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Abstract

In the last decade, many new results in the area of state complexity have been
obtained. Some are about Boolean operations, e.g. intersection, union and catenation
and most of them focused on the cases of these operations on two languages. But in
the practical applications, these operations are often required to be performed mul-
tiple times on three or more languages. The state complexity of these operations on
k languages may not necessarily equal to the k-1 times direct combination of their
state complexities on two languages. Thus, it is important to study the state com-
plexities of multiple Boolean operations. Several results about the state complexities
of intersection and union on k regular languages are given and proved here. The
state complexities are also obtained in the cases of the catenations of three and four
languages.

1 Introduction

Automata theory is one of the oldest areas of research in computer science. It is the study
of abstract computing devices [11]. Automata theory was started in 1930s, when the
machine named computer had not been invented. Up to today, many research activities
are still going on in automata research, for example, descriptive complexity of automata
and grammars, the power of nondeterminism in finite and pushdown automata, automata
implementations and applications and so on [11, 19, 24]. State complexity is one of the
active subareas.

In the last decade, a large number of new results have been obtained on the topic
of state complexity [1, 2, 3, 4, 5, 6, 7, 8, 9, 12, 13, 14, 15, 16, 17, 18, 22, 23, 27, 28]

∗Research supported by grant MTM2007-63422.
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following the publication of the paper [25] by S. Yu et al. The state complexities of many
Boolean operations have been studied, e.g. intersection, union and catenation. However,
most of study on these operations focus on the cases of two languages. In some practical
applications, operations are often required to be performed multiple times on three or
more languages.

Then a problem comes out. Can we simply combine their state complexities on two
languages for k − 1 times as their state complexities on k languages? To answer this
question, we will study three operations here: intersection, union and catenation.

For intersection and union, we will study their state complexities on k languages.
Assume there are k regular languages L1, L2, · · · , Lk, k ≥ 3, which are accepted by an
n1-state DFA A1, an n2-state DFA A2, · · · , an nk-state DFA Ak, respectively. It is easy
to see that n1 · n2 · · · · · nk states are sufficient in the worst case for a DFA to accept
the intersection (union) of L1, L2, · · · , Lk. We will only study the lower bound. Since

Li ∪ Lj = Li ∩ Lj and the DFA accepting Li ∩ Lj (Li or Lj) has the same number of
states with the DFA accepting Li ∩Lj (Li or Lj , respectively), so the state complexity of
union and intersection are the same. Thus, we only need to study intersection.

For catenation, we will study its state complexity on three and four regular languages,
since when there are five or more regular languages to work with, the notation of state
complexity will be very complex and our computers are not powerful enough to finish
the experiments. Certainly, given enough time, the state complexity of catenation on five
and more regular languages can be achieved, however, the cases of three and four regular
languages already shows that we can not combine the state complexity on two languages
for k − 1 times as their state complexities on k languages.

2 Preliminaries

In this section, we will introduce several general definitions and notations.
A deterministic finite automaton (DFA) is a 5-tuple (Q, Σ, δ, q0, F ), where Q is a

finite set of states, Σ is a finite set of all the input symbols, often called the alphabet, δ
is a transition function which makes the DFA transfer from the current state to the next
state by reading the current input symbol, i.e., δ: Q×Σ 7→ Q, q0 is an initial state, q0 ∈ Q
and F is a set of final states, F ⊆ Q.

A DFA is said to be complete if it has transitions defined for each state in Q and each
input symbol in Σ. In state complexity research, the DFAs used are complete. So without
specific mentioning, all DFAs are assumed to be complete DFAs here.

For a string x and a string y over an alphabet Σ, the catenation of x and y is denoted
by xy. It is the string obtained by attaching y to the end of x. Catenation is associative.
The length of the new string xy is the sum of the length of x and the length of y. We
use #(x) to denote the length of string x and #a(x) to denote the number of letter a’s in
string x, where a ∈ Σ.

For a language L1 and a language L2 over an alphabet Σ, the catenation of L1 and L2

is denoted by L1L2. L1L2 = {xy|x ∈ L1, y ∈ L2}.
Readers may refer to [10, 11, 20, 21, 26] for more detailed background knowledge in

automata theory and formal languages.
The state complexity of a regular language L is the number of states of the minimal
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DFA that accepts L. The state complexity of a class of regular languages is the worst
among the state complexities of all the languages in the class. The state complexity of
a collection of classes of regular languages is usually denoted by a function of the state
complexities of the classes.

When we speak about the state complexity of an operation on regular languages, we
mean that the state complexity of the resulting languages from the operation [27]. For
example, when we say that the state complexity of the union on an m-state DFA language
and an n-state DFA language is mn, we mean mn is the state complexity of the class of
languages each of which is the resulting language of the union of an m-state DFA language
and an n-state DFA language. In another word, there exist two regular languages which
are respectively accepted by an m-state DFA and an n-state DFA, such that the union
of them is accepted by an mn-state DFA in the worst case. We study worst-case state
complexity.

3 State complexity of multiple intersections

The state complexity of intersection (union) on two regular languages is n1 · n2, if n1 and
n2 are the number of states of DFAs accepting these two languages, respectively. Then
the direct k − 1 times combination of the state complexity of intersection (union) on two
regular languages is n1 ·n2 · · · · ·nk, where ni is the number of states of the DFA accepting
the language Li, 1 ≤ i ≤ k. We will show it is indeed the state complexity of intersection
(union) on k regular languages.

As stated in the first section, we only need to study the lower bound for intersection
here.

Theorem 3.1 Let R1, . . . , Rk, k > 1, be regular languages, over a one-letter alphabet,
accepted by minimal DFAs of n1, . . . , nk states, respectively, where n1, . . . , nk > 0 and
gcd(ni, nj) = 1 for any 1 ≤ i < j ≤ k. Then the number of states which is both sufficient
and necessary in the worst case for a DFA to accept the intersection of R1, . . . , Rk is
n1 · · ·nk.

gcd is short for greatest common divisor.

Proof. Define a DFA Ai = (Qi, {a}, δi, 0, {0}), where Li = L(Ai), 1 ≤ i ≤ k and for
ni ≥ 2, Qi = {0, · · · , ni − 1}. gcd(ni, nj) = 1, for 1 ≤ i < j ≤ k. The transitions of Ai are
given by

δi(t, a) = t + 1 mod ni, t = 0, 1, · · · , ni − 1.

F ig. 1 shows the transition diagram of Ai.
Now we perform intersection operation on L1 and L2. L1 = {apn1 |p ≥ 0} and L2 =

{aqn2 |q ≥ 0}. So L1 ∩ L2 = {arn1n2 |r ≥ 0}, since gcd(n1, n2) = 1. The DFA B which
accepts LB = L1 ∩ L2 needs at least n1n2 states. B = (QB , {a}, δB , 0, {0}) where QB =
{0, · · · , n1n2 − 1} and

δB(p, a) = p + 1 mod n1n2, p = 0, 1, · · · , n1n2 − 1.
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Figure 1: The transition diagram of DFA Ai

It is easy to see that n1n2 /∈ {n1, n2, · · · , nk} and gcd(n1n2, u) = 1, where u ∈ {n3, · · · , nk}.
Then we perform intersection operation on L1 ∩ L2 and L3. It is the same with the first
step and we get a new DFA C having n1n2n3 states which accepts L1 ∩ L2 ∩ L3. Keep
doing this until we perform the last intersection on L1 ∩ · · · ∩Lk−1 and Lk. We get a new
DFA having n1 · n2 · · · · · nk states which accepts L1 ∩ L2 ∩ · · · ∩ Lk.

Theorem 3.2 Let R1, . . . , Rk, k > 1, be regular languages, over a general alphabet,
accepted by minimal DFAs of n1, . . . , nk states, respectively, where n1, . . . , nk > 0 and
gcd(ni, nj) = 1 for any 1 ≤ i < j ≤ k. Then the number of states which is both suffi-
cient and necessary in the worst case for a DFA to accept the intersection of R1, . . . , Rk

is n1 · · ·nk.

This theorem stands for languages over an alphabet with any number of letters. We
have proved the case of unary languages. Here, we prove the case that the alphabet has
more than one letter.

Proof. Define a DFA Ai = (Qi,Σ, δi, 0, {0}), where Li = L(Ai), 1 ≤ i ≤ k, ni ≥ 2,
Qi = {0, · · · , ni − 1}, |Σ| > 1, a ∈ Σ. gcd(ni, nj) = 1, for 1 ≤ i < j ≤ k. The transitions
of Ai are given by

δi(t, a) = t + 1 mod ni, t = 0, 1, · · · , ni − 1;

δi(t, b) = t, t = 0, 1, · · · , ni − 1, b ∈ Σ − {a}.

F ig. 2 shows the transition diagram of Ai.

bbb

......

a
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in -110

Figure 2: The transition diagram of DFA Ai

We perform intersection operation on L1 and L2. L1 = {w|#a(w) mod n1 = 0}
and L2 = {w|#a(w) mod n2 = 0}. So L1 ∩ L2 = {w|#a(w) mod n1n2 = 0}, since
gcd(n1, n2) = 1. The DFA B which accepts LB = L1 ∩ L2 needs at least n1n2 states.
B = (QB ,Σ, δB , 0, {0}) where QB = {0, · · · , n1n2 − 1} and

δB(p, a) = p + 1 mod n1n2, p = 0, 1, · · · , n1n2 − 1;

δB(p, b) = p, p = 0, 1, · · · , n1n2 − 1, b ∈ Σ − {a}.
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It is easy to see that n1n2 /∈ {nt|1 ≤ t ≤ k} and gcd(n1n2, u) = 1, where u ∈ {ns|3 ≤ s ≤
k}. Then we perform intersection operation on L1 ∩ L2 and L3. It is the same with the
first step. Keep doing this until we perform the last intersection on L1 ∩ · · · ∩ Lk−1 and
Lk. We get a new DFA having n1 · n2 · · · · · nk states which accepts L1 ∩L2 ∩ · · · ∩Lk.

Theorem 3.3 Let Σ be a two-letter alphabet and R1, . . . , Rk, k ≥ 2, be k regular languages
over Σ accepted by minimal DFAs of n1, . . . , nk states, respectively, n1, . . . , nk > 1. If the
k languages can be partitioned into two sets {R1, . . . , Rl} and {Rl+1, . . . , Rk} for some l,
1 ≤ l < k, such that both {n1, . . . , nl} and {nl+1, . . . , nk} are mutually prime, then the
state complexity of R1 ∩ · · · ∩ Rk is n1 · · ·nk.

Proof. It is clear that n1 · · ·nk is an upper bound. In the following, we show that n1 · · ·nk

is also a lower bound.
Assume that a set of integers {n1, n2, · · · , nk}, ni > 1, 1 ≤ i ≤ k can be divided into

two sets M and N such that gcd(ne, nf ) = 1 for any ne, nf ∈ M , e 6= f , gcd(ng, nh) = 1
for any ng, nh ∈ N , g 6= h. We construct k DFAs as follows.

For each ni ∈ M , define a DFA Ai = (Qi, {a, b}, δi, 0, {0}), where Qi = {0, · · · , ni − 1}
and δi is given by

δi(t, a) = t + 1 mod ni, t = 0, 1, · · · , ni − 1;

δi(t, b) = t, t = 0, 1, · · · , ni − 1.

We denote L(Ai) by Li.
Similarly for each np ∈ N , define a DFA Ap = (Qp, {a, b}, δp, 0, {0}), where Qp =

{0, · · · , np − 1} and δp is given by

δp(t, b) = t + 1 mod np, t = 0, 1, · · · , np − 1;

δp(t, a) = t, t = 0, 1, · · · , np − 1.

We denote L(Ap) by Lp.
It is easy to show that the following DFA is the minimal DFA that accepts the inter-

section of all Li such that ni ∈ M : C = (QC , {a, b}, δC , 0, {0}) where

QC = {0, 1, · · · ,
∏

ne∈M

ne − 1};

δC(t, a) = t + 1 mod
∏

ne∈M

ne, t = 0, 1, · · · ,
∏

ne∈M

ne − 1;

δC(t, b) = t, t = 0, 1, · · · ,
∏

ne∈M

ne − 1.

Analogously, we have the following minimal DFA that accepts the intersection of lan-
guages Lp such that np ∈ N : D = (QD, {a, b}, δD , 0, {0}) where

QD = {0, 1, · · · ,
∏

ng∈N

ng − 1};

δD(t, b) = t + 1 mod
∏

ng∈N

ng, t = 0, 1, · · · ,
∏

ng∈N

ng − 1;

δD(t, a) = t, t = 0, 1, · · · ,
∏

ng∈N

ng − 1.
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Now we have

L(C) = {w|w ∈ {a, b}∗, #a(w) mod
∏

ne∈M

ne = 0};

L(D) = {w|w ∈ {a, b}∗, #b(w) mod
∏

ng∈N

ng = 0};

Clearly, we have

L(C) ∩ L(D) = {w|w ∈ {a, b}∗, #a(w) mod
∏

ne∈M

ne = 0, #b(w) mod
∏

ng∈N

ng = 0};

Define DFA E = (QE , {a, b}, δE , < 0, 0 >, {< 0, 0 >}), where

QE = {< X,Y > |X ∈ QC , Y ∈ QD};

δE(< X,Y >, a) = < δC(X,a), δD(Y, a) >;

δE(< X,Y >, b) = < δC(X, b), δD(Y, b) > .

It is easy to see that L(E) = L(C) ∩ L(D). Now we will show that E is minimal.

1. For each state < X,Y >∈ QE, δE(< 0, 0 >, aXbY ) =< X,Y >. So every state in
QE is reachable.

2. For any two different states < X1, Y1 > and < X2, Y2 > in QE, if X1 6= X2 or
Y1 6= Y2, then

δE(< X1, Y1 >, a|QC |−X1b|QD|−Y1) = < 0, 0 >;

δE(< X2, Y2 >, a|QC |−X1b|QD|−Y1) 6= < 0, 0 > .

So any two distinct states of E are not equivalent.

Thus, E is the minimal DFA accepting L1 ∩ L2 ∩ · · · ∩ Lk.

This result can be easily extended to languages over an arbitrary t-letter alphabet,
t ≥ 2, in the following.

Corollary 3.1 Let Σ be a t-letter alphabet, t ≥ 2, and R1, . . . , Rk, k ≥ 2, be k regular
languages over Σ accepted by DFAs of n1, . . . , nk states, respectively. If the k languages can
be partitioned into t sets, 1 ≤ t ≤ k, and all the numbers of states of the DFAs that accept
the languages in each set are mutually prime, then the state complexity of intersection of
all the k languages is n1 · · ·nk.

A further improvement of Theorem 3.3 is stated in the following.

Theorem 3.4 Let Σ be a two-letter alphabet and R1, . . . , Rk, Rk+1, k ≥ 2, be k + 1 reg-
ular languages over Σ accepted by DFAs of n1, . . . , nk states, respectively. If the first k
languages can be partitioned into two sets {R1, . . . , Rl} and {Rl+1, . . . , Rk} for some l,
1 ≤ l < k, such that both {n1, . . . , nl} and {nl+1, . . . , nk} are mutually prime, then the
state complexity of R1 ∩ · · · ∩ Rk ∩ Rk+1 is n1 · · ·nknk+1.
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Proof. It is clear that n1 · · · nk+1 is an upper bound. In the following, we show that
n1 · · ·nk+1 is also a lower bound.

The first part of the proof of this theorem is the same with that of Corollary 3.1.
Assume that a set of integers {n1, n2, · · · , nk}, ni > 1, 1 ≤ i ≤ k can be divided into two
sets M and N such that gcd(ne, nf ) = 1 for any ne, nf ∈ M , e 6= f , gcd(ng, nh) = 1
for any ng, nh ∈ N , g 6= h. Then construct DFA C accepting the intersection of all Re,
ne ∈ M and DFA D accepting the intersection of all Rg, ng ∈ N . Let u = |QC | and
v = |QD|.

Define an nk+1-state DFA F = {QF , {a, b}, δF , 0, {0}} where QF = {0, 1, · · · , nk+1−1}
and δF is given by

δF (0, b) = 1; δF (0, a) = 0;

δF (1, b) = 2; δF (1, a) = 1;

δF (t, a) = t + 1 mod nk+1, t = 2, · · · , nk+1 − 1;

δF (t, b) = t, t = 2, · · · , nk+1 − 1.

F ig. 3 shows the transition diagram of F . We denote L(F ) by Rk+1.

b a a......

a b b

b

a

0

a

n
k+1

-121

Figure 3: The transition diagram of DFA F

Define DFA G = {QG, {a, b}, δG, < 0, 0, 0 >, {< 0, 0, 0 >}} where

QG = {< X,Y,Z > |X ∈ QC , Y ∈ QD, Z ∈ QF };

δG(< X,Y,Z >, a) = < δC(X,a), δD(Y, a), δF (Z, a) >;

δG(< X,Y,Z >, b) = < δC(X, b), δD(Y, b), δF (Z, b) > .

It is easy to see that L(G) = L(C) ∩ L(D) ∩ L(F ) = R1 ∩ · · · ∩ Rk ∩ Rk+1. Now we will
check if G is a minimal DFA.

1. For any state < X,Y,Z >∈ QG, Z 6= 0, 1, 2, δG(< 0, 0, 0 >, ank+1+T bv+Y aZ−2) =<
X,Y,Z > where T is a positive integer such that (nk+1 + T + Z − 2) mod u = X.

For < X,Y,Z >∈ QG, Z = 0 or 1 or 2, δG(< 0, 0, 0 >, aT bnk+1v+Y −Zank+1−2bZ) =<
X,Y,Z > where T is a positive integer such that (nk+1 + T − 2) mod u = X.

So every state in QG is reachable.

2. < X1, Y1, Z1 >,< X2, Y2, Z2 >∈ QG are two different states.

(1) X1 6= X2 or Y1 6= Y2

δG(< X1, Y1, Z1 >, ank+1+T b2v−Y1ank+1−2) = < 0, 0, 0 >,

δG(< X2, Y2, Z2 >, ank+1+T b2v−Y1ank+1−2) 6= < 0, 0, 0 >,

where T is a positive integer such that (2nk+1 + T − 2) mod u = u − X1.
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(2) X1 = X2, Y1 = Y2, Z1 6= Z2

(I) Z1 ≥ 0, Z2 > 2, Z2 > Z1, nk+1 > 3
Let t1 = b2v−Y1−1ank+1−Z2bank+1+T , where T is a positive integer such that
(2nk+1 − Z2 + T ) mod u = u − X1. Then

δG(< X1, Y1, 0 >, t1) = < 0, 0, 0 >,

δG(< X2, Y2, Z2 >, t1) 6= < 0, 0, 0 >,

If Z1 > 2, Z1 > Z2 ,Z2 ≥ 0, t′1 = b2v−Y2−1ank+1−Z1bank+1+T can distinguish
these two states, where T is a positive integer such that (2nk+1 − Z1 + T )
mod u = u − X1.

(II) Z1 = 0, Z2 = 1 or 2, nk+1 ≥ 3
Let t2 = baT (ank+1b)2v−Y1−1ank+1, where T is a positive integer such that
(T + nk+1(2v − Y1)) mod u = u − X1. Then one of δG(< X1, Y1, 0 >, t2)
and δG(< X2, Y2, Z2 >, t2) is < 0, 0, 0 > but the other is not.
If Z1 = 1 or 2 and Z2 = 0, t2 can also distinguish these two states.

(III) Z1 = 1, Z2 = 2, nk+1 ≥ 3
Let t3 = ank+1+T b(ank+1b)2v−Y1−1ank+1, where T is a positive integer such
that (T +nk+1(2v−Y1+1)) mod u = u−X1. Then one of δG(< X1, Y1, 1 >
, t3) and δG(< X2, Y2, Z2 >, t3) is < 0, 0, 0 > but the other is not.
If Z1 = 2 and Z2 = 1, t3 can also distinguish these two states.

So any two states of G are distinguishable.

Thus, G is the minimal DFA accepting R1 ∩ R2 ∩ · · · ∩ Rk ∩ Rk+1 has n1 · n2 · · · · · nk+1

states.

4 State complexity of multiple catenations

There are three regular languages L(A), L(B), L(C), which are accepted by an m-state
DFA A, an n-state DFA B and a p-state DFA C, respectively. In this section, we will study
the number of states of the DFA accepting the L(A)L(B)L(C). The state complexity of
catenation on two regular languages is m2n−2n−1. Then the direct two times combination
of the state complexity of catenation on two regular languages is m2n+p − 2n+p−1 − 2p−1.
We will show it is not the state complexity of catenation on three regular languages.

We first consider the lower bound.

Theorem 4.1 For any integers m,n, p ≥ 2, there exist DFAs A, B, and C of m, n,
and p states, respectively, such that any DFA accepting L(A)L(B)L(C) needs at least
m2n+p − 2n+p−1 − (m − 1)2n+p−2 − 2n+p−3 − (m − 1)(2p − 1) states.

Proof. Let Σ = {a, b, c, d, e} in the following. Define a DFA A = (QA,Σ, δA, 0, {m− 1}),
where for m > 1, QA = {0, · · · ,m − 1}. The transition function of A is as follows. For
t = 0, 1, · · · ,m−1, δA(t, a) = t+1 mod m, δA(t, x) = t, x ∈ {b, c, e} and δA(t, d) = 0. Fig.
4 shows the transition diagram of A.
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2 -1m
a a a......

b,c,e b,c,e b,c,e

a

b,c,d,e

0

a,d

d
d

1

Figure 4: The transition diagram of DFA A

2 -1n
b b b......

a,c,d,e a,d,e a,d,e

b,c

a,d,e

0

b

c
c

1

Figure 5: The transition diagram of DFA B

Define a DFA B = (QB ,Σ, δB , 0, {n − 1}), where for n > 1, QB = {0, · · · , n − 1}. For
t = 0, 1, · · · , n − 1, δB(t, b) = t + 1 mod n, δB(t, y) = t, y ∈ {a, d, e} and δB(t, c) = 1. Fig.
5 shows the transition diagram of B.

Define a DFA C = (QC ,Σ, δC , 0, {p − 1}), where for p > 1, QC = {0, · · · , p − 1}. For
t = 0, 1, · · · , p − 1, δC(t, d) = t + 1 mod p, δC(t, z) = t, z ∈ {a, b, c} and δC(t, e) = 1. Fig.
6 shows the transition diagram of C.

2 -1p
d d d......

a,b,c,e a,b,c a,b,c

d,e

a,b,c

0

d

e
e

1

Figure 6: The transition diagram of DFA C

For each x ∈ {a, b, d}∗, we define

S(x) = {i|x = uvw such that u ∈ L(A), v ∈ L(B), and i = #d(w) mod p}.

Consider that x, y ∈ {a, b, d}∗ such that S(x) 6= S(y). Let k ∈ S(x)−S(y)(or S(y)−S(x)).
Then it is clear that xdp−1−k ∈ L(A)L(B)L(C) but ydp−1−k /∈ L(A)L(B)L(C). So,
x and y are in different equivalence classes of the right-invariant relation induced by
L(A)L(B)L(C).

For each x ∈ {a, b, d}∗, we define

T (x) = {i|x = uv such that u ∈ L(A), and i = #b(v) mod n}.

Consider that x, y ∈ {a, b, d}∗ such that T (x) 6= T (y). Let k ∈ T (x)−T (y)(or T (y)−T (x)).
Then it is clear that xbn−1−kedp−1 ∈ L(A)L(B)L(C) but ybn−1−kedp−1 /∈ L(A)L(B)L(C).
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So, x and y are in different equivalence classes of the right-invariant relation induced by
L(A)L(B)L(C).

For each x ∈ {a, b, d}∗, define

R(x) = #a(z) where x = ydz, y ∈ {a, b, d}∗, z ∈ {a, b}∗, if d occurs in x;

R(x) = #a(x), otherwise.

Consider u, v ∈ {a, b, d}∗ such that S(u) = S(v), T (u) = T (v) and R(u) mod m >
R(v) mod m. Let i = R(u) mod m and w = am−1−icbn−1edp−1. Then clearly uw ∈
L(A)L(B)L(C) but vw /∈ L(A)L(B)L(C).

Notice that there does not exist a word w ∈ Σ∗ such that 0 /∈ T (w) and R(w) = m−1,
since R(w) = m − 1 guarantees that 0 ∈ T (w). Because of the same reason, there does
not exist a word w ∈ Σ∗ such that n − 1 ∈ T (w) and 0 /∈ S(w). It is also impossible that
T (w) = ∅ but S(w) 6= ∅.

For each subset s = {i1, · · · , ik} of {0, · · · , p − 1} and each subset t = {j1, · · · , jl} of
{0, · · · , n − 1} where i1 > · · · > ik and j1 > · · · > jl, and an integer r ∈ {0, · · · ,m − 1},
except the following three cases (1) 0 /∈ t and r = m − 1, (2) 0 /∈ s and n − 1 ∈ t, and (3)
r 6= m − 1, s 6= ∅ and t = ∅, there exists a word

x = ambndi1−i2ambndi2−i3 · · · ambndik−1−ikambndik

ambj1−j2ambj2−j3 · · · ambjl−1−jlambjlar.

such that S(x) = s, T (x) = t and R(x) = r. Totally, there are m2n2p classes. There are
2n−12p classes with both 0 /∈ t and r = m − 1. Notice that the classes with r = m − 1,
0 /∈ t, n− 1 ∈ t and 0 /∈ s have already been included in these 2n−12p classes. So there are
only (m − 1)2n−12p−1 + 2n−22p−1 classes with both 0 /∈ s and n − 1 ∈ t. And there are
(m − 1)(2p − 1) classes with r 6= m − 1, s 6= ∅ and t = ∅. Thus, there are at least

m2n+p − 2n+p−1 − (m − 1)2n+p−2 − 2n+p−3 − (m − 1)(2p − 1)

distinct equivalence classes.

We now show an upper bound of this combined operation.

Theorem 4.2 Let A, B and C be three DFAs of m, n, and p states, respectively, m,n, p >
0, where A has k final states and B has l final states, 0 < k < m and 0 < j < n. Then
there exists a DFA of (2m − k)2n+p−2 + (2m − k)2n+p−l−2 − (m − k)(2p − 1) states that
accepts L(A)L(B)L(C).

Proof. Let A = (QA,Σ, δA, r0, FA), B = (QB ,Σ, δB , s0, FB) and C = (QC ,Σ, δC , t0, FC).
Construct E = (QE,Σ, δE , q0, FE) such that

QE = QA × 2QB × 2QC − FA × 2QB−{s0} × 2QC

−(QA − FA) × (2FB − {∅}) × 2QB−FB × 2QC−{t0}

−FA × (2FB − {∅}) × 2QB−FB−{s0} × 2QC−{t0} − (QA − FA) × ∅ × (2QC − {∅}).

q0 = < r0, ∅, ∅ >, if r0 /∈ FA and s0 /∈ FB ;

= < r0, {s0}, ∅ >, if r0 ∈ FA and s0 /∈ FB ;
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= < r0, {s0}, {t0} >, if r0 ∈ FA and s0 ∈ FB ;

FE = {< r, S, T >∈ QE|T ∩ FC 6= ∅};

δE : δE(< r, S, T >, a) =< r′, S′, T ′ >, for a ∈ Σ, where r′ = δA(r, a),

S′ = δB(S, a) ∪ {s0} if r′ ∈ FA, S′ = δB(S, a) otherwise,

T ′ = δC(T, a) ∪ {t0} if S′ ∩ FB 6= ∅, T ′ = δC(T, a) otherwise.

Intuitively, QE is a set of 3-tuples whose first component is a state in QA, the second
component is a subset of QB , and the last component is a subset of QC .

QE does not contain those 3-tuples whose first component is a final state of A and
whose second component does not contain s0, the initial state of B.

QE does not contain those 3-tuples whose second component contains at least one final
state of B and whose third component does not contain t0, the initial state of C. Notice
that the 3-tuples whose first component is a final state of A and whose second component
contains at least one final state of B but does not contain s0 and whose last component
does not contain t0 has been included in the first case.

QE also does not contain those 3-tuples whose first component is a non-final state of
A and whose second component is ∅ and whose last component is nonempty.

Clearly, L(E) = L(A)L(B)L(C). Let |QA| = m, |QB| = n, |QC | = p, |FA| = k and
|FB | = l. Then E has (2m − k)2n+p−2 + (2m − k)2n+p−l−2 − (m − k)(2p − 1) states.

Note that when k = 1 and l = 1, i.e, A and B each have one final state, this upper
bound is exactly the same as the lower bound stated in Theorem 4.1. Thus, this bound is
the state complexity of the catenation of three regular languages.

Now we consider the catenation of four regular languages. There are four regular
languages L(A), L(B), L(C), L(D), which are accepted by an m-state DFA A, an n-state
DFA B, a p-state DFA C and a q-state DFA D, respectively. We will study the number of
states of the DFA accepting the L(A)L(B)L(C)L(D). The direct three times combination
of the state complexity of catenation on two regular languages is m2n+p+q − 2n+p+q−1 −
2p+q−1 − 2q−1. We will show it is not the state complexity of catenation on four regular
languages.

We still consider the lower bound first.

Theorem 4.3 For any integers m,n, p, q ≥ 2, there exist DFAs A, B, C and D of m, n,
p and q states, respectively, such that any DFA accepting L(A)L(B)L(C)L(D) needs at
least 9(2m − 1)2n+p+q−5 − 3(m − 1)2p+q−2 − (2m − 1)2n+q−2 + (m − 1)2q + (2m − 1)2n−2

states.

Proof. Let Σ = {a, b, c, d, e, f, g} in the following. Define a DFA A = (QA,Σ, δA, 0, {m−
1}), where for m > 1, QA = {0, · · · ,m − 1}. For t = 0, 1, · · · ,m − 1, δA(t, a) = t + 1 mod
m, δA(t, x) = t, x ∈ {b, c, d, e, g} and δA(t, f) = 0. Fig. 7 shows the transition diagram of
A.

Define a DFA B = (QB ,Σ, δB , 0, {n − 1}), where for n > 1, QB = {0, · · · , n − 1}. For
t = 0, 1, · · · , n − 1, δB(t, b) = t + 1 mod n, δB(t, y) = t, y ∈ {a, d, e, f, g} and δB(t, c) = 1.
Fig. 8 shows the transition diagram of B.

Define a DFA C = (QC ,Σ, δC , 0, {p − 1}), where for p > 1, QC = {0, · · · , p − 1}. For
t = 0, 1, · · · , p − 1, δC(t, d) = t + 1 mod p, δC(t, z) = t, z ∈ {a, b, c, f, g} and δC(t, e) = 1.
Fig. 9 shows the transition diagram of C.
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Figure 7: The transition diagram of DFA A
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1

Figure 8: The transition diagram of DFA B

Define a DFA D = (QD,Σ, δD, 0, {q − 1}), where for q > 1, QD = {0, · · · , q − 1}. For
t = 0, 1, · · · , q − 1, δD(t, f) = t + 1 mod q, δD(t, w) = t, w ∈ {a, b, c, d, e} and δD(t, g) = 1.
Fig. 10 shows the transition diagram of D.

For each x ∈ {a, b, d, f}∗, we define

H(x) = {i|x = uvwz such that u ∈ L(A), v ∈ L(B), w ∈ L(C) and i = #f (z) mod q}.

Consider that x, y ∈ {a, b, d, f}∗ such that H(x) 6= H(y). Let k ∈ H(x) − H(y)(or
H(y) − H(x)). Then it is clear that xf q−1−k ∈ L(A)L(B)L(C)L(D) but yf q−1−k /∈
L(A)L(B)L(C)L(D). So, x and y are in different equivalence classes of the right-invariant
relation induced by L(A)L(B)L(C)L(D).

For each x ∈ {a, b, d, f}∗, we define

S(x) = {i|x = uvw such that u ∈ L(A), v ∈ L(B), and i = #d(w) mod p}.

Consider that x, y ∈ {a, b, d, f}∗ such that S(x) 6= S(y). Let k ∈ S(x) − S(y)(or S(y) −
S(x)). Then it is clear that xdp−1−kgf q−1 ∈ L(A)L(B)L(C)L(D) but ydp−1−kgf q−1 /∈
L(A)L(B)L(C)L(D). So, x and y are in different equivalence classes of the right-invariant
relation induced by L(A)L(B)L(C)L(D).

For each x ∈ {a, b, d, f}∗, we define

T (x) = {i|x = uv such that u ∈ L(A), and i = #b(v) mod n}.

Consider that x, y ∈ {a, b, d, f}∗ such that T (x) 6= T (y). Let k ∈ T (x) − T (y)(or
T (y) − T (x)). Then it is clear that xbn−1−kedp−1gf q−1 ∈ L(A)L(B)L(C)L(D) but
ybn−1−kedp−1gf q−1 /∈ L(A)L(B)L(C)L(D). So, x and y are in different equivalence classes
of the right-invariant relation induced by L(A)L(B)L(C)L(D).

For each x ∈ {a, b, d, f}∗, define

R(x) = #a(z), x = yfz, y ∈ {a, b, d, f}∗, z ∈ {a, b, d}∗, if f occurs in x;

R(x) = #a(x), otherwise.
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Figure 9: The transition diagram of DFA C
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Figure 10: The transition diagram of DFA D

Consider u, v ∈ {a, b, d, f}∗ such that S(u) = S(v), T (u) = T (v), H(u) = H(v) and
R(u) mod m > R(v) mod m. Let i = R(u) mod m and w = am−1−icbn−1edp−1gf q−1.
Then clearly uw ∈ L(A)L(B)L(C)L(D) but vw /∈ L(A)L(B)L(C)L(D).

Notice that there does not exist a word w ∈ Σ∗ such that 0 /∈ T (w) and R(w) = m−1,
since the fact that R(w) = m − 1 guarantees that 0 ∈ T (w). Because of the same reason,
there does not exist a word w ∈ Σ∗ such that 0 /∈ S(w) and n− 1 ∈ T (w). There does not
exist a word w ∈ Σ∗ such that 0 /∈ H(w) and n − 1 ∈ S(w), neither. It is impossible that
T (w) = ∅ but S(w) or H(w) 6= ∅. It is also impossible that S(w) = ∅ and H(w) 6= ∅.

For each subset h = {u1, · · · , uv} of {0, · · · , q − 1}, each subset s = {i1, · · · , ik} of
{0, · · · , p − 1} and each subset t = {j1, · · · , jl} of {0, · · · , n − 1} where u1 > · · · > uv,
i1 > · · · > ik and j1 > · · · > jl, and an integer r ∈ {0, · · · ,m − 1} except the case when
0 /∈ s and n−1 ∈ t, the case when 0 /∈ t and r = m−1, the case when 0 /∈ h and n−1 ∈ s,
the case when s or h 6= ∅ and t = ∅ and the case when h 6= ∅ and s = ∅, there exists a
word

x = ambndpfu1−u2ambndpfu2−u3 · · · ambndpfuv−1−uvambndpfuv

ambndi1−i2ambndi2−i3 · · · ambndik−1−ikambndik

ambj1−j2ambj2−j3 · · · ambjl−1−jlambjlar.

such that x = k mod l, y = v mod l, h = v mod k, H(x) = h, S(x) = s, T (x) = t and
R(x) = r.

Totally, there are m2n2p2q classes. There are 2n−12p2q classes with both 0 /∈ t and
r = m− 1. Notice that the classes with r = m− 1, 0 /∈ t, n− 1 ∈ t and 0 /∈ s have already
been included in these 2n−12p2q classes. So there are only (m−1)2n−12p−12q +2n−22p−12q

classes with both 0 /∈ s and n−1 ∈ t. There are (m−1)(2n−1−1)2p−12q−1 +2n−22p−12q−1

classes with n−1 /∈ t, p−1 ∈ s and 0 /∈ h. There are (m−1)2n−12p−22q−1 +2n−22p−22q−1

classes with n − 1 ∈ t, p − 1 ∈ s and 0 /∈ h. And there are (m − 1)(2p2q − 1) classes with
r 6= m−1, s or h 6= ∅ and t = ∅. There are (m−1)(2n−1−1)(2q−1) classes with r 6= m−1,
n−1 /∈ t, t 6= ∅, s = ∅ and h 6= ∅. There are 2n−2(2q −1) classes with r = m−1, n−1 /∈ t,
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0 ∈ t, s = ∅ and h 6= ∅. Thus, there are at least

9(2m − 1)2n+p+q−5 − 3(m − 1)2p+q−2 − (2m − 1)2n+q−2 + (m − 1)2q + (2m − 1)2n−2

distinct equivalence classes.

We now show an upper bound of this combined operation.

Theorem 4.4 Let A, B, C and D be four DFAs of m, n, p and q states, respectively,
m,n, p, q > 0, where A has k final states B has l final states and C has u final states ,
0 < k < m, 0 < j < n and 0 < u < p. Then there exists a DFA of (2m − k)2n+p+q−3 +
(2m − k)2n+p+q−l−u−3 + (2m − k)2n+p+q−l−3 + (2m − k)2n+p+q−u−3 − (m − k)2p+q−1 −
(m − k)2p+q−u−1 − (2m − k)2n+q−l−1 + (m − k)2q + (2m − k)2n−l−1 states that accepts
L(A)L(B)L(C)L(D).

Proof. Let A = (QA,Σ, δA, r0, FA), B = (QB ,Σ, δB , s0, FB), C = (QC ,Σ, δC , t0, FC) and
D = (QD,Σ, δD, h0, FD). Construct E = (QE ,Σ, δE , q0, FE) such that

QE = QA × 2QB × 2QC × 2QD − FA × 2QB−{s0} × 2QC × 2QD

−(QA − FA) × (2FB − {∅}) × 2QB−FB × 2QC−{t0} × 2QD

−FA × (2FB − {∅}) × 2QB−FB−{s0} × 2QC−{t0} × 2QD

−(QA − FA) × (2QB−FB − {∅}) × (2FC − {∅}) × 2QC−FC × 2QD−{h0}

−FA × 2QB−FB−{s0} × (2FC − {∅}) × 2QC−FC × 2QD−{h0}

−(QA − FA) × (2FB − {∅}) × 2QB−FB × (2FC − {∅}) × 2QC−FC−{t0} × 2QD−{h0}

−FA × (2FB − {∅}) × 2QB−FB−{s0} × (2FC − {∅}) × 2QC−FC−{t0} × 2QD−{h0}

−(QA − FA) × ∅ × (2QC × 2QD − {< ∅, ∅ >})

−(QA − FA) × (2QB−FB − {∅}) × ∅ × (2QD − {∅})

−FA × 2QB−FB−{s0} × ∅ × (2QD − {∅});

q0 = < r0, ∅, ∅, ∅ >, if r0 /∈ FA, s0 /∈ FB and t0 /∈ FC ;

q0 = < r0, {s0}, ∅, ∅ >, if r0 ∈ FA, s0 /∈ FB and t0 /∈ FC ;

q0 = < r0, {s0}, {t0}, ∅ >, if r0 ∈ FA, s0 ∈ FB and t0 /∈ FC ;

q0 = < r0, {s0}, {t0}, {h0} >, if r0 ∈ FA, s0 ∈ FB and t0 ∈ FC ;

FE = {< r, S, T,H >∈ QE|H ∩ FD 6= ∅};

δE(< r, S, T,H >, a) = < r′, S′, T ′,H ′ >, for a ∈ Σ, where r′ = δA(r, a),

S′ = δB(S, a) ∪ {s0} if r′ ∈ FA, S′ = δB(S, a) otherwise,

T ′ = δC(T, a) ∪ {t0} if S′ ∩ FB 6= ∅, T ′ = δC(T, a) otherwise,

H ′ = δD(H,a) ∪ {h0} if T ′ ∩ FC 6= ∅, H ′ = δD(H,a) otherwise.

Intuitively, QE is a set of 4-tuples such that the first component is in QA, the second
component is a subset of QB , the third component is a subset of QC and the last component
is a subset of QD.

QE does not contain those 4-tuples whose first component is a final state of A and
whose second component does not contain s0, the initial state of B.
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QE does not contain those 4-tuples whose second component contains at least one final
state of B and whose third component does not contain t0, the initial state of C, neither.
Notice that the 4-tuples whose first component is a final state of A and whose second
component contains at least one final state of B but does not contain s0 and whose last
component does not contain t0 has been included in the first case.

QE does not contain those 4-tuples whose second component does not contain any final
state of B, and whose third component contains at least one final state of C and whose
last component does not contain h0, the initial state of D.

QE does not contain those 4-tuples whose second component contains a final state of
B, and whose third component contains t0 and at least one final state of C and whose last
component does not contain h0, the initial state of D.

QE also does not contain those 4-tuples whose first component is a non-final state of
A and whose second component is ∅ and whose third component or last component is
nonempty.

QE does not contain those 4-tuples whose first component is a non-final state of A and
whose second component is nonempty and contains no final state of B and whose third
component is ∅ and last component is nonempty.

QE does not contain those 4-tuples whose first component is a final state of A and
second component contains no final state of B but contains s0 and third component is ∅
and last component is nonempty.

Clearly, L(E) = L(A)L(B)L(C)L(D). Let |QA| = m, |QB | = n, |QC | = p, |QD| = q,
|FA| = k, |FB | = l and |FC | = u. Then E has

(2m − k)2n+p+q−3 + (2m − k)2n+p+q−l−u−3 + (2m − k)2n+p+q−l−3 + (2m − k)2n+p+q−u−3

−(m − k)2p+q−1 − (m − k)2p+q−u−1 − (2m − k)2n+q−l−1 + (m − k)2q + (2m − k)2n−l−1

states.

Note that when k = l = u = 1, this upper bound is exactly the same as the lower
bound given in Theorem 4.3. Thus, the bound is indeed the state complexity of catenation
of four regular languages.

5 Conclusions and future work

We have studied the state complexities of intersection and union on k regular languages
and they do equal to the k − 1 times direct combinations of their state complexities on
two regular languages.

We have also studied the state complexities of catenation on three and four regular
languages. Neither of them equals to the direct three or four times combination of its state
complexity on two regular languages. The reason of this difference appears to be that the
result of the catenation is not among the worst cases of catenation.

Note that in the first new result, we have some limitations on the set of integers
n1, n2, · · · , nk. It remains open what the state complexities of intersection and union on k
regular languages are without those limitations.

And for catenation, we used a 5-letter alphabet and a 7-letter alphabet to achieve the
state complexities of catenation on three and four regular languages, respectively. It is
also open whether we can use smaller alphabets to reach the lower bounds.
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Thus, many further results in this direction may be obtained in the near future.
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