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ABSTRACT

Errors appear in a wide range of information processing and transmission applications,
such as data communications, biological computing, computer typesetting, speech
recognition, etc. It can be said indeed that errors are truly natural phenomena. In
this work we introduce error or edit systems (e-systems, for short), which are formal
languages over the alphabet of the basic edit operations. Our formalism allows one to
model essentially any kind of error situations. For certain natural regular e-systems,
we investigate their descriptional complexity in terms of the number of states of the
automata accepting such systems. This problem is of interest in its own right as well
as in the computation of maximal error-correcting capabilities of known languages.
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The capacity to blunder slightly is the real marvel of DNA. Without this
attribute we still would be anaerobic bacteria and there would be no music.

(Lewis Thomas, ‘The medusa and the snail’)

1. Introduction

Errors appear in a wide range of information processing and transmission applica-
tions, such as data communications [11], biological computing [14, 5, 6], computer
typesetting [10], speech recognition [1], etc. It can be said indeed that errors are
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truly natural phenomena. In the past, little has been done in representing explicitly
errors as formal objects of study — in the sense of formal languages for instance. In
(3], for example, there is a brief discussion on edit scripts (words over the alphabet
of the basic edit operations), but no constraint is imposed on the occurrences of the
various edit operations. Perhaps one of the first attempts to describe formally and
systematically languages of errors appears in [4] and [8].

The present work introduces the formalism of error or edit systems (e-systems,
for short), which supercedes the formalism in [8] in two ways: First, e-systems are
merely formal languages over the alphabet of the basic edit operations, a fact that
allows one to study e-systems using, for instance, tools from automata theory. Second,
the new formalism allows one to model any kind of error situations that can arise in
typical information processing applications. It should be noted that, in defining error
situations, we follow the combinatorial approach as opposed to the probabilistic (or
information theoretic) one. More specifically, we model only error situations with
high enough probability of occurrence, and omit all the rest that one might define
using the alphabet of the basic edit operations. This (combinatorial) kind of approach
is followed, for instance, in the classical theory of error correcting codes [13].

Apart from the new formalism, we investigate the descriptional complexity of cer-
tain natural regular® e-systems. These can be used to model various constraints on
the type and frequency (or density) of the permitted errors. In particular, we model
e-systems with scattered as well as burst errors of any error type and density. These
are regular e-systems and, therefore, the descriptional complexity of such a system
can be given in terms of the number of states of the minimal automaton accepting
the system. This problem is of interest in its own right as well as in the computation
of maximal error-correcting capabilities of known languages (7).

The paper is structured as follows. The next section contains some basic terminol-
ogy and notation from formal languages and automata. In Section 3, we introduce
e-systems and error types, and define the concept of (deterministic) descriptional
complexity for classes of regular e-systems. In Section 4, we define e-systems with
scattered errors and provide upper- and lower-bounds on the descriptional complexity
of such systems. In Section 5, we define e-systems with burst errors and provide exact
expressions for the complexity of those systems. Section 6 investigates the problem of
combining the errors of two e-systems in such a way that the new e-system includes
the errors of both e-systems and preserves the constraints on the errors according to
each of the two systems. It is shown that the complexity of the new system is no
higher than the product of the complexities of the two e-systems. Finally, Section 7
contains a few concluding remarks.

2. Basic Notation

An alphabet is a finite nonempty set of symbols. In the sequel we shall use a fixed
alphabet . A word or string (over L) is a finite sequence a; ...a, such that each
a; is in ¥. The length of a word w is denoted by |w|. The empty word, denoted A,

3In the sense of formal language theory.



Descriptional Complexity of Error/Edit Systems 295

is the word of length zero. If X is a subset of the alphabet and w is a word then
|w|x is the number of symbols in X that occur in w. For example, if 5 = {a,b, ¢}
and X = {a,c} then |aabbcc|x = 4, whereas |aabbee] = 6. We write wyws for the
word obtained by concatenating the words w; and we. If wis a word and n is a
nonnegative integer, then w™ is the word that consists of n concatenated copies of w.
In particular, w® = A\. A word z is a factor of a word w, if w = wj zwsy for some words
wy and wy. A language is a set of words. The language of all words is denoted by
¥*. We shall use standard language operations, such as the concatenation and Kleene
star operations, as well as the notation of regular expressions — see (15], for instance.

A deterministic finite automaton, or DFA for short, is a quintuple A = (X, Q, s, F, t)
such that X is an alphabet, Q is a finite nonempty set, the set of state symbols (or
states for short), s is the start state in Q, F' is a subset of @, the set of final states,
and ¢ is a partial function of @ x X into Q, called the transition function. The
automaton is said to be complete if ¢ is a total function. The transition function ¢ is
extended to @ x X* as follows: for every state q, t(g,\) = g, and for every symbol
a in X and every word w in X*, t(q,aw) = t(¢(g,a),w). The language accepted by
the automaton A, denoted by L(A), is the set of words w such that ¢(s,w) is a state
in F'. A computation of A is a string of the form gpa1q; ... a,q, such that each a; is
in X, each q; is a state, and ¢(g;_1,a;) = ¢;. It should be clear that w is in L(A) if
and only if there is a computation as above such that w = a,...a,, go = s and g,
is a final state. Such a computation is called accepting. An extended computation of
A is a string of the form ggaiq; ... a,g, such that each a; is in X U {A}, each ¢; is
a state, and ¢(g;—1,a;) = ¢; — note that ¢;_; = ¢; when a; = A. It should be clear
that w is in L(A) if and only if there is an extended computation as above such that
W=aj...0,, o =8 and g, is a final state.

In this paper, the size of a DFA A, denoted by |A|, is the number of states of A. If A
and A’ are two DFAs then AN A’ is the DFA obtained by using the standard product
construction such that L(AN A’) = L(A) N L(A’). Moreover, |AN A’| = |A||A’|.

A language L is called regular if there is a DFA accepting L. For a regular lan-
guage L we write Cj, for the number of states of a minimal complete DFA accepting L.
Obviously, if A is an arbitrary complete DFA accepting L then Cj, < |Al.

3. Error/Edit Systems

The alphabet E of the basic edit operations is the set of all symbols z/y such that
x,y € LU {A} and at least one of z and y is in £. If z/y is in E and z is not equal
to y then we call z/y an error. We write A/A for the empty word over the alphabet
E. We note that X is used as a formal symbol in the elements of F. For example,
if z and y are in ¥ then (z/A)(z/y) # (z/z)(M/y). Of course, ) is the empty word
over ¥; that is wA = Aw = w for all words w in £*. The elements of E* are called
e-strings. The weight of an e-string h, say, is the number of errors occurring in h. The
input and output parts of an e-string h = (z1/y1) ... (2. /yn) are the words (over %)
Ty ...%p and yy ... yn, respectively. We write inp(h) for the input part and out(h) for
the output part of the e-string h. The size of h is the length of inp(h). An e-system
is a subset of E* (or a language over E).
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The term error type has been used informally in several works concerning errors.
Our formalism allows us to give a precise definition of that term. We write ¢ for the
subset {z/z |z € ¥} of E. An error type 7 is a nonempty subset of F that is disjoint
from €. If D is an e-system then 8p is the error type of D; that is the set of all errors
that appear in the e-strings of D. Equivalently, 0p is the smallest subset of £\ & such
that D C (0p Ue)*.

Now we provide examples of certain error types. The SID error types are
oc={zfy|z,ye L and z #y},t={Mz |z e X} and s = {z/)| z € I}
they are called substitution, insertion, and deletion types, respectively. These error
types are important in various domains [8]. In the context of biomolecular comput-
ing and bioinformatics, where a DNA strand can be interpreted as a word over the
four-letter alphabet {A,C,G,T} several types of errors can occur [12]. The most
common ones are insertions and deletions of one or more letters, as well as one-letter
substitutions. The latter can be either transitions or trensversions. Transitions occur
when one purine is replaced by another purine (A/G or G/A) or one pyrimidine with
another pyrimidine (T'/C or C/T). Transversions result when a purine is replaced by
a pyrimidine or vice versa. Because the structural changes leading to transitions are
relatively small, in real-life genomic DNA they occur more frequently than transver-
sions (which require more substantial modifications of the molecule). Thus, we define
the transition error type to be (it) = {C/T,T/C,A/G,G/A} and the transversion
error type to be (ve) = {C/A,A/C,C/G,G/C,T/A,A/T,T/G,G/T}. Obviously,
(it), (ve) C o.

We note that the above definition of error type concerns only the basic, or atomic,
error types. Other composite error types such as transpositions — a common kind of
error in computer typesetting — can be defined by means of e-systems.

Note that every (finite) transducer T', say, in standard form can be viewed as an
automaton (nondeterministic, in general) accepting an e-system D(T'). It should be
clear, however, that the relation R(T') realized by T is different from D(T'), as R(T')
consists of pairs of words. In [9], a set of pairs of words is viewed as a discrete channel.
The fact that (w, z) is in the channel means that the input word w can be received
as z via the channel. Thus a discrete channel in the sense of [9] models the effects
of errors on words, whereas an e-system models the errors themselves. Now every
e-system D defines a channel yp consisting of all pairs (w, z) such that w = inp(h)
and z = out(h) for some e-string h in D.

In [9] it is shown that the problem of whether a given regular language is error-
correcting (or -detecting) for a given rational channel is decidable in polynomial time.
The time complexity depends of course on the efficiency of the channel description
and, therefore, it is desirable to investigate the descriptional complexity of regular
e-systems. This issue is also important in [7], where the efficiency of algorithms for
computing maximal error-correcting capabilities of languages depends on the effi-
ciency of representing e-systems.

Definition 1 Let P be a recursive index (or parameter) set and let
D = {D(p) | p € P} be a set of regular e-systems. The (deterministic) descriptional
complezity of D is the function Cp : P — N such that Cp(p) is the number of states






