¢ sand n—1 € ¢, and (3)
r#m—1,s# 0 and t = (), there exists a word

T = ambndil—’izambndiz—i;g . ambndik,l—ikambndik
aMp Iz gmpie—s L gMpIi-1—digMpii g
such that S(z) = s, T'(x) =t and R(z) = r. Totally, there are m2"2P classes. There are
2"~19P classes with both 0 ¢ t and » = m — 1. Notice that the classes with r = m — 1,
0¢t,n—1¢ctand0¢ s have already been included in these 2"~12P classes. So there are

only (m — 1)2n=12p=1 4 9n=29P=1 (lagses with both 0 ¢ s and n — 1 € t. And there are
(m —1)(2P — 1) classes with r #m — 1, s # () and ¢t = (). Thus, there are at least

m2n+p _ 2n+p—1 _ (m o 1)2n+p—2 o 2n+p—3 . (m _ 1)(21’ _ 1)

distinct equivalence classes. W

We now show an upper bound of this combined operation.

Theorem 4.2 Let A, B and C be three DFAs of m, n, and p states, respectively, m,n,p >
0, where A has k final states and B has | final states, 0 < k <m and 0 < j < n. Then
there exists a DFA of (2m — k)2"P~2 4 (2m — k)2"P~1=2 — (m — k)(2P — 1) states that
accepts L(A)L(B)L(C).

Proof. Let A= (Qa,%,04,70,F4), B=(Qp,%,dB,50,Fp) and C = (Q¢c, %, dc, to, Fo).
Construct E = (Qp, %, 0, qo, Fr) such that

Qp = Qi x298 x20c _ F, x 2Q8—{s0} » 9Qc
—(Q4 — Fy) x (2FB —{0}) x 9Q@B—FB y 9Qc—{to}
—Fq x (288 — {0}) x 29B=Fp—{s0}  9Qo~{to} _ (Q, — F) x 0 x (29¢ — {0}).
g = <ro,0,0>, if ro¢ Fa and so ¢ Fp;
= <7, {s0},0 >, if 7o € Fa and sg & Fp;
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= <7y, {SQ},{to} >, if ro € Fy and sg € Fp;
Frp = {<nr,S5T>eQp|TNF:#0};
o Op(<nS,T>a)=<r",8T > for a€X, where v = d4(r,a),
S"=6p(S,a)U{se} if ' € Fa, S =06p(S,a) otherwise,
T =6c(T,a)U{te} if S'NEg#0, T'=06c(T,a) otherwise.

Intuitively, Qg is a set of 3-tuples whose first component is a state in ()4, the second
component is a subset of (Jg, and the last component is a subset of Q¢.

Qg does not contain those 3-tuples whose first component is a final state of A and
whose second component does not contain sg, the initial state of B.

Qg does not contain those 3-tuples whose second component contains at least one final
state of B and whose third component does not contain ¢, the initial state of C'. Notice
that the 3-tuples whose first component is a final state of A and whose second component
contains at least one final state of B but does not contain sy and whose last component
does not contain tg has been included in the first case.

Qg also does not contain those 3-tuples whose first component is a non-final state of
A and whose second component is () and whose last component is nonempty.

Clearly, L(E) = L(A)L(B)L(C). Let |Qa] = m, |Qs| = n, |Qc| = p, |Fa] = k and
|F5| = 1. Then E has (2m — k)2"P=2 4 (2m — k)2"P~1=2 — (m — k)(2P — 1) states. W

Note that when £ =1 and [ = 1, i.e, A and B each have one final state, this upper
bound is exactly the same as the lower bound stated in Theorem 4.1. Thus, this bound is
the state complexity of the catenation of three regular languages.

Now we consider the catenation of four regular languages. There are four regular
languages L(A), L(B), L(C), L(D), which are accepted by an m-state DFA A, an n-state
DFA B, a p-state DFA C and a ¢-state DFA D, respectively. We will study the number of
states of the DFA accepting the L(A)L(B)L(C)L(D). The direct three times combination
of the state complexity of catenation on two regular languages is m2n+trP+e¢ — ontpr+a—1 _
2pta—1 _ 24=1 We will show it is not the state complexity of catenation on four regular
languages.

We still consider the lower bound first.

Theorem 4.3 For any integers m,n,p,q > 2, there exist DEAs A, B, C and D of m, n,
p and q states, respectively, such that any DFA accepting L(A)L(B)L(C)L(D) needs at
least 9(2m — 1)27FPHa=5 _ 3(m — 1)2P+9=2 — (2m — 1)27+972 4 (m — 1)29 4 (2m — 1)27 2
states.

Proof. Let X ={a,b,c,d,e, f,g} in the following. Define a DFA A = (Q4,%,4,0,{m —
1}), where for m > 1, Q4 ={0,---,m —1}. For t =0,1,---,m — 1, d4(t,a) =t + 1 mod
m, 0A(t,xz) =t,x € {b,c,d,e,g} and d4(t, f) = 0. Fig. 7 shows the transition diagram of
A.

Define a DFA B = (Qp,%,05,0,{n — 1}), where for n > 1, @ = {0,---,n — 1}. For
t=0,1,---,n—1, dp(t,b) =t + 1 mod n, dp(t,y) = t,y € {a,d,e, f,g} and dp(t,c) = 1.
Fig. 8 shows the transition diagram of B.

Define a DFA C = (Q¢, X, 6¢,0,{p — 1}), where for p > 1, Q¢ = {0,---,p — 1}. For
t=0,1,---,p—1, 0¢c(t,d) =t+1 mod p, 0c(t,z) =t,z € {a,b,c, f,g} and dc(t,e) = 1.
Fig. 9 shows the transition diagram of C.
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Figure 7: The transition diagram of DFA A
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Figure 8: The transition diagram of DFA B

Define a DFA D = (Qp,X%,0p,0,{q — 1}), where for ¢ > 1, @Qp = {0,---,q — 1}. For
t=0,1,---,9—1,6p(t,f) =t+1mod q, dp(t,w) =t,w € {a,b,c,d,e} and dp(t,g) = 1.
Fig. 10 shows the transition diagram of D.

For each x € {a,b,d, f}*, we define

H(z) = {ilx =wvwz such that vwe L(A), ve L(B), we L(C) and i=#/(z) mod g}.

Consider that z,y € {a,b,d, f}* such that H(x) # H(y). Let k € H(x) — H(y)(or
H(y) — H(z)). Then it is clear that xf9~'=% € L(A)L(B)L(C)L(D) but yfi=1=% ¢
L(A)L(B)L(C)L(D). So, x and y are in different equivalence classes of the right-invariant
relation induced by L(A)L(B)L(C)L(D).

For each x € {a,b,d, f}*, we define

S(z) = {ilr =wvw such that u € L(A), ve€ L(B), and i = #4(w) mod p}.

Consider that x,y € {a,b,d, f}* such that S(z) # S(y). Let k € S(z) — S(y)(or S(y) —
S(x)). Then it is clear that xd?~1=Fgfi=! € L(A)L(B)L(C)L(D) but ydP~'~kgfi-1 ¢
L(A)L(B)L(C)L(D). So, x and y are in different equivalence classes of the right-invariant
relation induced by L(A)L(B)L(C)L(D).

For each = € {a,b,d, f}*, we define

T(zx) = {ilzr =wuv such that uw € L(A), and i = #,(v) mod n}.

Consider that z,y € {a,b,d, f}* such that T'(x) # T(y). Let k € T(x) — T(y)(or
T(y) — T(x)). Then it is clear that xb" 'FedP~lgfi~! € L(A)L(B)L(C)L(D) but
yb"1kedP—lgfi=1 ¢ L(A)L(B)L(C)L(D). So, z and y are in different equivalence classes
of the right-invariant relation induced by L(A)L(B)L(C)L(D).

For each = € {a,b,d, f}*, define

R(z) = #4(2), z=yfz,y€{a,bd, f}",z €{a,b,d}*, if f occurs in z;
R(x) = #a4(x), otherwise.
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Figure 9: The transition diagram of DFA C

ab,cd.e, ab,cdeg ab,cd.e ab,c,d,e

Figure 10: The transition diagram of DFA D

Consider u,v € {a,b,d, f}* such that S(u) = S(v), T(u) = T'(v), H(u) = H(v) and
R(u) mod m > R(v) mod m. Let i = R(u) mod m and w = a™ '~icb"ledP~1gfi~t.
Then clearly uw € L(A)L(B)L(C)L(D) but vw ¢ L(A)L(B)L(C)L(D).

Notice that there does not exist a word w € ¥* such that 0 ¢ T'(w) and R(w) = m—1,
since the fact that R(w) = m — 1 guarantees that 0 € T'(w). Because of the same reason,
there does not exist a word w € ¥* such that 0 ¢ S(w) and n —1 € T'(w). There does not
exist a word w € ¥* such that 0 ¢ H(w) and n — 1 € S(w), neither. It is impossible that
T(w) = 0 but S(w) or H(w) # 0. It is also impossible that S(w) = () and H(w) # 0.

For each subset h = {uy,---,uy} of {0,---,q — 1}, each subset s = {iy,--,ix} of
{0,---,p — 1} and each subset t = {j1,---, 5} of {0,---,n — 1} where uy > -+ > w,,
ip > -+ >1, and j; > --- > j;, and an integer r € {0,---,m — 1} except the case when
0¢ sand n—1 € t, the case when 0 ¢ ¢t and r = m —1, the case when 0 ¢ handn—1 € s,
the case when s or h # () and ¢ = ) and the case when h # () and s = (), there exists a
word

r = ambndpful —uzambndpfug—ug . ambndpfuvfl—uv ambndpfuv
ambndil—iz ambndiz—ig L. ambndik,l—ik ambndik

ambjl_]zame_JB v amb]lfl_]lamb?lar‘

such that z =k mod I, y =v mod [, h =v mod k, H(z) =h, S(z) =s, T'(z) =t and
R(x)=r.

Totally, there are m2"2P29 classes. There are 2"~12P2¢ classes with both 0 ¢ t and
r =m — 1. Notice that the classes with r =m —1,0¢ ¢, n—1 € t and 0 ¢ s have already
been included in these 27 712P2¢ classes. So there are only (m —1)27~12P~124 4 gn—29p—124
classes with both 0 ¢ s and n—1 € t. There are (m—1)(27~! —1)2p~12¢-1 4 on=29p—194-1
classes withn—1¢ ¢, p—1 € s and 0 ¢ h. There are (m — 1)2"~12P=224—1 4 on=29p—294-1
classes withn —1 €t, p—1¢€ s and 0 ¢ h. And there are (m — 1)(2P27 — 1) classes with
r#m—1,sor h#@andt=0. Thereare (m—1)(2" ' —1)(27—1) classes with 7 # m—1,
n—1¢t t#0,s=0andh#0. There are 2°72(2¢ —1) classes withr =m—1,n—1 ¢ t,

14



0€t,s=0and h # (). Thus, there are at least
9(2m — 1)2"PHa=> _ 3(m — 1)2PT42 — (2m — 1)2"972 4 (m — 1)27 + (2m — 1)2" 2

distinct equivalence classes. H

We now show an upper bound of this combined operation.

Theorem 4.4 Let A, B, C and D be four DFAs of m, n, p and q states, respectively,
m,n,p,q > 0, where A has k final states B has | final states and C has u final states ,
0<k<m,0<j<nand0<u<p. Then there erists a DFA of (2m — k)2ntr+a=3 4
(2m _ k)2n+p+q—l—u—3 4 (2m _ k)2n+p+q—l—3 4 (2m _ k)2n+p+q—u—3 _ (m _ k)2p+q—1 _
(m — k)2rta—u=l — (2m — k)27 4 (m — E)29 4 (2m — k)27~ states that accepts
L(A)L(B)L(C)L(D).

Proof. Let A= (Qa,%,04,70,Fa), B=(QB,%,6B,50,FB), C = (Qc,%,dc,to, Fc) and
D = (Qp,%,dp, ho, Fp). Construct £ = (Qg, %, g, qo, Fg) such that

Qp = Qax298 x29c x 290 _ F, x 9@B—{s0}  9Qc + 9@p
_(QA _ FA) % (2FB _ {@}) « 99B—FB o 9Qc—{to} y 9@p
—Fy x (QFB —{0}) x 9@p—Fp—{so} y 9Qc—{to} y 9@p
—(Qa — Fa) x (2987 _ {}) x (2Fc — {9}) x 2@c—Fe x 9@p—{ho}
—Fy x 9@p—Fp—{so} (2FC —{0}) x 9Qc—Fe o 9Qp—{ho}
—(Qa — Fy) x (2FB _ {(Z)}) w 9@B—FB (2Fc _ {(Z)}) w 9Qc—Fo—{to} o 9@p—{ho}
—F4 x (2FB —{0}) x 9@—Fp—{s0} (2Fc —{0}) x 9Qc—Fc—{to} y 9Qp—{ho}
—(QA —FA) x 0 x (QQC x 29D _ {< @,@ >})
(@~ Fa) x (29575 — {0)) x 0 x (297 — {0})
—F4 x 2QB—Fr—{s0} y () « (2QD —{0});

g = <r0,0,0,0 >, if ro ¢ Fa, so¢ Fp and to ¢ Fo;
Qo = <r0,{s0},0,0>, if ro€ Fa, so¢ Fp and ty ¢ Fc;
@0 = <ro,{so},{te},0 >, if ro€ Fa, so € Fp and tg ¢ Fg;
g = <ro,{so},{to},{ho} >, if ro € F4, sop€ Fp and ty € Fg;
Fg = {<nST,H>cQg|HNFp#0};
Sp(<r,S,T,H >,a) = <r ST H >, for a€¥, where r' =§s(r,a),
S" = 6p(S,a)U{sg} if ' € Fa, S =6p(S,a) otherwise,
T = 6c(T,a)U{te} if S'NFp+#0, T'=6c(T,a) otherwise,

H' = ép(H,a)U{h} if T'"NFo#0, H =6p(H,a) otherwise.

Intuitively, Qg is a set of 4-tuples such that the first component is in ) 4, the second
component is a subset of () 5, the third component is a subset of Q)¢ and the last component
is a subset of Qp.

Qg does not contain those 4-tuples whose first component is a final state of A and
whose second component does not contain sg, the initial state of B.
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Q) g does not contain those 4-tuples whose second component contains at least one final
state of B and whose third component does not contain tg, the initial state of C, neither.
Notice that the 4-tuples whose first component is a final state of A and whose second
component contains at least one final state of B but does not contain sy and whose last
component does not contain ¢y has been included in the first case.

Qg does not contain those 4-tuples whose second component does not contain any final
state of B, and whose third component contains at least one final state of C' and whose
last component does not contain hg, the initial state of D.

Qg does not contain those 4-tuples whose second component contains a final state of
B, and whose third component contains ty and at least one final state of C' and whose last
component does not contain hg, the initial state of D.

Qg also does not contain those 4-tuples whose first component is a non-final state of
A and whose second component is () and whose third component or last component is
nonempty.

Qg does not contain those 4-tuples whose first component is a non-final state of A and
whose second component is nonempty and contains no final state of B and whose third
component is () and last component is nonempty.

Qg does not contain those 4-tuples whose first component is a final state of A and
second component contains no final state of B but contains sy and third component is )
and last component is nonempty.

Clearly, L(E) = L(A)L(B)L(C)L(D). Let [Qa] = m, Q5| = n, |Qc| = p, |Qn] = 4,
|Fa| =k, |Fp| =1 and |F¢| = u. Then E has

(2m — k)2 HPHa=3 o (2m — k)2ntprasi=u=3 o (9 — g)2ntrtasi=3 o (9 — f)gntpta-u=s
—(m — k)2PT97t — (m — k)2Prauh (9m — )27 4 (m — k)29 4 (2m — E)2n

states. M

Note that when k = [ = u = 1, this upper bound is exactly the same as the lower
bound given in Theorem 4.3. Thus, the bound is indeed the state complexity of catenation
of four regular languages.

5 Conclusions and future work

We have studied the state complexities of intersection and union on k regular languages
and they do equal to the k£ — 1 times direct combinations of their state complexities on
two regular languages.

We have also studied the state complexities of catenation on three and four regular
languages. Neither of them equals to the direct three or four times combination of its state
complexity on two regular languages. The reason of this difference appears to be that the
result of the catenation is not among the worst cases of catenation.

Note that in the first new result, we have some limitations on the set of integers
ni,MNo, -, Ng. It remains open what the state complexities of intersection and union on k
regular languages are without those limitations.

And for catenation, we used a 5-letter alphabet and a 7-letter alphabet to achieve the
state complexities of catenation on three and four regular languages, respectively. It is
also open whether we can use smaller alphabets to reach the lower bounds.
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Thus, many further results in this direction may be obtained in the near future.
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