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Abstract. Computing only the low degree terms of the product of two
univariate polynomials is called a short multiplication. By decomposition
into subproblems, a short multiplication can be reduced to appropriate
addition of the results of a number of full multiplications. In this paper a
new way of choosing the size of the subproblems is proposed. Computing the
guotient of two polynomials is called a short division. The ideas used in the
short multiplication algorithm are transferred to an algorithm for short divi-
sions. Finally, several applications of short multiplications and divisions are
pointed out.
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1 Introduction

In [10] efficient algorithms for multiprecision floating point multiplication
are developed. The main idea of these algorithms is the fact that, in order to
perform such a multiplication, it is not necessary to first perform the full ex-
act multiplication. In fact the products of the least significant digits do (in
general) not contribute to the final result. In [10] the multiprecision floating
point multiplication is recursively decomposed into a number of subprob-
lems. In this way the result is computed as the sum of a number of full
products.

A similar situation occurs when one is computing in the residue ring
S =R[x]/(xV), for some ringR and positive integetN. When F,G € S
are represented by, g € R[x] (both of degree<N), one could compute the
representativé: € R[x] (of degree<N) for FG by first computing the full
product fg of f andg and subsequently deleting the terms of degrée.
Since
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where f; (resp.g;) denotes the coefficient of of f (resp.g), the products
of high degree coefficients do not contributesitand so it is not necessary to
compute the full productg.

The algorithm of [10] can easily be translated to the polynomial case and
yields an algorithm, to compute that is more efficient than full multiplication.

We will show that this algorithm is not optimal and is asymptotically not better
than full multiplication. We will give an alternative way of choosing the size
of the subproblems in the algorithm. This size will depend on the algorithm
used for full multiplications and we will present our result in such a way that
it is applicable for various algorithms used for full multiplications. We will
show that by using this new way of choosing the subproblems, the algorithm
performs better than when using the subdivision of [10].

Next we will apply the ideas used for short multiplication to polynomial
division. This will improve the efficiency of division algorithms in a similar
way as for short multiplication.

Since there are no manageable exact formulas for the cost functions that we
need in this paper to do our analysis, we will make some simplifying assump-
tions. This implies that the results we get are only approximations, but still they
suffice to lead us to some more efficient algorithms. To justify the use of the
assumptions we will do some experiments and they will show that the results we
get can be interpreted as a kind of average case result. We will also give some
timings of experiments using an implementation of the algorithms described in
this paper. They will show that our theoretical results are in accordance with
practice.

Finally, we will give some applications of our algorithms and the gain that
is yielded by using them instead of full multiplication and division algorithms.

It should be noted that the results in this paper do not improve any theoreti-
cal complexity bounds. They only improve the performance of certain tasks by
a constant factor.

The way of choosing the size of the subproblems as proposed in this paper
is also applicable to multiprecision integer multiplication. However, due to the
phenomenon of carries and their propagation, when multiplying integers, the
details are much more complicated in that case (see for example [10]). For that
reason we will restrict ourselves to the polynomial case, since that will suffice
to expose the main ideas.

Remark. A. Schbnhage pointed out to the author that in [12] there is an exer-
cise (page 35, exercise 17) concerning short multiplication using full Karatsuba
multiplication. The algorithm proposed in this paper for this case was found in-
dependently of this exercise. The authors of the exercise had also this algorithm
in mind but never published their solution.



On Short Multiplications and Divisions 71

2 Short Multiplications

From now on lefk be any ring. For polynomialg, ¢ € R[x] and a non-negative
integer N we define theshort product f x g of f andg with respect taV
(notation similar as in [10]) as:

N-1
fxng=> | D fei|«*. 2
k=0 \i+j=k

The computation of a short product is calledhart multiplication. When us-

ing the classical polynomial multiplication algorithm, equation (2) shows how
one can perform a short multiplication: compute the coefficient products that
contribute to the short product and add them appropriately. It is clear how this
algorithm compares to classical full multiplication. In this section we will also
consider other polynomial multiplication algorithms.

We represent polynomials by sequences of coefficients, i.e. the sequence
f = (fo, f1, ..., fu_1) Of elements irR represents the polynomii[g’;ol fixt.

We say that thdength L(f) of f = (fo, f1...., fu_1) iS n. We then have
dedq f) <n —1andwhenf,_; = 0 we have degf) < n — 1.

First we will assume that botlf andg have length at leasVv. The full
product of f andg can be depicted by the left picture of Fig 1, in which the
coefficient products contributing t6 x y ¢ are indicated by the light gray area.

The right picture of Fig. 1 is a pictorial representation of the algorithm that
we propose to computg x y g. We first compute the full product of the “lower
parts” of f andg of size BN (the dark gray area) and then recursively com-
pute two short products of polynomials of smaller length (the two light gray
areas). Next we add appropriate terms to get the final result. For the computa-
tion of the full products we can use any multiplication algorithm. The number
1/2 < B < 1 will depend on the algorithm used for the full multiplications and
will be determined later. Notice that whegh> 1/2 we do incorporate some
useless coefficient products in the full product of the “lower parts”. Still, by
decomposing the problem in this way, the algorithm for short multiplication we
get is more efficient than the full multiplication algorithm.

Now we will give a precise description of the algorithm. For a polynomial
f and non-negative integersands, we denote by the polynomial

N SN

- -~

Fig. 1. Computing a short productM < L(f), N < L(g))
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f[r,s] — iﬁxi—r )
i=r

Notice that when > s, then "] = 0.

Algorithm ShortMultiplication
Input: f, g € R[x], N a hon-negative integer.
Output: f xy g.

if N =0then
return (0)

fi;

s = [BNT;

= (f10s=Ugl0s=1H[0.N=1]- (fy|| multiplication)
u —ShortMuItlpllcatlon(f[ON s ol N-1 N — )
v := ShortMultiplication( N1 g[ON sSUUN — ),
return (h + x*u + x*v)

Notice that in algorithm ShortMultiplication the computation of the short prod-
uct is reduced to appropriate addition of the full products of several subpoly-
nomials of f andg.

Lemma 1l Algorithm ShortMultiplication is correct.

Proof. Since only the coefficients of &, ..., x¥~! of f andg are involved
we may assume that andg have lengthv. Then, sincev —s — 1 < s, we
can write

f — f[O,sfl] + stc[s,Nfl] — f[O,Nfsfl] _|_XN7Sf[Nfs,sfl] + stc[s,Nfl]
and
g:g[O,sfl]_i_x g[sN 1]_g[ON s— l]+xN sg[N §,5— 1]+xsg[sN 1]
ertlng f[O,N—s—l]g[s,N—l] —u _i_xN—sI:\t andf[s,N—l]g[O,N—x—l] —v —f—XN_‘Yﬁ,
whereu andv are as in the algorithm, we get
fg — f[O,s—l]g[O,s—l] + st(-[O,N—s—l]g[s,N—l] + fo[N—s,s—l]g[s,N—l]
+ XSf[s,N—l]g[O,N—s—l] + fo[s,N—l]g[N—s,s—l] + XZSf[s,N—l]g[s,N—l]
— f[O,s—l]g[O,s—l] +xu 4+ xNﬁ + xS+ fo) 4+ fo[N—x,s—l]g[s,N—l]
+ fo[s,Nfl]g[Nfs,sfl] + XZSf[s,Nfl]g[s,Nfl] )

Since2 > N—1landdegr’u), degx*v) < N —1itfollowsthat(fg)>N-1 =
(105 Uglos—)ONTT sy 4 x5y, This proves the lemma. O

We will now compare the cost of algorithm ShortMultiplication with the cost
of full multiplication. We will express the cost of an algorithm in the number of
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multiplications inR executed by that algorithm, assuming that they contribute
the major part of the cost.

Let FM(N) (Full Multiplication) denote the cost of some polynomial multi-
plication algorithmM to compute the product of two polynomials of length
Furthermore, let SM(N) (Short Multiplication) denote the cost of algorithm
ShortMultiplication to compute the short prodytix y g, usingM for the full
multiplications.

We have the following relations for the cost function SiW):

{SM,s(N)=FM(FﬁN1)+ZSM,3(N— [BNT); 3)
SMg(0) =0 .
By applying equation (3) recursively and substituting exact values farN-M
one can compute the exact value of W) for any givenV. However, it seems

impossible to derive in this way a manageable exact formula fog (@M for
the following reasons:

e For most full multiplication algorithms there is no manageable exact formula
for FM(N).

e The size of the full multiplications into which the short multiplication is
subdivided depends heavily on the actual valug/of

So, in order to be able to perform a comparison betweep@Mand FMN)
for generalv, we will make the following simplifications:

e We will approximate FMN) by some exact formula.
o We will extend all formulas to non-integer arguments.
o We will approximate equation (3) by

{ SMg(N) = FM(BN) + 2 SMs((1 — B)N); @)
SMg(N) =0 forN <1 .

Of course, using these simplifications implies that the results we will derive are
only approximations. However, they are still good enough to lead us to some
algorithms that in practice perform better than previous algorithms. Moreover,
we will show by some experiments that our theoretical results can be interpreted
as a kind of average case results.

In our further analysis we will take FiW) = N* for some < o < 2.
This is supposed to approximate the cost of classical multiplication for
o = 2, Karatsuba multiplication forr = log,(3) and the generalizations
of Karatsuba multiplication forx = log,(2r + 1)/log,(r + 1), r > 1 (see
[8], 4.3.3 and [12], 1.3.5).

By applying equation (4) recursively we get ford x < 1/(1 — 8) and
k> 0:
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k
SMp(x/(L— B)) = > 2FM(Bx/(1 - B)*)

i=0
_ B N gy
T ;< 1-8)%
(B 11— - gttt
S @A=pre 1-20-p
Since 21 — B)* < 1 we get for large:

SMy(x/(L— By ~ — ( a )

1-21-p)* \(1-p)
_ P _ gk
= T2a g ME/ A=A .
and thus for largev we have
SMg(N) =~ Ao (B)FM(N) , (6)
where
Ao (B) = L
¢ 1-21-p)

We will now give another justification of equation (6). Singgd 2 g)* < 1
we get from equation (5) for sufficiently largendk > I:

(Bx)*

l
a—p Y A-py

i=0

SMg(x/(1 - B)) ~

1
=Y 2FM(Bx/(1 - p)*) |

i=0
so for sufficiently largeV we have

!
SMp(N) ~ > " 2FM(B(L— B)'N) .
i=0
So, algorithm ShortMultiplication reduces the short multiplication to a number
of full multiplications of different size and a few of those full multiplications (of
largest size) will dominate the cost of the algorithm. Sincefer 0 the fraction
FM(aN)/FM(N) = a* does not depend oN, it follows that for sufficiently

largeN:
SMlg (aN) ~

~a% . 7
SMy(N) ¢ @
The same arguments will be used later to justify a similar relation for other cost
functions. From equations (4) and (7) we now get

SMg(N) ~ FM(BN) + 2(1 — B)* SMy(N) .
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From this equation (6) follows.

We can now minimize SIM(N) by minimizing A, (8), which is minimal
for Bmin = 1 — (1/2)% @) Figure 2 plotsfmin and A, = Ay (Bmin) for
l<a<?2.

We will now have a closer look at some special values.of

1. Classical multiplicationd = 2):
We haveBmin = 1/2 andA, = 1/2, so compared with full multiplication
we gain 50%, which is not very surprising. Notice that the computation
of a short product by computing only the coefficient products needed and
adding them appropriately, performs the same number of multiplications as
our algorithm does, but will in practice be faster than our algorithm due to
less overhead.

2. Karatsuba multiplication{ = log,(3) ~ 1.585):
We havefmin ~ 0.694 andA|qg,3) ~ 0.808, so we gain about 19%.
The polynomial version of the algorithm in [10] takgs= 1/2. Since
Apog,3(1/2) = 1, this algorithm would gain nothing in the asymptotic
case. However, for moderate length polynomials this algorithm will in fact
yield some gain, but this tends to 0 very rapidly for increasing length poly-
nomials (see also [10], Section 8).

3. Generalizations of Karatsuba multiplication « € 109,(2r + 1)/
log,(r + 1)):
For increasingr we have thaix approaches 1, in which case aldg
approaches 1. So the gain of our algorithm compared to full multiplica-
tion decreases for increasing For example, forr = 2 we havex =
log,(5)/10g,(3) ~ 1.465 andA, ~ 0.888, so a gain of only 11%. Notice
that these algorithms become impractical for larger valuesdoie to their
large overhead (see also [8] and [12]).

When we take foM an algorithm based on fast Fourier transforms (see [3], [7]
and[11])we have FNIV) = N log,(N) or FM(N) = N log,(N) log,(log,(N)).

By approximating FMN) by N* for « close to 1 and noting that thet), ~ 1,

we see that there is no gain compared to full multiplication in this case.

1 1
0.9 0.9
0.8 0.8
Bmin Ax
0.7 0.7
0.6 0.6
0.5 0.5
1 1.2 1.4 1.6 1.8 2 1 1.2 1.4 1.6 1.8 2
o o

Fig. 2. BminandA,forl <o <2
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Now we will consider the case whefiand/org have length less thaN'.

We can then indicate the short product fand g by the light gray area in
Fig. 3. In this case we simply consider bgttandg to be of lengthv and apply
algorithm ShortMultiplication. This can be depicted by the lined area in Fig. 3.
Doing this will not be as costly as whefiandg would have lengthV, since
eventually polynomials to be multiplied will be 0 (the lined but not light gray
area in Fig. 3).

Instead of computing only the coefficients of the low degree terms of a prod-
uct of polynomials, one can also compute only the coefficients of the high degree
terms. We call this thepposite short product. For polynomialsf, g € R[x] of
degreel; resp.d, it is defined by:

df+dg
fxNe=> "> figi | ®)
k=N \i+j=k

In order to compute the opposite short product one can adjust the algorithm for
short multiplication or use the formula

fxN g =rev(rev(f, ds) X, +d,—n+1) T€V(S. dg), dy + dy)

where theth coefficient of reyh, n) is the(n — i)th coefficient ofs, and use

the algorithm for the short product described before. Let OppShortMultiplica-
tion be an algorithm to compute an opposite short product using one of these
methods. For the cost of OppShortMultiplication we then get the same results
as for the cost of ShortMultiplication.

3 Short Divisions

In this section we will show how the ideas that we have used in the algorithm
for computing short products can also be used to compute the quotient of two
polynomials. In the descriptions of the algorithms that we will give, any al-
gorithm for full multiplication can be used. In the analysis of the algorithms

N

N\

Fig. 3. Computing a short producM > L(f), N > L(g))
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we will take again FMN) = N¢ for some 1< o < 2. Furthermore we will
assume that all divisions that have to be performed, can be perfornkedrid
we will ignore their cost (since there are far more multiplications involved).

We will call the computation of both quotient and remainder of two poly-
nomials afull division. Computing only the quotient of two polynomials, will
be called ahort division.

In [6] an algorithm is described to perform a full division (in the integer
case) using Karatsuba multiplication. We will now describe this algorithm in
the polynomial case, using an arbitrary algorithm for full multiplication.

The algorithm can be depicted by the left picture of Fig. 4. Assumegthat
has lengthv, f has length 2 — 1 and thafey_; # 0. To perform a full divi-
sion of sizeN, i.e. computey andr such thatf = gg + r, wherer has length
N — 1, first a full division of sizeV /2 is performed (the light gray area), then a
full product of sizeN /2 is computed (the diagonally lined area), subsequently
another full division of sizeV /2 is performed (the dark gray area) and finally
another full product of siz&/ /2 is computed (the vertically lined area). We will
now give a precise description of the algorithm.

Algorithm FullDivision

Input: f, g € R[x] suchthatl(f) =2L(g) — 1, gL()-1# 0.
Output: ¢, r € R[x] such thatf = gg +r and L(r) = L(g) — 1.

N :=L(g);
if N = 1then
return (fo/go, 0)
fi;
s 1= |N/2];

(g1, 1) := FullDivision (f12:2V=2] gls.N-1l);

b= fI02-1 4 x5 — x3g,g1%5=1: (full multiplication)

(qo, ro) := FullDivision (hls-2V=s=21  ols-N-11);

return (go + x*qu, 1%~ — gogl®s =1 4 x*ro) (full multiplication)

Lemma 2 Algorithm FullDivision is correct.
Proof. Since de@:) < 2N — s — 2 we have

fO2 —gog — x°gig
+ x2s (f[Zs,2N72] _ qlg[s,Nfl])

f—(go+x'q)g = [0,5—1]

+N

-~

N

Fig. 4. Full and short division
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— f[O,Zsfl] — gog — xsqlg[O,sfl] + x2srl

=h —qog

— h[O,s—l] _ qog[O,s—l] + xS (h[s,ZN—s—Z] _ qog[s,N—l])
— h[O,s—l] _ qog[O,s—l] +xsr0 )

Since dedh®s~4 — gogl®=1 4 x5rg) < N — 1, this proves the lemma. O

By FD(N) (Full Division) we will denote the cost (i.e. number of multiplica-
tionsinR) of performing a full division of sizéV, using algorithm FullDivision.
Making the same simplifications as in Section 2 and using similar arguments
as we used to justify Eq. (7) we can argue thatdore 0 and sufficiently
largeN:

FD@aN) _
FD(N)
We then get
FD(N) = 2FD(N/2) + 2FM(N/2)
~ 21" FD(N) + 21" FM(N) ,
so FO(N) ~ C, FM(N), where

21—a
1— 2« -

We haveC; = 1 (as expected)ioq,3y = 2 (as in [6]),C, ~ 2.63 fora =
log,(5)/ 10g,(3) andC, goes toco for o approaching 1.

The ideas used in our algorithm to compute short products can also be used
to perform a short division. We get the algorithm depicted by the right picture of
Fig. 4. first perform a full division of sizg N (the light gray area), then compute
a short product of sizé€l — y) N (the diagonally lined area) and finally perform
a short division of siz€l — y)N (the dark gray area). Her¢d < y < 1 will
be determined later. We will now give a precise description of the algorithm.

Cy =

Algorithm ShortDivision
Input: f, g € R[x]suchthatl(f) =2L(g) —1,gL()-1# 0.
Output: g € R[x] suchthatl(f —qg) =L(g) —
N :=L(g);
if N =1then
return (fo/go)
fi;
s:=[A=y)N;
(1, r1) = FullDivision ( f[2s:2N=2] gls.N=11);
= OppShOl‘tMultlpllC&thlﬂnil g[o SSUN — 5 — 1) /xN 5L
— f[N 125-1] 4 (x2s N+s—2] .
go = ShortDivision(x*~ 1h, gV=s:N= l]),
return (go + x*q1)



On Short Multiplications and Divisions 79

Lemma 3 Algorithm ShortDivision is correct.

Proof. Writing g1~ = 7 4+ rx¥—5-1, wherer is as in the algorithm, we get

f—x'qg = f —x"q1 (g% + x* gtV 1)
= 021 4 2 (f[25,2N—2] _ qlg[s,N—l]) — gyl
= 021 s G051 2
= fO2=U _ 75 — ixN 14 x5y .

From this we see that — g1gx* = h + xV=1h, whereh is as in the algorithm
and degh) < N — 1. Writingx*~*h = gog!V =¥=4 4 o, wheregg is as in the
algorithm, we get

f—(qo+x'q0g=h+x""h - qog
=h+x"" (qog™ N M 4 ro) — qog
— /’Al +)CN_SI‘0 - qog[O,N—s—l] )
From this it is clear that dég’ — (g0 + x*¢q1)g) < N — 1 = dedg), which
proves the lemma. O

By SD, (N) (Short Division) we denote the cost (i.e. number of multipli-
cations inR) of performing a short division of siz&, using algorithm Short-
Division. Again, using the same arguments as in section 2 to justify Eq. (7),
we may assume that far> 0 andN sufficiently large we have:

SD, (aN)
—— X a
SD,(N)

o

We then get

SD,(N) = FD(y N) + SMg((1 — y)N) + SD, ((1 = y)N)
~ (Coay® + A1 = y)*) FM(N) + (1 = »)* SD,(N) ,

S0 SO, (N) =~ Dy(y) FM(N), where

Coy® + A1 —p)*
1-1—-y)

Let D,(y) be minimal fory = ymin. We are not able to give a closed form
expression folymin, in terms ofa, so we have determineghin, Dy (Ymin) @nd

D, (1/2) numerically for several values of. They are listed in Table 1. We
see that the gain by taking different from 1/2 is negligible, so we take =

1/2 and letD, = D,(1/2). In the case of Karatsuba multiplication we then
haveDjog,3) = 1.404 and thus SD>(N) ~ 1.4 FM(N). Comparing this with
FD(N) ~ 2 FM(N), we see that when we only need the quotient of two poly-
nomials, the short division algorithm gains 30% compared to the full division
algorithm.

Dtx()/) =
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Table 1. Optimal value fory

o Ymin Dy, (Ymin) D, (1/2)
2 0.500 Q500 Q500
l0g,(3) 0.542 1397 1404
log,(5)/10g,(3) 0.548 1988 1998
1.3 0.547 3611 3611

4 Experimental Justification

Since the arguments and computations in the previous sections are very coarse
we will do some experiments to justify the results that we have derived.
Although the simplifications made in the previous sections imply that the
ratios FMIN)/N¢, FM(aN)/FM(N), SMg(N)/FM(N), SMg(aN)/SMg(N),
FD(N)/FM(N) and SD (N)/FM(N) are independent of the actual value of
N, their exact values do depend heavily & However, we will show by
some experiments that the theoretical results that we have derived are a kind of
average case result. In our experiments we will take Karatsuba multiplication
as full multiplication algorithm, i.ex = l0g,(3).

The exact value of FNIV) can be computed by using the relation

FM(N) = 2FM([N/2]) + FM(N — ([N/2]) ,

and in Fig. 5 the ratio FNW)/N® and its averag(€ZiN:1 FM(i)/i"‘) /N are
plotted forN = 1, 2,...,500. We see that only wheM is a power of 2 we
have FMN) = N*. In general we only have ¥ FM(N)/N% < 1.4. Figure 5

has the fractal property of being self-similar. Each peak in the plot is a refine-
ment of the previous peak spread over an interval of double length. Of course
this structure reflects the fact that Karatsuba multiplication has a recursion with
polynomials of half the original length. We will see a similar fractal structure
in some other plots in the sequel.

N ™ 00 0w

M) 1
No

Sooo~LLLL:
AN PROOLNPADONNROIOWN A

0 100 200 300 400
N

Fig. 5. FM(N)/N® and its average faN = 1, 2, ..., 500
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In the previous section we could have ug@@ as an approximation for
FM(N), wherec is some constant representing the “average” of Ny N¢,
but this would lead to the same results since we are only interested in ratios.

In Fig. 6 the exact values of the ratios &) /FM(N) and SMs(aN)/
SMg(N) and their averages are plotted fer= 0.8, 8 = 0.7 andN =
1,2,...,500. To compute the exact value of $(\W) one can use Eq. (3).

We observe for the two ratios the same fractal structure as in Fig. 5 and one also
gets the same structure for different valueg ahdg and for larger values a¥ .

We see that the average values of @¥)/FM(N) and SMs(aN)/SMg(N)

are close to the approximate ratity ~ 0.7 that we have derived in Section 2.

Next we plotin Fig. 7, fog = 0.5 andg = 0.7, the exact values of the ratio
SMg(N)/FM(N) and their averages faf = 1, 2, ..., 500. Again we observe
the same fractal structure as in previous figures. As predicted in Section 2, we
see that fog = 0.5 the ratio tends to 1 and that f8r= 0.7 the average value
of SMg(N)/FM(N) is close to the approximate ratig, ~ 0.81.

Finally, to justify our theoretical results concerning division we plotin Fig. 8
the exact values of FOV) /FM(N) and SO),»(N)/FM(N) and their averages
forN =1, 2,...,500. The plots show the same fractal structure as in previous
plots and we see that KIV) /FM(N) is close to 2 and that S[»(N)/FM(N)
is close to 14. This is in accordance with our results in Section 3.

0.9 0.9
0.8 SMg (o)
FM(aN) SMaN) 0.8
FM(N) B
0.7
0.7
0.6
0.6
0 100 200 300 400 0 100 200 300 400
N N

Fig. 6. FM(aN)/FM(N), SMg(aN)/SMg(N) and their averages far = 0.8, 8 = 0.7 and
N=12,..., 500

o
©
>
o =
© 9
00 O

SM@(N) 0v86 SMg(N\)
FM(N) 0:84 FM(N)

000 0000 0000 O0O
20 CNNNNO nmn oo
BRHONN D000 NEDHDONSD0_

0 100 200 300 400 0 100 200 300 400
N N

Fig. 7. SMgz(N)/FM(N) and their averages fav = 1,2, ..., 500 8 = 0.5 (left), B = 0.7
(right))
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N

1.4
12

FDV) SDN) s

EMV) MY

0.4
0.2

0.5

0 160 200 300 400 0 100 200 300 400
N N

Fig. 8. FD(N)/FM(N), SDy/2(N)/FM(N) and their averages fay =1, 2, ..., 500

From the experiments described in this section we see that the theoretical
results we have derived in Sections 2 and 3 can be interpreted as average case
results.

5 Implementation

We have implemented the algorithms described in Sections 2 and 3 in Aldor
as part of thex'"—library ([2]), using the built-in multiplication algorithm for
Karatsuba multiplication.

In the full Karatsuba multiplication algorithm one uses classical multipli-
cation when the length of the polynomials is less then some threghahk
do the same in our implementation of short multiplication, i.e. we compute all
necessary coefficient products and add them appropriately when the length of
the polynomials is less then a threshaldThe best choice of depends on
the coefficient domain of the polynomials and guided by some experiments we
have chosed = 34. For integer coefficient polynomials we uge= 12.

We have also determined the best valueddry experiment. In this way
we take into account the cost of additions and memory management that were
neglected in the theoretical considerations in Section 2. Experiments show that
the best choice fop depends oV and that 68 < 8 < 0.71 is the best in
general. So we see that the best valuef@redicted in Section 2 is also best
in practice and this justifies the simplifying approximations made in Section 2.

We have done some experiments using our implementation on a 336 Mhz
Sun UltraSparc with 1024 Mb main memory, running Solaris 2.6. In order to
see the influence of the ratio between the cost of multiplication and addition
in R, we have performed our experiments on polynomials with the following
types of coefficients:

e 50-digit integer coefficients (ratio is%).
¢ Integer coefficients in magnitude less than 100 (ratia23.1

First we determined the ratio of the timimgy, of short multiplication andgy
of full multiplication for polynomials of lengthv = 50, 51, ..., 500. They
and their averages are plotted in the left pictures of Figs. 9 and 10. Next we
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determined the timingsp of full division andzsp of short division for polyno-
mials of lengthN = 50, 55, ..., 500. The ratio$:p/ trm, tsp/tem andtsp/ tep
are plotted in the right pictures of Figs. 9 and 10.

Although these plots are very irregular we see in the graphsfgtry the
same kind of peaks and valleys as in Fig. 7. However, they are not as extreme
as in Fig. 7. For big integer coefficients the peaks and valleys are most clear.
The reason for this is probably the fact that the costs of additions and overhead
have a smoothing effect on the graphs and this effect is least noticeable in the
big integer coefficient case because there these costs are relatively small. In
both cases we see that the averages@f rewm is close to the theoretical value
A, ~ 0.81 derived in Section 2. For the ratigg /trwm, tsp/ tem @ndesp/ trp We
see that they are also close to the theoretical valuegd it 07 that we have
derived in Section 3.

We also did some timings for polynomials with unequal length. Here
and g have integer coefficients of magnitude less than X0Bas length 50
and f has lengthv = 50, 51, ..., 500. In Fig. 11 the ratio ofsp andzy and
its average are plotted. We see that when the length isfbigger than four
times the length og, the cost of short multiplication can exceed the cost of
full multiplication. For other coefficient domains and for bigger polynomials
we get the same result. Therefore we compute in practice the full product when
L(f) > 4L(g).

The experiments in this section show that, although we made coarse sim-
plifying assumptions in Sections 2 and 3, the theoretical results derived there
are in accordance with practice. This even holds in the case of small integer
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Fig. 11. tsw/tem @and its average when(g) = 50 and L(f) = N for N = 50,51, ..., 500

coefficients, where the ratio between the cost of coefficient multiplication and
addition is small. This is because the number of additions performed by the
various algorithms is proportional to the number of multiplications performed.

6 Applications

In this section we will give some applications of short multiplication and divi-
sion. In some cases we will compute the theoretical gain obtained by replacing,
where possible, full multiplication (division) by short multiplication (division).
We will only consider the case FiWW) = N¢.

6.1 Exact Division

When one knows a priori that a division of polynomials is exact, i.e. the re-
mainder is O, it is not necessary to compute the remainder so performing a
short division suffices. However, in this case we can even further speed up the
computation of the quotient.

In the algorithms of Section 3 we compute the quotient from left to right,
i.e. high degree terms first. When a division of polynomials is exact one can
also compute the quotient from right to left, i.e. low degree terms Gpgidsite
short division), and both methods can be combinéirectional division) by
computing the upper half of the quotient from left to right and the lower half
fromright to left (see [13] and [5], [9] for the integer case). Algorithm ShortDi-
vision from Section 3 can be adjusted to compute the quotient from right to left.
Combining both algorithms, by letting them both compute half of the quotient,
we get an algorithm for exact division whose cost(BD (Exact Division) is:

ED(N) = 2SDy2(N/2)
= 2D, FM(N) .

For classical multiplicationol = 2) we get EN) = FM(N)/4, as was also
shown in [13]. For Karatsuba multiplicatior (= l0g,(3)) we get EON) ~
0.93FM(N). Using bidirectional division in combination with full division
would cost 2FDN/2) ~ 4/3FM(N), so by using short divisions we gain
30%.
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6.2 Power Series Division and Inversion

The task of power series division, i.e. computing for power sgriegnd p, a
polynomialg such thaty = p1/p» (modx?), can be translated to an opposite
short division of sizeV. So we get for the cost PSIV) (Power Series Division)
of power series division:

PSDO(N) = SDy/2(N) = D, FM(N) .

Power series inversion, i.e. computing for a power sgrigpolynomialy such
thatg = 1/p (modx?), can be performed by power series division. However,
we can do better.

Power series can be inverted by using Newtons iteration methqdidf
the power series to be invertegh = 1/p(0) andg,;1 = ¢,.(1 + (1 — g, p))
(mod x2) for n > 0, theng, = 1/p (modx?") for n > 0 (see also [4] 4.9).

Now let us look at the cost of computigg, 1. For this we considep to be a
polynomial of length 2+1. Since 1- ¢, p = 0 (modx?"), we only have to com-
puteq, x 2 (g, p)2"2""). For this, computing, x2' p®21 andg, x» p2"2""]
suffice to computég, p)22""1. So computing (opposite) short products this
computation costs only 3 SM2").

Since the foregoing holds for all we see that, by using short multiplica-
tions, the total cost P&") (Power Series Inversion) of power series inversion
is

n—1
PSI2") =) "3SMy(2)
i=0
n—1
~ 34, Z FM(2)
i=0

3A,
~ FM(2") .
1 2")
Since A,/(2* — 1) < D,, this is a better algorithm for power series inver-
sion than using power series division. For example pfee l0g,(3) we have
3A,/(2* — 1) =~ 1.2 while D, ~ 1.4.

6.3 Fraction Free Gaussian Elimination

When performing 1-step fraction-free Gaussian elimination on a matrix one has
to perform many exact divisions of the fortab — cd)/q (see [1]). When the
matrix has polynomial entries we can apply our methods in this situation. First
we can use the exact division algorithm of section 6.1. When we perform an
exact divisiongy = p1/p» of polynomials, using our method, agdhas length

n, we only need to know the/2 highest and /2 lowest degree coefficients of

p1. This means that when we want to compuié — cd)/q, it is sufficient to
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compute both a short and an opposite short produetaridb, resp.c andd
(see also [13] for the case of classical multiplication).

When the initial entries of the matrix all have degigiden in general at the
kth stagegq, b, c andd will have degreé! andq will have degregk — 1)/, and
thus the quotient will have degrée+ 1)/. When performing full multiplication
and the bidirectional version of the full division algorithm of Section 3, the cost
of each instance of computingb — cd)/q at thekth stage is

2 FM(kD) + 2 FD((k + 1)1/2) = 2 FM(kl) + 2%Cy FM((k + 1)I) .
When using short products and the algorithm of Section 6.1 the cost is
4 SMg((k + 1)1/2) + ED((k + 1)I) = (227%Ay 4+ 2Y9Dy)) FM((k + D)) .

When we assume that Rk + 1)) ~ FM(kI) (which holds for largek) we
go in the case of Karatsuba multiplicatian £ log,(3)) from 10/3 FM(k/) to
2 FM(kl), which means a gain of 40%.

Notice that in a similar way one can improve 2-step fraction-free Gaussian
elimination (see [1]). In this case one has to compute expressions of the form
(ab + cd + ef)/q besides expressions as above.

6.4 Toeplitz Matrix Multiplication

A Toeplitz matrix is a matrix of the form

fo 1 S ... th1
1 fo
T =
: fo I
| e - . t_q to |

A lower (resp. upper) triangular Toeplitz matrix is a Toeplitz matrix with

1 = =t,_1 = 0(resp.t_1 = --- = t_,-1y = 0). For a lower tri-
angular Toeplitz matrix7; and a vectorv = [vo, ..., v,—1] we have that
Tiv = [wo,...,w,_1], Where w; is the coefficient ofx’ in the product

(to+t_1x+-- -+t (_px" H(vo+v1x +- - - +v,_1x""1). So we can compute
T;v by computing a short product. In a similar way we can comfjjte where
T, is an upper triangular Toeplitz matrix. Writing a Toeplitz matfivas a sum
of alower and an upper triangular Toeplitz matrix, we see that we can compute
Tv by computing two short products.

In the same way we see that, for a non-singular lower or upper triangular
Toeplitz matrixT, one can compute such thafr v = w by a short division. It
is not clear how short multiplications and divisions can be used to compute
such thatT'v = w for a general Toeplitz matrix.
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6.5 Applications Involving Long Integers

As mentioned before, the ideas used in this paper can also be applied in the
case of long integer arithmetic. However, the details will become much more
complicated in this case because of the phenomenon of carry propagation. In
particular this will significantly complicate the algorithms that operate from
left to right. To get an idea of the techniques that can be used to handle these
problems the reader is referred to [9] and [10].

Also one can get an improved version of the algorithm described in [10] to
perform multiprecision floating point multiplication, by using the subdivision
scheme proposed in this paper. Again, the details will be more complicated due
to carry propagation.

7 Conclusions

Translating the algorithm of [10] to the polynomial case yields an algorithm to
compute short products of polynomials that is more efficient than full multi-
plication. This algorithm divides the short multiplication into a number of full
multiplications. When one performs full multiplications by the Karatsuba mul-
tiplication algorithm, the gain of this short multiplication algorithm compared
with full multiplication tends to O for increasing degree polynomials.

In this paper we have developed a new way of choosing the size of the full
multiplications into which a short multiplication is subdivided. It is a general
subdividing scheme that is applicable when one uses a full multiplication algo-
rithm whose cost can be approximated by W = N* for some 1< « < 2.

The advantage of this new algorithm is that its gain compared with full multi-
plication is more or less constant, even for increasing degree polynomials. In
the case of Karatsuba multiplication the gain is about 20%.

The ideas used to improve short multiplication are also applied to the prob-
lem of short division, i.e. computing the quotient of two polynomials. This
yields an algorithm that is more efficient than computing both quotient and re-
mainder and in the case of Karatsuba multiplication a gain of 30% is achieved.

It should be noted that the algorithms in this paper do not improve any the-
oretical complexity bounds, the improvements made are only constant factors.
Applications of the algorithms to some frequently encountered arithmetic prob-
lems are pointed out in this paper and so they can contribute to more efficient
code for many problems.
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