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Abstra
t. This paper is a theoreti
al study of notions in 
ombina-tori
s of words motivated by information being en
oded as DNA strandsin DNA 
omputing. We generalize the 
lassi
al notions of 
onjuga
yand 
ommutativity of words to in
orporate the notion of an involutionfun
tion, a formalization of the Watson-Cri
k 
omplementarity of DNAsingle-strands. We de�ne and study properties of Watson-Cri
k 
onju-gate and 
ommutative words, as well as Watson-Cri
k palindromes. Weobtain, for example, a 
omplete 
hara
terization of the set of all wordsthat are not Watson-Cri
k palindromes. Our results hold for more generalfun
tions, su
h as arbitrary morphi
 and antimorphi
 involutions. Theygeneralize 
lassi
al results in 
ombinatori
s of words, while formalizing
on
epts meaningful for DNA 
omputing experiments.
1 Introdu
tionTheoreti
al DNA Computing is an area of biomole
ular 
omputing that has seena surge of a
tivity in re
ent years. It loosely en
ompasses 
ontributions to fun-damental resear
h in 
omputer s
ien
e originated in or motivated by resear
h inDNA 
omputing. Examples are numerous and they in
lude theoreti
al aspe
ts ofself-assembly [1℄, [19℄, DNA sequen
e design [11℄, [16℄, and mathemati
al prop-erties of DNA-en
oded information [10℄, [8℄.This paper 
onstitutes a 
ontribution to the �eld of theoreti
al DNA 
om-puting by investigating a generalization of the 
lassi
al notions of 
onjuga
y and
ommutativity of words motivated by DNA-en
oded information. The main ideais that information-en
oding strings that are used in DNA 
omputing experi-ments have an important property that di�erentiates them from their ele
troni

omputing 
ounterparts. This property is the Watson-Cri
k 
omplementaritybetween DNA single-strands that allows information-en
oding strands to po-tentially intera
t. Mathemati
ally, this translates into generalizing the identityfun
tion, whi
h is the only one operating in the ele
troni
 realm, to an arbitraryinvolution fun
tion. An involution is a fun
tion � su
h that �2 equals the iden-tity. Given an alphabet �, an antimorphi
 involution, i.e., an involution � withthe additional property that �(uv) = �(v)�(u) for all strings u; v 2 ��, is themathemati
al notion that formalizes the Watson-Cri
k 
omplementarity. Indeed,



an antimorphi
 involution 
aptures the two main properties of the Watson-Cri
k
omplement of a DNA strand, namely its being the reverse (antimorphi
 prop-erty) 
omplement (involution property) of the original strand. Repla
ing identitywith involutions paves thus the way to 
on
epts that are both meaningful formal-izations of information-en
oding DNA strands, and mathemati
ally interestinggeneralizations of 
lassi
al 
on
epts in formal language theory, 
oding theoryand 
ombinatori
s of words.For example, using the 
on
ept of involutions one obtains generalizations ofthe 
lassi
al notions of pre�x 
odes, suÆx 
odes and 
omma-free 
odes [12℄, [13℄.In addition to being of theoreti
al interest, these notions prove to be meaningfulin the 
ontext of DNA 
omputing experiments. Indeed, if � is the Watson-Cri
kinvolution, then a �-sti
ky-free, or �-overhang-free 
ode is a set of words where nounwanted hybridizations of a 
ertain type o

ur between DNA 
odewords. Morere
ently, in [14℄ we extended the 
on
ept of bordered and unbordered words toinvolution-bordered and involution-unbordered words.In this paper we extend the notions of 
onjugate and 
ommutative wordsto Watson-Cri
k 
onjugate and Watson-Cri
k 
ommutative words. Our resultshold in a more general 
ontext where the fun
tion � involved is an arbitrarymorphi
 or antimorphi
 involution. To put these results in 
ontext, they augmentstudies of 
ombinatorial properties of words whi
h have meaningful appli
ationsin numerous other �elds. For example, word properties su
h as periodi
ity andborderedness play a role in many areas in
luding string sear
hing algorithms [4{6℄, data 
ompression [7, 20℄ and in the study of 
oding properties of sets of words[2, 18℄ as well as sequen
e assembly in 
omputational biology [17℄. Relevant tothis paper, there are several 
lassi
al results about 
onjuga
y of words and wordsthat 
ommute [18℄. In addition, in [3℄ the authors extend 
ertain 
ombinatorialproperties of 
onjuga
y of words to partial words with an arbitrary number ofholes. An authoritative text on the study of 
ombinatorial properties of stringswould be [15℄.The paper is organized as follows. We begin by reviewing basi
 
on
epts of
ombinatori
s of words and the de�nition of �-bordered and �-unbordered wordsfor an arbitrary morphi
 or antimorphi
 involution �. In Se
tion 2, we also de-�ne the 
on
ept of �-
onjuga
y on words. If � is the antimorphi
 Watson-Cri
kinvolution, this gives rise to the notion of Watson-Cri
k 
onjugate words. Figure1 illustrates the intera
tion between two DNA strands u and v over the DNAalphabet � = fA;C;G; Tg that are Watson-Cri
k 
onjugates to ea
h other.We show that for a morphi
 involution �, the �-
onjuga
y on words is re
ex-ive, symmetri
 and transitive. We also obtain several properties of �-
onjugatewords in
luding a general 
hara
terization of the words that are �-
onjugate inProposition 1. These results generalize well-known properties of 
onjugate words[18℄.In Se
tion 3, we introdu
e the 
on
ept of �-
ommutativity on words foran arbitrary morphi
 or antimorphi
 involution �, and its parti
ular 
ase ofWatson-Cri
k 
ommutativity. Figure 3 illustrates the intera
tion between twoDNA strands u and v that Watson-Cri
k 
ommute. We obtain several prop-



erties of words that �-
ommute, in
luding their 
hara
terization (Proposition3), and properties of the set C�(1) of words that 
annot be written as a 
on-
atenation of two non-empty words x; y su
h that x �-
ommutes with y. Theseproperties generalize 
lassi
al properties of words that 
ommute, [18℄. We de�nethe notion of �-palindrome that was obtained independently in [9℄. Note that if� is the Watson-Cri
k involution, then the notion of Watson-Cri
k palindromes
oin
ides with the term \palindrome" as used by mole
ular biologists. We de�nea relation on words using the �-
ommutativity and show that, for an antimor-phi
 involution �, the set of all �-palindromes 
an be 
hara
terized using thisrelation.
2 Watson-Cri
k 
onjugate wordsBefore introdu
ing the notion of Watson-Cri
k 
onjugate words, we review somebasi
 
on
epts of 
ombinatori
s of words. An alphabet � is a �nite non-empty setof symbols. A word u over � is a �nite sequen
e of symbols in �. We denote by�� the set of all words over �, in
luding the empty word � and, by �+, the setof all non-empty words over �. We note that with the 
on
atenation operationon words, �� is the free monoid and �+ is the free semigroup generated by�. For a word w 2 ��, the length of w is the number of symbols in w andis denoted by jwj. For a word w, the set of its pre�xes/ suÆxes are de�ned asfollows: Pref(w) = fu 2 �+j9v 2 ��; w = uvg and Su�(w) = fu 2 �+j9v 2��; w = vug.Bordered words were initially 
alled \overlapping words" and unborderedwords were 
alled \non-overlapping words". For properties of bordered and un-bordered words we refer the reader to [18, 21℄. In [14℄, we extended the 
on
eptof bordered words to involution bordered words. We now re
all some notionsde�ned and used in [21℄ and [14℄.De�nition 1. Let � be either a morphi
 or an antimorphi
 involution on ��.1. For v; w 2 ��, w �p v i� v 2 w��.2. For v; w 2 ��, w ��s v i� v 2 ���(w).3. ��d =�p \ ��s.4. For u 2 ��, v 2 �� is said to be a �-border of u if v ��d u, i.e., u = vx =y�(v).5. For w; v 2 ��, w <p v i� v 2 w�+.6. For w; v 2 ��, w <�s v i� v 2 �+�(w).7. <�d =<p \ <�s.8. For u 2 ��, v 2 �� is said to be a proper �-border of u if v <�d u.9. For u 2 �+, de�ne L�d(u) = fvjv 2 ��; v <�d ug.10. ��(u) = jL�d(u)j.11. D�(i) = fuju 2 �+; ��(u) = ig.12. A word u 2 �+ is said to be �-bordered if there exists v 2 �+ su
h thatv <�d u, i.e., u = vx = y�(v) for some x; y 2 �+.13. A non-empty word whi
h is not �-bordered is 
alled �-unbordered.



A word u in �� is a 
onjugate of w in �� if there exists v 2 �� su
h thatuv = vw. Note that 
onjuga
y on words is an equivalen
e relation. In [3℄, theauthors showed that 
onjuga
y on partial words is re
exive and symmetri
 butnot transitive. In this se
tion we extend the 
on
ept of 
onjuga
y of words toin
orporate the notion of an involution fun
tion and show that �-
onjuga
y onwords is re
exive. We also show that �-
onjuga
y on words is symmetri
 andtransitive when � is a morphi
 involution.De�nition 2. Let � be either a morphi
 or an antimorphi
 involution. A wordu is a �-
onjugate of another word w if uv = �(v)w for some v 2 ��.Example 1. Let � = fa; bg and � be an antimorphi
 involution whi
h maps a tob and vi
e versa. Let u = aba and w = bab. Then u is a �-
onjugate of w sin
eaba � b = �(b) � bab.
u

w

u

w

(a) (b)Fig. 1. If u is Watson-Cri
k 
onjugate of w, then u and the Watson-Cri
k 
omplementof w overlap, resulting thus in one of the two intermole
ular hybridizations shownabove.
For any DNA string u over the DNA alphabet � = fA;G;C; Tg, the Watson-Cri
k 
onjugates of u are de�ned as the DNA strings w su
h that uv = �(v)w forsome v 2 ��. In this 
ase, � is the Watson-Cri
k involution whi
h maps A 7! T ,C 7! G and vi
eversa su
h that � is an antimorphi
 involution. In the followingexample we �nd all the Watson-Cri
k 
onjugates of a given DNA string.Example 2. Let � = fA;G;C; Tg be the DNA alphabet and let u = ATAG.Then the Watson-Cri
k Conjugates of u are given by Conj�(u) = fATAG;TAGT; AGAT; GTAT;CTATg. For all w 2 Conj�(u), there exists a v 2 ��su
h that uv = �(v)w. These words v respe
tively are T , AT , TAT , CTAT .The 
hara
terization of �-
onjugate words in Proposition 2 will show that ifu and w are Watson-Cri
k 
onjugates, then u and the Watson-Cri
k 
omplementof w overlap, hen
e forming the hybridization in Fig 1.Note that for all u 2 ��, u is a �-
onjugate of u sin
e u� = �(�)u. Also u is a�-
onjugate of �(u) sin
e u�(u) = �(�(u))�(u) and hen
e for all u; v 2 ��, uv is a�-
onjugate to v�(u) sin
e uv�(u) = �(�(u))v�(u). Even though we 
on
entrateonWatson-Cri
k 
onjugates, we provide results that hold for any general morphi
or an antimorphi
 involution. In the next lemma we show that the �-
onjuga
yof words is transitive when � is a morphi
 involution.



Lemma 1. Let u; v; w 2 �+ su
h that u is a �-
onjugate of w and w is a�-
onjugate of v.1. If � is a morphi
 involution then u is a �-
onjugate of v.2. If � is an antimorphi
 involution then u is not ne
essarily a �-
onjugate ofv.Proof. 1. Let � be a morphi
 involution. Sin
e u is a �-
onjugate of w and wis a �-
onjugate of v then there exists r; s 2 �� su
h that ur = �(r)w andws = �(s)v whi
h implies that urs = �(r)�(s)v. Hen
e urs = �(rs)v and uis a �-
onjugate of v.2. Let � be an antimorphi
 involution. Then u is not ne
essarily a �-
onjugateof v. For example let � = fa; bg and �(a) = b and let u = aba, w = bab andv = bba. Note that aba is a �-
onjugate of bab sin
e aba � b = �(b) � bab. Alsobab is a �-
onjugate of bba sin
e bab � ba = �(ba) � bba. Suppose there exista y 2 �� su
h that aba � y = �(y) � bba then �(y) = ax for some x 2 ��whi
h implies that y = �(x)b whi
h is not possible sin
e y has to be of theform za. Hen
e the �-
onjuga
y relation is not transitive for an antimorphi
involution �. utLemma 2. Let x; y 2 �� su
h that x is a �-
onjugate of y.1. If � is an antimorphi
 involution then for all u 2 �� ux is a �-
onjugate ofy�(u).2. If � is a morphi
 involution then there exists a u 2 �� su
h that ux is not a�-
onjugate of y�(u).Proof. 1. Let � be an antimorphi
 involution. Sin
e x is a �-
onjugate of y thereexists v 2 �� su
h that xv = �(v)y and hen
e uxv�(u) = u�(v)y�(u). Taker = v�(u), then �(r) = �(v�(u)) = u�(v) whi
h implies that uxr = �(r)y�(u)hen
e ux is a �-
onjugate of y�(u).2. Let � be a morphi
 involution and let � = fa; bg su
h that �(a) = b. Notethat for x = abb and y = bbb, x is a �-
onjugate of y sin
e x � b = �(b) � bbb.But for u = ab ux is not a �-
onjugate of y�(u). Also for w = ux = ababb,the set of all �-
onjugates is C = fbabaa; bbaba; bbbab; abbba; babbb; ababbgand 
learly y�(u) = bbbba =2 C. utProposition 1. Let u be a �-
onjugate of w su
h that uv = �(v)w for somev 2 ��. Then for a morphi
 involution � there exists x; y 2 �� su
h that u = xyand one of the following hold:1. w = y�(x) and v = (�(x)�(y)xy)i�(x) for some i � 0.2. w = �(y)x and v = (�(x)�(y)xy)i�(x)�(y)x for some i � 0.Proof. Let � be a morphi
 involution. Given uv = �(v)w for some v 2 ��. Thenwe either have juj < jvj or jvj � juj. Suppose juj � jvj then u = �(v)� and w = �v



for some � 2 ��. Hen
e for v = �(x), u = xy and w = y�(x). Assume thatjuj < jvj. Then there exists p1 2 �+ su
h that �(v) = up1 and v = p1w. Hen
ev = p1w = �(u)�(p1). Suppose juj < jp1j then there exists p2 2 �+ su
h thatp1 = �(u)p2 and �(p1) = p2w and hen
e u�(p2) = p2w and v = �(p2)�(w)w =�(u)u�(p2). Continuing this way we 
an �nd a pn 2 �+ su
h that juj > jpkj andv = anj �(xn) for aj = �(u) when j is odd and aj = u when j is even. When nis even, we have n = 2k and v = (�(u)u)k�(x2k) with u�(x2k) = x2kw whi
himplies u = x2kr = xy and w = r�(x2k) = y�(x) and v = (�(x)�(y)xy)k�(x).When n is odd n = 2k + 1 for some k and v = (�(u)u)2k�1�(u)�(x2k+1) with�(u)�(x2k+1) = x2k+1w. Then we have �(u) = x2k+1r = �(x)�(y) and w =r�(x2k+1) = �(y)x and v = (�(x)�(y)xy)2k�1�(x)�(y)x. utCorollary 1. For a morphi
 involution � on ��, �-
onjuga
y on words is asymmetri
 relation.Proposition 2. Let u be a �-
onjugate of w. Then for an antimorphi
 involu-tion �, there exists x; y 2 �� su
h that either u = xy and w = y�(x) (Figure 1,(a)) or w = �(u) (Figure 1, (b)).Proof. Sin
e u is a �-
onjugate of w we have uv = �(v)w for some v 2 ��. Ifjuj < jvj then there exists v1 2 �+ su
h that �(v) = uv1 and v = v1w andhen
e v = �(v1)�(u) = v1w whi
h implies w = �(u). If jvj � juj then there existsw1; w2 2 �� su
h that w = w1w2 and u = �(v)w1 and v = w2 whi
h impliesu = �(w2)w1. The statement holds then for x = �(v) and y = w1. utCorollary 2. Let � be either a morphi
 or an antimorphi
 involution and let ube a �-
onjugate of w for u;w 2 �+. Then either uw or wu is �-bordered.Let u be a �-
onjugate of w. Then for an antimorphi
 involution �, either uwor wu pre
isely form a hairpin-like stru
ture. For example, 
hoose a DNA stringu = ATAGCT and one of its Watson-Cri
k 
onjugates w = GCTTAT . Thenuw = ATAGCTGCTTAT = (ATA)GCTGCT�(ATA), as illustrated in Fig. 2.
Fig. 2. The DNA string GCTTAT is a Watson-Cri
k 
onjugate of ATAGCT , andtheir 
atenation ATAGCTGCTTAT forms a hairpin.
3 Watson-Cri
k 
ommutative wordsTwo words x and y are said to 
ommute when xy = yx, [18℄. In this se
tion wede�ne the 
on
ept of �-
ommutative words and show that 
ommutative wordsare a spe
ial 
ase of �-
ommutative words when � is identity. We also introdu
ethe �-
ommutativity order and 
hara
terize the set of all �-palindromes for anantimorphi
 involution �.



De�nition 3. Let � be either a morphi
 or an antimorphi
 involution.1. For x; y 2 ��, x is said to �-
ommute with y if xy = �(y)x.2. We de�ne the �-
ommutativity order as v ��
 u i� u = vx = �(x)v for somex 2 ��.3. L�
(u) = fvjv 2 ��; v ��
 ug.4. ��
 (u) = jL�
(u)j.5. For i � 1, de�ne C�(i) = fuju 2 �+; ��
 (u) = ig.6. A word x 2 �� is 
alled a �-palindrome if x = �(x).Suppose uv = �(v)u holds. Then, if v = �, then u is a �-
onjugate of u. (Thisalso implies that u �-
ommutes with �.) Otherwise, it means that u �-
ommuteswith v. For any non-empty DNA strings u and v over the DNA alphabet � =fA;G;C; Tg, we say that u Watson-Cri
k 
ommutes with v if uv = �(v)u where� is the Watson-Cri
k involution. The word u 2 �� is 
alled a Watson-Cri
kpalindrome if u = �(u) where � is the Watson-Cri
k involution. In what follows,we will show that for the Watson-Cri
k involution � if u �-
ommutes with v ,then u is a Watson-Cri
k palindrome and either u is a pre�x of �(v) or �(v) is apre�x of u.Example 3. Consider a string u = AGCT over the DNA alphabet �. Let � bethe Watson-Cri
k involution and v = CTAGAGCT . Then u �-
ommutes withv sin
e uv = AGCT � CTAGAGCT = �(CTAGAGCT ) �AGCT = �(v)u.
u u u

u

(a) (b) (c)

v v

Fig. 3. If the DNA string uWatson-Cri
k 
ommutes with v, then one of the intermole
-ular hybridizations (a) or (b) o

urs and, in addition, u is a Watson-Cri
k palindrome(
).If the word u Watson-Cri
k 
ommutes with the word v, the 
hara
terizationin Proposition 3 will show that u and v will form one of the hybridizations inFigure 3.Observation 1 Let � be either a morphi
 or an antimorphi
 involution on ��.1. For all u 2 �+, u 2 L�
(u), i.e., u ��
 u.2. C�(1) = fu 2 �+jv ��
 u, v = ug.3. For all u 2 �+ su
h that u is a �-palindrome we have � 2 L�
(u).4. For all a 2 � su
h that a 6= �(a), a+ � C�(1).Note that C�(1) is the set of all words that 
annot be written as a 
atenationof two non-empty words x and y su
h that x �-
ommutes with y. C�(1) is theset of all words u that have only one element in the set L�
(u) namely u. Inparti
ular, �-palindromes are not in C�(1). In the next lemma we show that foran antimorphi
 involution �, the set L�
(u) is a totally ordered set with respe
tto ��
 .



Lemma 3. For an antimorphi
 involution � and u 2 �+, L�
(u) is a totallyordered set with ��
 .Proof. 1. Re
exive: v ��
 v sin
e v = v:� = �(�)v.2. Antisymmetri
: Let w ��
 v and v ��
 w. Then v = wx = �(x)w and w =vy = �(y)v for some x; y 2 ��. Hen
e w = wxy and xy = � whi
h impliesthat v = w.3. Transitive: Let w ��
 v and v ��
 u. Then v = wx = �(x)w and u = vy =�(y)v for some x; y 2 �� whi
h implies u = vy = wxy and u = �(y)�(x)w =�(xy)w. Thus u = wxy = �(xy)w and hen
e w ��
 u.4. Comparable: Let u ��
 w and v ��
 w. Then w = ux = �(x)u and w = vy =�(y)v for some x; y 2 ��. If juj � jvj, then there exists �; � su
h that v = u�,x = �y and v = �u and �(x) = �(y)�. Thus x = �y = �(�)y and � = �(�).Therefore v = u� = �u and v = u� = �(�)u. Hen
e u ��
 v. If jvj � jujthen there exists p; q su
h that u = vp, y = px and u = qv, �(y) = �(x)q.Thus y = px = �(q)x whi
h implies p = �(q) and u = vp = �(p)v. Thereforev ��
 u.Hen
e L�
 is a totally ordered set. utProposition 3. Let u; v 2 �+ su
h that u �-
ommutes with v, i.e., uv = �(v)u.1. If � is an antimorphi
 involution then u = x(yx)i, v = yx where i � 0(Figure 3 (a), or (b)) and u (Figure 3, (
)) as well as x; y are �-palindromes,where x 2 �+, y 2 ��.2. If � is a morphi
 involution then u = x(yx)i and v = yx where yx = �(x)�(y)and i � 0 with y 2 �� and x 2 �+.Proof. 1. Let � be an antimorphi
 involution and given that uv = �(v)u. Ifjuj � jvj then �(v) = u� , v = �u for some � 2 �� and sin
e � is anantimorphi
 involution, for v = �u we have �(v) = �(u)�(�) = u� whi
himplies u = �(u), � = �(�). Take u = x, y = � and v = yx, i = 0. If jvj < jujthen u = �(v)� and u = �v for some � 2 �+ . Then for jvj < j�j we have�(v)� = � = �v and u = (�(v))2� = �v2 for some � 2 �+. We 
ontinuethis pro
ess as long as jvj < j�j. There exists an i and s 2 �+ su
h thatu = (�(v))is = svi and jvj > jsj. Then for some t 2 �� we have �(v) = st,v = ts and �(v) = �(s)�(t) = st whi
h implies �(s) = s and t = �(t). Hen
eu = (st)is whi
h implies u = �(u). Take x = s, y = t and u = x(yx)i, v = yx.2. Let � be a morphi
 involution and given that uv = �(v)u. If juj � jvj then�(v) = u�, v = �u for some � 2 �� and �(v) = �(�)�(u) and the statementholds for u = x, v = yx and y = �, i = 0. If jvj < juj then u = �(v)�and u = �v for some � 2 �+. If jvj < j�j we have �(v)� = � = �v andu = (�(v))2� = �v2 for some � 2 �+. We 
ontinue this pro
ess as longas jvj < j�j. There exists an i and p 2 �+ su
h that u = (�(v))ip = pviand jvj > jpj. Then for some q 2 �� we have �(v) = pq, v = qp and�(v) = �(q)�(p) = pq. Hen
e u = (pq)ip = p(qp)i. Take x = p, y = q andu = x(yx)i = (xy)ix, v = yx. ut



Based on the de�nitions and the previous two results we have the followingobservation.Lemma 4. Let w 2 �+ and � be an antimorphi
 involution. Then w is a �-palindrome i� there exists v 2 �� su
h that v 6= w and v ��
 w.Proof. Sin
e v ��
 w we have w = vp = �(p)v for some p 2 �+. Hen
e fromthe previous lemma we have that w = x(yx)i for i � 1 with both x and y to be�-palindromes and x 2 �+, y 2 ��. Thus �(w) = (�(x)�(y))i�(x) = (xy)ix = w.Thus w is a �-palindrome. Conversely let w = �(w) then w = �w = �(w)� (takev = �) whi
h implies � 2 L�
(w). utNote that Lemma 4 states that, for an antimorphi
 involution �, a wordw 2 C�(1) i� w is not a �-palindrome, i.e., the set L = �� n C�(1) is the set ofall �-palindromes.Note that for a word w whi
h is not a �-palindrome for an antimorphi
involution �, L�
(w) may be an emptyset. For example, let � = fa; bg, and � bean antimorphi
 involution that maps a to b and vi
e versa. Let w = ababa, then�(w) = babab. Clearly w 6= �(w). Note that{ w = abab � a 6= �(a) � abab = babab.{ w = aba � ba 6= �(ba) � aba = baaba.{ w = ab � aba 6= �(aba) � ab = babab.{ w = a � baba 6= �(baba) � a = babaa.Thus it is 
lear that for w = ababa there does not exist a v 2 �� su
h thatw = vx = �(x)v and thus L�
(w) = ;.Lemma 5. Let � be either a morphi
 or an antimorphi
 involution. For allu 2 �+, �(L�
(u)) = L�
(�(u)).Proof. " � ". Consider a word in �(L�
(u)) then there exists a v 2 L�
(u) su
hthat u = vx = �(x)v for some x 2 ��. When � is a morphi
 involution wehave �(u) = �(v)�(x) = x�(v) and �(v) 2 L�
(�(u)). When � is an antimorphi
involution, �(u) = �(x)�(v) = �(v)x and �(v) 2 L�
(�(u)). " � " Conversely let,v 2 L�
(�(u)) then �(u) = vx = �(x)v. When � is a morphi
 involution we haveu = �(v)�(x) = x�(v) and �(v) 2 L�
(u) and hen
e v 2 �(L�
(u)). When � is anantimorphi
 involution, we have u = �(x)�(v) = �(v)x and �(v) 2 L�
(u) whi
himplies that v 2 �(L�
(u)) . Hen
e �(L�
(u)) = L�
(�(u)). utLemma 6. Let � be either a morphi
 or an antimorphi
 involution. Then forall u 2 C�(1) we have u+ � C�(1).Proof. We need to show that for all i � 1, ui 2 C�(1). We prove by indu
tion oni. We prove the statement for an antimorphi
 involution �. The 
ase when � isa morphi
 involution 
an be proved similarly. We now show that u2 2 C�(1) foran antimorphi
 involution �. Suppose there exists � 2 �+ su
h that uu = w� =�(�)w for some w 2 �+. Note that w 6= � sin
e u 2 C�(1) and hen
e u 6= �(u).If jwj < juj then there exists r; s 2 �+ su
h that u = wr and u = sw with



jrj = jsj and �(x) = us and x = ru. Thus x = ru = �(u)�(s) whi
h implies thatr = �(s) and u = �(u) whi
h is a 
ontradi
tion sin
e u 2 C�(1). If jwj > juj thenthere exists r; s 2 �+ su
h that w = ur, u = r� and w = su, u = �(�)s withjrj = jsj whi
h implies that w = s�(�)s = r�r and hen
e r = s and � = �(�).Thus u = r� = �(�)r with r; � 2 �+ whi
h implies that r ��
 u a 
ontradi
tionsin
e u 2 C�(1). Hen
e u2 2 C�(1).Assume that un�1 2 C�(1). Suppose there exists w;� 2 �+ su
h that un =w� = �(�)w then there exists i su
h that w = uir, � = suj where u = rs andi + j = n � 1 with r; s 2 �+ whi
h implies that �(�) = �(uj)�(s). Hen
e un =�(uj)�(s)w = �(uj)�(s)uir. If j 6= 0 then we have u = �(u) a 
ontradi
tion sin
eu 2 C�(1). If j = 0 then we have u = �(s)r whi
h implies that u = rs = �(s)r a
ontradi
tion sin
e u 2 C�(1). Thus ui 2 C�(1) for all i � 1. Hen
e u+ � C�(1).utIt is shown in [14℄, that if u and v are �-unbordered for an antimorphi
 invo-lution �, then for u = u1u2 su
h that u1; u2 2 �+, u1vu2 is also �-unbordered.But it is not true for words in C�(1). We illustrate it in the following example.Example 4. Let � = fa; bg and let � be an antimorphi
 involution that maps ato b and vi
e versa. Note that u = abb 2 C�(1) sin
e u 6= �(u) and ab � b 6= a � aband a � bb 6= aa � a. Let v = a and v 2 C�(1) sin
e v 6= �(v). But u1vu2 withu1; u2 2 �+ is either a �a � bb or ab �a � b. Note that both aabb; abab =2 C�(1) sin
eaabb = �(aabb) and abab = �(abab).Proposition 4. Let u; v 2 C�(1) and �(Pref(u))\ Su�(v) = ;.1. If � is an antimorphi
 involution then uv 2 C�(1).2. If � is a morphi
 involution then uv is not ne
essarily in C�(1).Proof. 1. Let � be an antimorphi
 involution. Suppose for some u; v 2 C�(1),uv =2 C�(1) then there exists � 2 �+ su
h that uv = p� = �(�)p. Thenwe have the following 
ases. If j�j � jvj and j�(�)j � juj, we have v = r�and u = �(�)s then � 2 �(Pref(u))\Su�(v) a 
ontradi
tion. If j�j � jvjand j�(�)j � juvj we have v = r� and �(�) = us then � = �(s)�(u) andv = r�(s)�(u) for some r; s 2 �� whi
h implies �(u) 2 �(Pref(u))\ Su�(v)whi
h is a 
ontradi
tion. If j�j � juvj and j�(�)j � juj we have � = rv andu = �(�)s then u = �(v)�(r)s for some r; s 2 �� whi
h implies �(v) 2 Pref(u)and hen
e v 2 �(Pref(u))\ Su�(v) whi
h is a 
ontradi
tion. If j�j � juvj andj�(�)j � juvj we have � = rv and �(�) = us then � = rv = �(s)�(u). Thenwe have the following sub
ases:{ If jvj = juj then �(u) = v.{ If juj < jvj then v = ��(u) for some � 2 �+ and �(u) 2 �(Pref(u))\Su�(v).{ If jvj < juj then �(u) = �v for some 
 2 �+ and �(u2)�(u1) = �v withu = u1u2 and ju1j = jvj whi
h implies �(u1) 2 �(Pref(u))\ Su�(v).All the above 
ases arrive at a 
ontradi
tion. Hen
e uv 2 C�(1).



2. Let u = ab and v = a over the alphabet set � = fa; bg and let � be a morphi
involution that maps a to b and vi
e versa. Then �(u) = ba and �(v) = b.Note that u; v 2 C�(1). Also Pref(u) = fa; abg , �(Pref(u)) = fb; bag andSu�(v) = fag. Note that �(Pref(u))\ Su�(v) = ;. But uv = aba =2 C�(1)sin
e a � ba = �(ba) � a = aba whi
h implies that a 2 L�
(uv). utNote that the 
onverse of the statement 1 in Proposition 4 does not hold ingeneral. Let � = fa; bg and � be an antimorphi
 involution that maps a to band vi
e versa. Let u = aba and v = abb. Then �(u) = bab and �(v) = aab. Notethat u 6= �(u) and v 6= �(v) and u; v 2 C�(1). For uv = abaabb, �(uv) = aabbaband{ abaab � b 6= �(b) � abaab = aabaab.{ abaa � bb 6= �(bb) � abaa = aaabaa.{ aba � abb 6= �(abb) � aba = aababa.{ ab � aabb 6= �(aabb) � ab = aabbab.{ a � baabb 6= �(baabb) � a = aabbaa.Hen
e uv 2 C�(1). But Pref(u) = fa; ab; abag, Su�(v) = fb; bb; abbg and �(Pref(u)) =fb; ab; babg. Thus b 2 �(Pref(u))\ Su�(v) 6= ;.Lemma 7. Let � be either a morphi
 involution or an antimorphi
 involutionand let � be su
h that for all a 2 �, �(a) 6= a. Then D�(1) � C�(1).Proof. Let w 2 D�(1). Suppose w =2 C�(1), then either w = �(w) or w = x� =�(�)x for some x; � 2 �+. If w = �(w) for w = a1 � � � an with ai 2 �. When� is a morphi
 involution we have w = a1 � � � an = �(a1 � � � an) = �(a1) � � � �(an)whi
h implies that ai = �(ai) for all i a 
ontradi
tion. Let � be an antimorphi
involution and let w = ay with a 2 � and y 2 �+. (Note that if y = � thenw = a = �(a) a 
ontradi
tion.) Then w = ay = �(ay) = �(y)�(a) whi
h impliesthat w =2 D�(1) a 
ontradi
tion. Hen
e w 6= �(w). Suppose w = x� = �(�)xfor some �; x 2 �+ then w = �x = x�(�) for � = �(�) whi
h implies thatw =2 D�(1). Hen
e D�(1) � C�(1). utIn [14℄, it was shown that for an antimorphi
 involution �, the set of all �-bordered words is regular. Note that from Lemma 4, C�(1) is the set of all non�-palindromes for an antimorphi
 involution �. We show using pumping lemmafor regular languages that ��nC�(1) is not regular and hen
e C�(1) is not regularfor an antimorphi
 involution �.Lemma 8. When � is an antimorphi
 involution, the set of all �-palindromewords is not regular.Proof. Let � = fa; bg and let � be an antimorphi
 involution that maps a 7! band vi
eversa. Assume that the language L of all �-palindromes is regular andlet n be the 
onstant given by the pumping lemma. Chose w = anbn and notethat w = �(w) and hen
e w is a �-palindrome. Let w = anbn = xvy su
h thatjxvj � n and jvj > 0. Then z = xviy 
ontains more a's than b's for all i andhen
e z is not a �-palindrome. Thus L = �� n C�(1) is not regular. ut



In our last proposition we 
onstru
t a 
ontext-free grammar that generatesthe set of all �-palindromes over a �nite alphabet set for an antimorphi
 involu-tion �.Proposition 5. For an antimorphi
 involution �, the set L = �� n C�(1) is
ontext-free.Proof. Let � be a �nite alphabet set and let G = (fX;Y g; �;X;R) whereR = fX ! �, Y ! �, X ! aiX�(ai) for all ai 2 � and X ! biY , Y ! biY forall bi 2 � su
h that bi = �(bi) g. It is easy to 
he
k that G generates the set ofall �-palindromes over � and G is 
ontext-free. Hen
e L(G) = �� n C�(1). utIt is shown in Proposition 5.4 in [14℄ that for a morphi
 involution �, the setof all �-bordered words is not 
ontext-free. It is also 
lear from Proposition 5.4in [14℄ that L = �� n C�(1) is not 
ontext-free when � is a morphi
 involution.A
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