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Abstract

The -expansion algorithm4] has had a signi cant im-
pact in computer vision due to its generality, effectivenes
and speed. Thus far it can only minimize energies that in-
volve unary, pairwise, and specialized higher-order terms
Our main contribution is to extend-expansion so that it
can simultaneously optimize “label costs” as well. An en-

to penalize the number of labels in the solution.
Our energy is quite general, and we prove optimality &
bounds for our algorithm. A natural application of la-
bel costs is multi-model tting, and we demonstrate several
such applications in vision: homography detection, motion [} 1 :
segmentation, and unsupervised image segmentation. OuFigure 1. Motion segmentation on the 1RT2RCR sequeftk [

C++/MATLAB implementation is publicly available. Energy () nds 3 dominant motions (a) but labels many points
) ) ) incorrectly. EnergyZ) gives coherent segmentations (b) but nds
1. Some Useful Regularization Energies redundant motions. Our energy combines the best of both (c).

In a labeling problem we are given a set of observa- . ]
tionsP (pixels, features, data points) and a set of labels Whereh; is the non-negative label cost of latielnd ()
(categories, geometric models, disparities). The goa is t IS the corresponding indicator function
assign each observatig2 P a labelf, 2 L such that the deft 1 9p:ifp=1
joint labelingf minimizes some objective functida(f ). 1(F) = 0 otherwise.

Most labeling problems in computer vision are ill-posed
and in need of regularization, but the most useful regular-  Energy () balances data costs against label costs in a
izers often make the problem NP-hard. Our work is about formulation equivalent to the well-studieshcapacitated
how to effectively optimize two such regularizers: a pref- facility location (UFL) problem. Li [L9] recently posed
erence for fewer labels in the solution, and a preference formulti-model tting in terms of UFL. For multi-model t-
spatial smoothness. Figutesuggests how these criteria co- ting, where each label corresponds to a candidate model,
operate to give clean results. Surprisingly, there is nalgoo label costs penalize overly-complex models, preferring to
algorithm to optimize their combination. Our main contri- €xplain the data with fewer, cheaper labels (see Figaje

bution is a way to simultaneously optimize both of these gmooth costs. Spatial smoothness is a standard regular-

criteria inside the powerful -expansion algorithmy. izer in computer vision. The idea here is that groups of
Label costs. Start from a basic (unregularized) energy observations are often knovenpriori to be positively cor-
E(f)= pr(fp), where optimalf, can each be deter- related, and should thus be encouraged to have similar la-

mined independently from the “data costs'. Suppose, how-bels. Neighbouring image pixels are a classic example of
ever, that we wish to explain the observations using as fewthis. Such pairwise priors can be expressed by the energy
unique labels as necessary. We can introdabel costs

intoE(f) to penalig(e each uniqu>|(e label that appearfs:in E(f)= Dp(fp) + Vog(fpifq) @

p2P pa2N
E(f)= Dp(fp)+  h (f) (1)

p2pP 12L *YThe authors assert equal contribution and thus joint rshetship.
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(b) (c)
Figure 2. Planar homography detection on VGG (Oxford) Merton
College 1 image (right view). Energy) nds reasonable param-

eters for only the strongest 3 models shown in (a), and still assigns

a few incorret labels. Energy) nds reasonable clusters (b) but
ts 9 models, some of which are redundant (nearly co-planar). Our
energy ?) nds both good parameters and labels (c) for 7 models.

where eaclvpq penalized, 6 fq in some manner. If each
Vpq de nes a metric, then minimizing2 is known as the
metric labelingproblem }i] and can be optimized effec-
tively with the -expansion algorithm.

This regularizer prefers coherent segmentations, but ha
no incentive to combine non-adjacent segments and thus
tendency to suggest redundant labels in multi-model tting
(see Figurelb). Still, spatial smoothness priors are impor-
tant for a wide array of vision applications.

Our combined energy. We propose a discrete energy that
essentially combines the UFL and metric labeling problems.

;(E} coit { 7)( smoﬂth cost { Z/( Iabﬁ cost {
E(f)= Dp(fp)+ Vpq(fp; fq) + he L(f) (P
p2pP pg2N LL

where the indicator function_ () is now de ned on label
subsetl as

1 9p:fy,2L

0 otherwise.

def

L(f)

Our energy actually makes a slight generalization fromllabe
costs to labekubsetcostsh, , but one can imagine simple
per-label costs; throughout for simplicity.

Energy (?) balances two demonstrably important reg-
ularizers, as suggested by Figute. Figures2 and 3

show other vision applications where our combined energy

simply makes sense. Secti@npresents our extension to

(@

(c)
Figure 3. Unsupervised segmentation using histogram models.
Energy () clusters in colour space, so segments (a) are incoher-
ent. Energy ) clusters over pixels and must either over-segment
or over-smooth (b), just as ir2f]. Our energy ?) balances these
criteria (¢) and corresponds to Zhu & VYuillé§] for segmentation.

2. Fast Algorithms to Minimize (?)

Our main technical contribution is to extend the well-
known -expansion algorithm/] to incorporate label costs
at each expansion (Secti@nl) and prove new optimality
guarantees (Sectidh2). Section2.3reviews known results
for the “easy' casel] with only data and per-label costs.

}.1. Expansion moves with label costs

Since minimizing energy?) is NP-hard foijLj 3, the
-expansion algorithm/] iteratively “‘moves' from some
current labeling °to a better one until convergence. Specif-

ically, at each step, some label2 L is chosen and vari-
ablesf , are simultaneously givenlginary choice to either
stay asfp, = f,? or switch tof , = . This binary step is
calledexpansiorbecause only the label can grow and, if
eachV, satis es a simple condition, the best possible ex-
pansion is computed by a single graph cut.
Let f denote any feasible
-expansion w.r.t. current labelirf’. The possible label-

ingsf can be expressed one-to-one with binary indicator
variablesx = fxy;:::;Xngby de ning
Xp=0 0 fo = fr? ®)
Xp=1 0 fp=1:

LetE (x) be the energy corresponding to encodiBprél-
ative tof °. The -expansion algorithm computes an opti-
mumx , and thereby , by a single graph cut.

For example, suppose energyf ) is such that the opti-
mal expansion w.r.t labelinf®is f

fO=[TTTTT]!

(4)

=X

LLLITT]=f
(LTI

-expansion and corresponding optimality bounds. Sec-
tions 3 and4 explain how our energy can be effective as a wherel meanx; is xed to 1. Here onlyf ; andf 3 changed
multi-model tting framework. See Sectidnfor discussion  to label while the rest preferred to keep their labels. The
and possible extensions, and sggf¢r relation to standard -expansion algorithm iterates the above binary step until
expectation maximizatigfeM) andK -means formulations.  nally E (x% = E (x )forall 2L.



In Computer Vision and Pattern Recognition (CVP®8an Francisco, June 2010

3

Encoding label costs.The energy in examplelf was such

thatf 5 andf ¢ preferred to stay as labelrather than switch

to . Suppose we want to introduce a cbst > 0 that

is added toE (f ) if and only if there exists somi, = .

This would encourage label to absorb the entire region

that occupies inf . If h is large enough, the optimal
-expansion move would also chanfgeandf g:

FO=[ITTTT]! [CLIIII]=f
LT

=X

®)

Our main algorithmic contribution is a way to encode such

Figure 4. LEFT: Graph construction that encodes hxi1x2 Xk
whenwe denex, =1, p2 T whereT is the sink side of the
cut. RGHT: In a minimums-t cut, the subgraph contributes cost
either O (allxp = 1) orh (otherwise). A cost greater thaine.g. )
cannot be minimal because setting 0 cuts only one arc.

label costs into the expansion step and thereby encourage

solutions that use fewer labels.

EnergyE (x), when expressed as a multilinear polyno-
mial, is a sum of linear and quadratic terms oxel~or the
speci c example §), we can encode cokt in E by sim-
ply addingh h X;Xs5Xg to the binary energy. Because
this speci ¢ term is cubic anth 0, it can be optimized
by a single graph cut using the constructionif][

To encode general label costs for arbittay L andf ¢
we must optimize the modi ed expansion energy

En(x)=E (x)+

LL
L\L %;

h|_ h|_ Xp

p2P .

+C (x) (6)

where set° contains the unique labels in the current la-
belingf % and se, = fp:fJ2 Lg. TermC simply
corrects for the case wher2 L °and is discussed later.
Each product term in6) adds a higher-order clique,_
beyond the standard-expansion energlf (x). Freedman
and Drineas]0] gameralized the graph construction af]
to handle termsc = X, of arbitrary degree when 0.
This means we can transform each product seef)im{o

Our indicator potentials, () are different in that, at the
binary step §), each cliqueP, is determineddynamically
from the current labeling®and is not expressed as such in
the original energy?). It is easy to representR" Potts
potential by combination of label subset cost potentials, b
not the other way around. Our technical repdit ¢labo-
rates on this point and Secti@mentions an extension to
our work based on the RobuBt' Potts constructioni[-].

A nal detail is how to handle the case whenwas not
used in the current labeling®. The corrective ternC
in (6) incorporates the label costs foritself:

X Y
C (x)= he he X ()
LLnL © p2pP
2L
If we ndthat x = 0 then label was not used i °and

it was also not worth expanding it in . The term 9) can
be encoded by a subgraph analogous to Figureut the
following is more ef cient: rst compute optimak for (6)
without consideringC , then explicitly add it toE, (x )
if x 6 0, and reject the expansion if the energy would

a sum of quadratic and linear terms that graph cuts can stillincrease. In fact, a similar test-and-reject step allows la

optimize globally. The transformation for a particularéab
subsel. L withjP_j 3is
Y h
he
p2P

X i
XpYL
p2P L

Xp = rgflrg;lghL (PLj Dy, (7)

Yo
wherey, is an auxiliary variable that, i, > 0, must
be optimized alongside. Since eaclx,y, term has non-
positive coef cient, it can be optimized by graph cuts.
To encode the potential)into ans-t min-cut graph con-

struction, we reparameterize the right-hand side such that
each quadratic monomial has exactly one complemented

variable (e.gxy) and non-negative coef cient (arc weight).
One such reparameterization is
X

®)

hy +hy + hy Xpy,
p2P .
wherex, = 1 Xxp. Figure4 shows the subgraph corre-
sponding to §) after cancelling the constanth,_ .

Subgraphs of this type have been used in vision before,

most notably theP" Potts potentials of Kohli et al.1f].

bel costs to be trivially incorporated into -swap: before
accepting a swap move, test its energy against the energy
when all variables become and vice versa.

2.2. Optimality guarantees

In what follows we assume that ener@y (s con gured
sothatD, 0, Vpq is a metric f], and thusE(f) 0.

Theorem 1 If f is a global optimum of energf?) and "

is a local optimum w.r.t. -expan§(ion then

E(f) 2cE(f ) + hejLj
LL

max e 20 Vpg(; )
min g 2 qu(; )

(10)

where C = max

Pg2N
See AppendiA for the proof. The proof contains an alter-
nate boundZ6) that does not assunig, 0 and is tight
under much more general conditions; s&gfr a discus-
sion of tightness and local minima.

1Adding an arbitrary constant @, () or Vpg( ; ) does not affect the
optimal labeling, so nite costs can always be made non-negati
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Thea priori bound (L0) suggests that for large label costs
the worst-case approximation is poor.
problem is that -expansion can expand only one label at
a time. It may help empirically to order the expansions in a

greedy manner, but the next section describes a special case

for which the greedy algorithm still yields a similar addi-
tive bound (see Section 3.5.1 of]]. We thus do not expect
much improvement unless different moves are considered.

2.3. Easy case: only per-label costs

In the absence of any smooth costs( 0) and higher-
order label costshi = 0 for jLj > 1) our energy reduces
to a special casel] known as theincapacitated facility lo-
cation (UFL) problem. This well-studied problem was re-
cently applied for motion segmentation, rst by Li9] and
then by Lazic et al.18]. The UFL problem assigns facil-
ities (labels) to each client (variable) such that the cost t
clients is balanced against the cost of “opening' factitie
to serve them. Optimizing UFL is NP-hard by simple re-
duction from &T-COVER, so it is “easier' than our full en-
ergy (?) only in a practical sense.

Li optimizes the integer program corresponding to UFL
by linear programming (LP) relaxationthen rounds frac-
tional “facility' variables to O or 1 in a straight-forwardan-

ner. Because of the heavy LP machinery, this approach is

slow and affords relatively few candidate models in prac-
tice. Li implementsfour application-speci ¢ heuristics to

The fundamental

models (Occam's razoP[]).

For example, consider the well-knowkkaike informa-
tion criterion (AIC) [1]:
min  2InPr(Xj) + 2 | j (12)
where is a model,Pr(X j ) is a likelihood function
andj jisthe number of parameters inthat can vary. This
criterion was also discussed by To#] and Li [19] in the
context of motion estimation.

Another well-known example is thBayesian informa-
tion criterion (BIC) [5, 21]:

min  2InPr(Xj) + j jInjPj (12)

wherejPj is the number of observations. The BIC suggests
that label costs should be chosen in some proportion to the
number of observations (or, in our case, the expected num-
ber of observations per model). In contrast, AIC over-ts
as we add more observations from the true models. Jee [
for an intuitive discussion and derivation of BIC in general
and see Torr's work{5] for insights speci c to vision.

3. Working With a Continuum of Labels

Our experimental Sectios focuses ormulti-model t-
ting problems, which are the most natural applications of
energy @). As was rst argued in ]3], energies like ?) are

aggressively prune candidate models “for LP's sake.” Lazic Powerful criteria for multi-model tting in general. How-
et al. optimize the same energy using max-product belief 8Ver: there is a technical hurdle with using combinatorial

propagation (BP), a message-passing algorithm.

Kuehn & Hamburger17] proposed a natural greedy al-
gorithm for UFL in 1963. The algorithm starts from an
empty set of facilities (labels) and greedily introduceg on
facility at a time until no facility would decrease the over-
all cost. The greedy algorithm runs @(jLj ?jPj) time for
labelsL and observationB. Hochbaum [ 7] later showed
that greedy yields ®(logjPj)-approximation in general,
and better bounds exist for special cost functions (8€k [

for review). Other greedy moves have been proposed for

UFL besides “open one facility at a time” (se& []).
Our C++ library implements the greedy heuristic/]

and, when smooth costs are all zero, it is 15—30 times faster

than -expansion while yielding similar energies. Indeed,
“open facility ” is equivalent to expansion in this case.

algorithms for model tting. In such applications each labe
represents a speci ¢ model, including its parameter values
and the set of all labels is a continuum. In line tting, for
exampleL = R?. Practically speaking, however, the com-
binatorial algorithms from Sectiog require a nite setL

of labels (models). Below we review a technique to effec-
tively explore the continuum of model parameters by work-
ing with a nite subset of models at any given iteration

PEARL Algorithm [13]

1 proposeinitial modelsL o by random sample@s in RANSAC)
2 run -expansionto compute optimal labelinfy w.r.t. L+
3 re-estimatemodel parameters to get.1 ; t:= t+1; goto2

PEARL was the rst to use regularization energies and
EM-style optimization for geometric multi-model tting.

Note that our higher-order label costs can also be optimized©Other geometric model tting works have used separate el-

greedily, but this is not standard and our boufd)(sug-
gests the approximation may become worse.

2.4. Energy(?) as an information criterion

ements such as random samplifg,[19] (as in RANSAC)

or EM-style iteration ], but none have combined them in

a single optimization framework. The experiments ][
show that their energy-based formulation beats many state-

Regularizers are useful energy terms because they carf-the-art algorithms in this area. In other settings (segm

help to avoid over- tting. In statistical model selection,
variousinformation criteriahave been proposed to ful | a
similar role. Information criteria penalize overly-coragl
models, preferring to explain the data with fewer, simpler

tation, stereo) these elements have been combined in vari-
ous application-speci ¢ ways’p, 2, 22, 27].

Our paper introduces a more general energlyahd a
better algorithm for the expansion stepREARL (step2).
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..ground truth 15titeration 5™ jteration convergence
TN (6 models) (6 models)

(5 models)

Figure 5. Re-estimation helps to align models over time. Above shows 90data points with 50% generated from 5 line intervals.
Random sampling proposes a list of candidate lines (we show 20 out0df The 15t segmentation and re-estimation corresponds to
Li [19], but only the yellow line and gray line were correctly aligned. The desinggenergies in Figuré correspond to better alignments
like the subsequent iterations above. If a model loses enough inligrgydhis process, it is dropped due to label cost (dark blue line).

Review of PEARL for (?).
pose an initial set of modelsy.

Step1 of PEARL is to pro-
Each proposal is gener-

ated by a randomly sampling the smallest subset of data

points needed to de ne a geometric model, exactly as in|, ..

RANSAC [9]. A larger set of proposals, is more likely to

contain models that approximate the true ones. Of course, "":‘

L o will contain many incorrect models as well, but optimiz-
ing energy ) overLq (step2) will automatically select a
small subset of labels from among the best modelsyin

The initial set of selected models can actually be further
improved as follows. From here on, we represent model as-
signments by two sets of variables: segmentation variables
ff,gthat for each data poiptspeci es the index of a model
from the nite setlLy, and parameter variablds g that
specify model parameters currently associated with each
model index. Then, energy)is equivalent to

X
E(f; )=
p2P

Voa(fpifas 1,7 1)

pg2N
X

ho(o) o(f): (?)

LL

For simplicity, assume that the smoothness term&’)rafe
Potts interaction potentialg]and the third term represents
simple per-label costs as id)( Then, speci ¢ model pa-
rameters | assigned to a cluster of poirs = fpjf,= Ig
only affect the rst term in ), which is a sum of unary

potentials.

In most cases,

it is easy to compute a pa-

ﬁameter value'| that locally or even globally minimizes

p2P | Dp(l; 1).

The re-estimated parameterS g cor-

respond to an improved set of labélg that reduces en-
ergy (?) for xed segmentatiorf (step3).

Now one can re-compute segmentatiorby applying
the algorithms in Sectio2 to energy ?) over a new set
of labelsL; (step2 again). PEARL'S re-segmentation and

re-estimation stepg and 3 reduce the energy.

seed=10

0 -7

seed=10

1=

seed={102

Figure 6. We can also t Ilnentervalsto the raw data in Figure.
The three results above were each computed from a differeht set
of random initial proposals. See Sectién for details.

Figure 7. For multi-model tting, each label can represent a spe-
ci c model from any family (Gaussians, lines, circles...). Above
shows circle- tting by minimizing geometric error of points.

4. Applications and Experimental Setup

The experimental setup is essentially the same for each
application: generate proposals via random sampling, com-
pute initial data cost®,, and run the iterative algorithm
from Section3. The only components that change are the
application-speci cD, and regularization settings. Sec-
tion 4.1outlines the setup for basic geometric models: lines,
circles, homographies, motion. Sectidr? describes the
unsupervised image segmentation setup.

4.1. Geometric multi-model tting

Each label 2 L represents an instance from a speci c
class of geometric model (lines, homographies), and each

lterating Dp(l) is computed by some class-speci ¢ measure of ge-

these two steps generates a sequence of re-estimated mo@metric error. The strength of per-label costs and smooth

elsLo;Lq;Lo;

energy ).

achieved in 5-20 iterations.

converging to a better local minima of
In our experiments, convergence is typically Outliers. All our experiments handle outliers in a standard
In most cases, iterating im- way: we introduce a special outlier labelith h =0 and

costs were tuned for each application.

proves the solution quality signi cantly beyond the inita Dp( ) = const > 0 manually tuned. This corresponds to a
uniform distribution of outliers over the domain.

iteration (see Figur8).
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‘ cessing step; these matches are our observations. Our set
Expected (Average) Eneray of neighbourgpg 2 N is determined by a Delaunay trian-
k gulation of feature positions in the rst image. The mod-
els being estimated are homographies, and each proposal is
generated by sampling four potential feature matches. Data
~_ costs measure the symmetric transfer ertdf pf a match
0 02 04 06 08 1 12 14 16 w.r.t a homography. Figurg shows a representative result.
T T T Multi-body motion segmentation. The setup starts the
\\ Sampling and Re-estimation Performance . .
\“\ (raw data, 15 runs each) same as for homograp_hy estlmat|0n,_ except h_ere each model
50 samples is a fundamental matrix corresponding to a rigid body mo-
—— 250 samples tion, as in [LY], and each proposal is generated by sampling
Lo eight matches. Data costs measure the squared Sampson's
distance [ 1] of a match w.r.t. a fundamental matrix. Fig-

urel shows a representative result. Sé# for details.

Energy

4.2. Image segmentation by MDL criterion

Here the models are either greyscale histograms or Gaus-
sian mixtures in RGB space. Initial proposals were gen-
Figure 8. Energy ) over time for a line- tting example (1000  erated by sampling small patches of the input image, just
points, 40% outliers, 6 ground truth models). Only label cost regu- |ike in [28, 27]. We used uniform Potts model for pairwise

larization was used. Re-estimation reduces energy faster and fromams See] for further details. Figure$ and9 show
fewer samples. The rst point { in each series is taken after ex- examples of our segmentations.

actly one segmentation/re-estimation, and thus suggests the qual- . .
y 9 99 q We formulate the problem as one of nding raini-

ity of Li [ 19] using a greedy algorithm instead of LP relaxation. mum description lengtiVIDL) representation for the im-
age, meaning a we want to represent the image compactly,
in an information-theoretic sense (se&l][ for review of
MDL). The MDL principle was rst proposed for unsuper-
vised segmentation by Zhu & Yuille?f], along with their
region competitioralgorithm. When de ned over a 2D grid
of image pixels, our energy?) can implement a discrete
version of Zhu & Yuille's energy. Our algorithm is however
more powerful because-expansion makes large moves,
while region competition relies on local contour evolution
and explicit merging of adjacent regions.

n
1.2 Time (s)

Line tting. Our line tting experiments are all synthetic
and mainly meant to be illustrative. Data points are sampled
i.i.d. from a ground-truth set of line segments (e.g. Fig-
ure5), under reasonably similar noise; outliers are sampled
uniformly. Since the data is i.i.d. we s€t; = 0 and use
the greedy algorithm from Sectiéh3. Figure5is a typical
example of our line tting result with outliers.

In 2D each line modedl has parameters = fa;b;c; g
whereax+ by+ ¢ = 0 de nes the line and ? is the variance
of data; herea; b; chave been scaled such tladt+ b? = 1.
Each proposal line is generated by selecting two randomg. Discussion
points fromP, tting a;b;caccordingly, and selecting a

random initial based on a prior. The data cost fora 2p  Our C++ implementation and MATLAB wrapper are

pointx, = (xX;x%) is computed w.r.t. orthogonal distance aval'lable thttp.://vision.csd.uwo.ca/f:ode/ . The po-
. tential applications of our algorithm are nearly as broad as
Dp(1) = In »L-exp W . (13) for -expansion. Our algorithm can be applied when obser-

vations are knowrm priori to be correlated, whereas stan-
Figure 8 shows the trend in running time as the num- dard mixture model algorithms are designed for i.i.d. data.
ber of random initial proposals is increased. For 1000 data \We can generalize the concept of label costs by making
points and 700 samples, convergence took .7—1.2 secondthem spatially variant. The label cost term in energy (
with 50% of execution time going towards computing data could actually be e§pre§(sed as

costs (L3) and performing re-estimation. hP . (f.) (14)
. . . . . . L L\'P
Line interval and circle tting. Figure6 shows three in- PP LL
terval tting results from different initial proposals. & \here the energies discussed in this paper are the special
ure7 shows a simple circle tting result. Se&][for details. case whe? = 0 for all clique set® ( P. Note that the

Homography estimation. Our setup comes directly test-and-reject approach (Sectidr) to incorporateC ()
from [13] so we give only an outline. The input comprises may no longer be ideal for such “regional' label costs.

two (static) images related by a fundamental matrix. We  Regional label costs may be useful when labels belong to
rst detect SIFT features]{(] and do matching as a prepro- known categories with speci c priors, such as “pay a xed
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Figure 9. Unsupervised segmentation by clustering simultaneously s pnd colour space using Gaussian mixtures (colour images)
and non-parametric histograms (greyscale images). Notice we ndeoalustering on baseball than Zabih & Kolmogorav][without
over-smoothing. For segmentation, our energy is closer to Zhu & Yuiligut our algorithm is more powerful than region-competition.

penalty if any label fromf sky,cloud,sug appears in the _ ( ifp2P
bottom of an image.” Indeed, our higher-order label costs fp = f}, otherwise
themselves seem to be novel, both in vision and in terms of
the UFL problem, and can be thought of as a speci ¢ type Sincef’is a local optimum w.r.t. expansion moves we have
of co-occurrence cost. E() E(F ): (17)

Furthermore a binary construction based on Robust
P" Potts [L5], within our expansion step, allows us to
encode an arbitrary concave penalty on the number o
variables taking a speci c label, thus generalizing) if E(f)is = Dp(fp) + Vpg(fpifq):
needed. We leave this as future work. p2s pg2s

Our energy is quite general but this can be a disadvan-
tage in terms of speed. Theexpansion step runs in poly-
nomial time for xed number of positiveh, terms, but
higher-order label costs should be used sparingly. Even the | = P [f pg2N:p2P ;q2P ¢
set of per-label costish,g slows down -expansion by 40— O = PnP [f pg2N :p62P;q62Pg
60%, though this is still relatively fast for such dif culihe B = f0a2N " 02P ‘a62P a:
ergies P4]. This slowdown may be because the Boykov- Pa -P q 9:
Kolmogorov max ow algorithm E] relies on heuristics that  The following facts now hold:

(16)

Let E()js denote a restriction of the summands of en-
fergy (?) to only the){ollowing terr>r(1$:

We separate the unary and pairwise termg ¢ff) via inte-
rior, exterior, and boundary sets with respect to pikels

do not work well for large cliques, i.e. subgraphs of the kind EG )i, = E(f )] (18)
in Figure4. Even if faster algorithms can be developed, our : '

implementation can test the merit of various energies leefor E(f )io = E(Mio (19)
one invests time in specialized algorithms. E(f )is CE(f )jg (20)
Acknowledgements We would like to thankredrik Kahl for Equation 20) holds because for angg 2 B we have

referring us to the works of Lil[9] and Vidal [26], and for sug- Vpq(f B ;fq ) CVpq(f b ;fq).

gesting motion segmentation as an application. This work was  Let Ey denote the label cost terms of eneifgy Using
supported by NSERC (Canada) Discovery Grant R3584A02 and (18), (19) and @0) we can rewrite {7) as

Russian President Grant MK-3827.2010.9. E( s N, + E( s )ig + En( I ) (21)

A. Optimality proof E(f )i + E( Jisg + En(f ) (22)

Proof of Theorem 1. The proof idea follows Theorem 6.1 B(E )i+ cE(f Jis + En(f ) (23)

of [4]. Letus xsome 2L and let Depending orf* we canému)r(]dEH (f )by

P € p2pP:f,= (15) 3 he if 2L

Lin
We can produce a labelirig within one -expansion move Eq(f ) En (f’\) + 3 oL (24)
from f* as follows: ' 0 otherwise
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where setd. andl” contain the unique labels in andf"
respectively.

To bound the total energy we sum expressiods) (
and @3) over all labels 2 L to arrive at the following:

S
Observe that, for everpq 2 B =

E(f)ii + E(M)is (25)

E(f )i +cE(f )ig +  hjL\L |

2L LLn L

oL B, the term

Vpq(fp; fy) appears twice on the left side ¢f), once for

f, and once for = f,. Similarly everyV (f,;f,)

appeargc times on the right side oR5). Therefore equa-
tion (25) can be rewritten as

E()

E(Mis
hojL\L j:
LLn

E(f )+(2c 1E(f >)JB
+ En(f) En(f )+

(26)

The above inequality is a tiglat posterioribound onE ()
w.r.t. a specic local optimum‘" and global optimunf ;
see B] for worst-case local minima. Observe that

Using 27) and the assumptio

En(f) En(f ) +
X
= h, +

L LnL
L\ U6
X

hjLj:
LL

hejLAL
Lin I

X
he jLAL | 1

A

LLn L
L\L 6;

(27)

0 we simplify (26) to

give a priori bound (LO).
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