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Abstract

k k
In this paper, we investigate the state complexities of (|J L;)* and (U L;)?,
=1 i=1

where L;, 1 < ¢ < k, kK > 2 are regular languages. We éstablish exath bounds
for both of these general combined operations and show that they are much
lower than the mathematical compositions of the state complexities of their
basic individual component operations, but have similar forms with the state
complexities of some participating combined operations.
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1. Introduction

State complexity is a fundamental topic in automata theory and its study
dates back to the 1950’s [23]. State complexity is a type of descriptional com-
plexity for regular languages based on the number of states in their minimal
finite automata. The state complexity of a language operation gives an upper
bound for both the time and space complexity of the operation [28]. The s-
tudy of state complexity is motivated by the use of automata of very large sizes
in multiple areas, e.g. programming languages, natural language and speech
processing, and so on.

Many papers on state complexity appeared in the literature, see, e.g., [4, 5,
7,6, 8, 14, 16, 17, 18, 21, 22, 26, 28, 29]. The state complexities of almost all
the individual standard regular language operations, e.g., union, intersection,
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catenation, star, reversal, shuffle, orthogonal catenation, proportional removal,
and cyclic shift, etc., have been obtained.

In practice, not only a single operation, but also a sequence of operations
can be applied in some specific order. For example, primer extension, which is
a basic biological operation, can be formalized as a combination of catenation
and antimorphic involution [1]. Therefore, in the mid of 2000s, the study of
state complexity of combined operations was initiated [25, 31]. Following that,
many results on this topic were obtained, e.g., [1, 3, 9, 10, 12, 13, 19, 20].

A theoretical reason for studying the state complexity of combined opera-
tions is that, given an arbitrary combined operation, we cannot use the math-
ematical composition of the state complexities of its individual component op-
erations as its state complexity. The state complexity of a combined operation
can be much lower than the aforementioned composition, because the resulting
languages of one individual operation may not be among the worst case inputs
of the next operation [19, 25]. An often used example for this phenomenon is
(L1ULg)*, where Ly and Lo are regular languages accepted by ni- and no-state
DFAs, respectively. In [25], the state complexity of the combined operation
(L1 U Lg)* was proved to be 2m1Fn2=1 _gm=1_9m=1 4 1 whereas the mathe-
matical composition of the state complexities of union and star is %2”1”2.

It has been proved that there does not exist a general algorithm that, for an
arbitrarily given combined operation and a class of regular languages, computes
the state complexity of the operation on this class of languages [27]. It seems
that every combined operation must be investigated separately. However, the
number of combined operations is obviously unlimited, and it is impossible to
investigate all of them. Thus, the combined operations with arbitrarily many
individual operations which we call general combined operations, should be the
emphasis of theoretical studies because they are more general than the basic
combined operations which are composed of only a limited number of individual
operations. The latter can indeed be viewed as the special cases of the former.

k
In this paper, we study such two general combined operations: (|J L;)*
i=1

k
and (U L;)?, where L;, 1 < i < k, k > 2 are regular languages. Clearly, the
i=1

k
combined operation (L; U Lg)* is an instance of (|J L;)*. We show that the
i=1
state complexity of star of union on k regular languages is not only much lower
than the mathematical composition of the state complexities of union and star,
but also in a similar form with the state complexity of (L; U La)*.

k
We obtain tight bounds for (|J L;)? as well. One interesting thing is, when
i=1

we investigated this combined operation, we found that it could be considered
as a combination of (1) union and square, or (2) union-catenation ((L; U Ly)L3)
and union, or (3) union and catenation-union (L;(Lgy U L3)). Finally, the tight
upper bound was obtained with the last combination which has a similar for-
m with the state complexity of Li(Ls U L3). It seems that decomposing a



combined operation into its participating combined operations can give better
upper bounds than the mathematical composition of the state complexities of
its individual component operations.

In the next section, we introduce the basic notation and definitions used in

k
this paper. In Sections 3 and 4, we investigate the state complexities of ( |J L;)*
i=1

k
and (|J L;)?, respectively. In Section 5, we conclude the paper.
i=1

2. Preliminaries

A DFA is denoted by a 5-tuple A = (Q, X, 4, s, F'), where @ is the finite set
of states, ¥ is the finite input alphabet, § : Q x ¥ — () is the state transition
function, s € @ is the initial state, and F' C @ is the set of final states. A DFA
is said to be complete if §(q,a) is defined for all ¢ € Q and a € X. All the
DFAs we mention in this paper are assumed to be complete. We extend § to
@ X X* = @ in the usual way.

In this paper, the state transition function § of a DFA is often extended to
5 :29 x % — 29, The function § is defined by (R, a) = {d(r,a) | r € R}, for
R C @ and a € ¥. We just write § instead of 4 if there is no confusion.

A string w € ¥* is accepted by a DFA if §(s,w) € F. Two states in a DFA
A are said to be equivalent if and only if for every string w € X*, if A is started
in either state with w as input, it either accepts in both cases or rejects in
both cases. A language accepted by a DFA is said to be regular. The language
accepted by a DFA A is denoted by L(A). The reader may refer to [15, 30] for
more details about regular languages and finite automata.

The state complezity of a regular language L, denoted by sc(L), is the number
of states of the minimal complete DFA that accepts L. The state complexity
of a class S of regular languages, denoted by sc(.9), is the supremum among all
sc(L), L € S. The state complexity of an operation on regular languages is the
state complexity of the resulting languages from the operation as a function of
the state complexity of the operand languages. Thus, in a certain sense, the
state complexity of an operation is a worst-case complexity.

k
3. State complexity of (|J L;)*
=1
k
We first consider the state complexity of (|J L;)*, where L;, 1 < i < k,
i=1

k > 2 are regular languages accepted by ni—stz;ce DFAs. It has been proved

that the state complexity of L} is %2’” and the state complexity of L; U L;

is n;n; [21, 29]. Their mathematical composition for the combined operation
k

k I1 n:
(U Ly)*is %2i=1 . As we mentioned in Section 1, this upper bound is too high
i=1



to be reached even when k = 2, that is, (L1 ULs)* [25]. The combined operation

k
(L1 U L2)* can be viewed as not only a base case of (|J L;)* when k = 2, but
i=1
also its participating combined operation.

k
In the following, we show that the state complexity of (|J L;)* has a similar
i=1
form with that of (L; U Lo)*. Note that although these two state complexities
look similar, the proofs for the general case k > 2 is very different from those
for £ = 2, especially the proof for the highest lower bound. This is because,
when £ is arbitrarily many, a lot more questions need to be considered which
are easy to solve or do not exist for the case with only two operand languages,
e.g., how to update the ith component of a state of the resulting DFA without
interfering with the other £ — 1 components, and so on.

Theorem 3.1. Let L;, 1 < i < k, k > 2 be regular languages accepted by
k

n;-state DFAs. Then (|J L;)* is accepted by a DFA of no more than
=1

1=

k k &
ni—1 _ §1nj7
[1e 1)+ 2/

i=1
states.

Proof. Forl <i <k, let L; = L(A;) and A; = (Q;,%,0;, 83, F;) be a DFA
of n; states. Without loss of generality, we assume that the state sets of Ay,
As, ..., Ay are disjoint. We construct a DFA A = (Q, X, 4, s, F') to accept the

k
language (|J L;)* similarly with [25]. We define @ to be Q = {s} UPU R where
i=1
P={P,P,....,P:) | P
k

DN Fu) #0,5 € R CQi 1 <i <k}
h=1

R.:

i ©
k
R={(Ry,Ry,...,Re) | (|
j=1

If s; ¢ F; for every DFA A;, 1 < i <k, the initial state s of the DFA A is then
k
a new symbol, because the empty word is not in the language |J L;. If there

i=1
exists an ¢ such that s; € F;, we choose s = ({s1},{s2},...,{sk}) to be the
initial state of A. In this case, s is clearly contained in the set R. Note that the
sets P and R are always disjoint.
We define the set of final states F' to be RU {s}. The transition function ¢
of the DFA A is defined as follows.
For each letter a € %,

5(s,a) = { ({01(s1,a)}, ..., {0k (sk,a)}), if §;(ss,a) € F; for all 1 <i < k;
’ <{51(81’ a)} U {51}’ AR {616(3167 a)} U {Sk}>7 otherwise,



and for each state p = (P, Py, ..., Py) € Q — {s},

5(p,a) = (61(Pr,a),...,05(Py,a)), if §;(P,a)NF; =0 forall 1 <i<k;
P, @)= (01(Pr,a)U{s1},...,0k(Px,a) U{sk}), otherwise.

The DFA A can simulate the computation of the DFAs Ay, As, ..., Ay and
when one of them enter a final state, the initial states s, so, ..., s are added.

k
It is easy to see that L(A) = (U L(4;))*.
i=1
Now let us count the number of states of A which is an upper bound of the
k
state complexity of the combined operation (|J L;)*.

=1
For the DFAs A;, As, ..., Ay, denote |F;| by t;. The resulting language

k
(UL’) _{ (LyULoyU...UL;—qULjpq...ULp)*, ift; =0.

Both of the above cases are trivial. Therefore, we only need to consider the case

k
when 0 < t; < n;. There are [](2"~% —1) states in the set P. The cardinality

=1
of the set R is
k
2 n;—k
9i=1 ,if Fp(sp € Fp), 1 < p < k;
an—k an‘_ztr—k .
9i=1 — 9i=1 r=1 , otherwise.

k
S nji—k
There are 27=! ! states (Ry, Ra,..., Rg) in A such that s; € R; for all 1 <
i < k. When s, ¢ F, for all 1 < p <k, the number of states (R}, R5, ..., R})
omme Rk
such that s, € R, and F, N R, =0 is 29=* =~ =1 . In this case, these states
are contained in the set P rather than R according to the definition.

Since @ = {s} U P U R, the size of the state set Q is

k
E ’I’Lj—k
mt 1) #2500 i Tp(sy € F), 1< p < k;

|Q| — i=1 .
n;—t; __ jgln'
(2 1) +2

—

k k
j*k Z n;— Z t.—k .
—27=1  r=l + 1, otherwise.

e

1=1

As we mentioned before, a new symbol is needed to be the initial state only
when s; ¢ F; for all 1 <4 < k. Thus, the upper bound of the number of states
in A reaches the worst case when A; has only one final state (¢; = 1) for all
1 < i <k and at least one of the initial states of these DFAs is final. O

Next, we show that this upper bound is reachable.



Theorem 3.2. For any integer n; > 3, 1 < i < k, there exist a DFA A; of n;

k
states such that any DFA accepting (|J L(A;))* needs at least
1

1=

k k
> nj—k
[e -2

i=1
states.

Proof. For 1l <i <k, let 4; = (Q;,%,9;,0,{0}) be a DFA, where Q; =
{0,1,...,n, — 1}, ¥ ={a; | 1 <3 <k} U{b; | 1 <j < k}U{c} and the
transitions of A; are

0i(g,a;) =q¢+1modn;, ¢q=0,1,...,n; — 1,
6i(qaaj)ZQ7j7éiaq:0717"'7ni_1a
6i(Q7bi) :07 q20717 , Ty 17
572((]7bj)ZQ7j7éi7q:0a1,“';n2_]—v
(SZ‘(O,C = 17 51((156) =q, q:17 7n7,7]-

The transition diagram of A; is shown in Figure 1.

PR /&'
@ a; C a; 5 a;

O O
aj,bj, bj aj, bj, C Clj, bj, C aj, bj, C

Figure 1: Witness DFA A; for Theorems 3.2

Then we construct the DFA A = (Q, %, 4, s, F) exactly as described in the
proof of Theorem 3.1, where

Q=PUR,
P={(P,P,...,P) | PiC Qi — {0}, P, # 0,1 <i <k},
R={(Ri,Ra,...,Rr) |0 € R; CQ;,1 <i<k},

§= <{0}’{0}""7{0}>7

F:{<{0}7{0}7"’7{0}>}1

and for each state p = (Py, P, ..., Py) € Q,

(5( )_ <51(P1,a),(52(P2,a),...,5k(Pk,a)>, 1f0¢61(P1,a) fOI‘ alllgzgk,
Py = (51(Py, a) U{0}, 82(Py,a) U{0}, ..., 6x(Pe,a) U{0}), otherwise.



k k
It is easy to see that A accepts (|J L(A4;))* and it has (2%~ ! — 1) +

i=1 i=1
i ’I’Ljfk)
29=1 states. Now we need to show that A is a minimal DFA.

(I) We first show that every state p = (Py, Pa, ..., Py) € Q is reachable from
the initial state s = ({0},{0},...,{0}).

1. |P| > 1, |Py| = |Ps] = ... = |Py| = 1. According to the nature of
the combined operation of star of union, the order of |Pi], | Pz, ...,
| P;| does not matter. Thus, in this case, we just let |P;| > 1 and

| Ps, ..., | Px| be 1 without loss of generality. Let us use induction on
the cardinality of P; to prove this.
Base: We show that, when |Pi| = |P2| = |Ps| = ... = |Px| = 1, the

state p is reachable from the initial state. Assume that P; = {¢;} C
@i, 1 <i<k. Then

_ s it =05

Py, Ps,...,Py) = - - -
< 1,42, 9 k> { (5(8,061‘{1 1a32 1_..azk 1)’ lf(]1>0

Note that when ¢; = 0, ¢qq,...,qx must also be 0 according to the
construction of the DFA A. Similarly, when ¢; > 0, all of go,...,qx
must be greater than 0.

Induction step: Assume that all states in A such that |Py| = my >
1, |P2| = | P3| = ... =|P| = 1 are reachable from s. Then we prove
any state p such that |Pi| =mq +1, |Py] =|P3| =...=|P] =11s
also reachable.

Assume P1 = {q11,q12, -+, Qimys Qiomi+1)} € @1, 11 < 12 < ... <
Qimy < Qimi+1)s P =1{q1} € Q5,2 < j < k. Then

_ [ 00 bobs by, if g1 = 0
5(p", ca taPTad L aZ’“fl), if g11 >0,

where

p/ = <{(I12»(]13>(1147 s 7Q1(m1+1)}7 {1}3 teey {1}>7
pN = <{0a qi2 — qu1 + ]-a s q1(my4+1) — 411 + ]-}7 {0}7 RS {0}>

Since the state p’ is reachable according to the induction hypothesis
and p” has been proved to be reachable in the case when ¢i; = 0,
the state p can also be reached.

2. |P1| Z 17 |P2| Z 1? ey |Pt| Z 1) |Pt+1| = |Pt+2|"' = |Pk| = 1;
2 <t < k. We use induction on t to prove that p is reachable in this
case. Case 1 can be used as the base of the induction.

Induction step: Assume all states in A such that |Pi| = m; > 1,
|Pol =mo > 1, ..., |P—i| =my_1 2 1, |P| = |Piga]|... = |Px| =



2 <t <k, can be reached from the initial state s. Let us prove any
state p such that |Pi| =m; > 1, |Pol =ma > 1, ..., [P =m > 1,
|Piy1| = |Pita| ... = |Pk| = 1 can also be reached.
Assume P; = {qi1, Gi2; -, @im, } € Qi i1 < iz < .+ < Gimy, 2 <
m; <n; Pj={¢gn} CQ;,1<i<t t+1<j <k In the following,
let us first consider the case when g7 > 0 this time.
(2.1) ¢11 > 0. If g11 > 0, then go1 > 0, g3s1 > 0, ..., gx1 > 0 and
P; £ Q; for all 1 <4 <. According to the induction hypothesis, the
state

p = (P, P,...,P1,{1},{1},...,{1})

is reachable from s. We begin the computation from p’ by reading
Gtmy — Qi(m,—1) — 1 symbols a;.

tmy —qt(my—1)—1
5(]),,012 au ) ) = <Pla--~7Pt—1a{tht_qt(mt71)}a{1}a"'7{1}>'

Denote the resulting state by r. Next, we apply ni1 — gim, symbols
a1 and the DFA A reaches the state

7‘/ = <Plla P2U{0}7 L ,Pt71U{0}7 {antmt _(Jt(mt—l)}a {Oa ]-}a e {07 1}>

where

Py ={0,q11 4+ 11 — Gimy> @12 + 11 — Gim,y 5 - - S Q1(my—1) N1 = Qi )

Now we apply an a;-transition and the resulting state r” is

(P}, P,U{0},..., P,_1U{0},{0,1, Qtm, —t(m,—1)+1},{0,1},...,{0,1}).

We cycle using a;-transitions as long as elements of P| are consecu-
tively passing by 0. The last aj-transition increases the cardinality
of P{ by 1 and after that we apply a c-transition which removes the 0
in every component of the state. We continue to apply a;-transitions
until a sequence of consecutive elements of P| passed by 0 and the
cardinality of Pj is increased by 1. Then a c-transition is applied to
eliminate 0. Clearly, we can cyclicly shift the set P back into Py by
repeating these two steps. Now the DFA A reaches the state

p// = <P17P27 o '7Pt717{17qtmt - qt(mtfl) + 1}7{1}7 ey {1}>

The state p” is the same as p except that gum, — Gy(m,—1) + 1 is added
into the tth set. Therefore, we can continue in the same way to add
more elements to it. After the next loop, the state reached will be

<P13 R Ptfla {1a qt(mt—l)_qt(mt—2)+]—aqtmt _qt(m,—2)+1}a {1}7 ) {1}>

In this way, we add all the m; elements of P, but keep them in a
position that is shifted backwards ¢;; — 1 steps so that g;; is in the



position 1, g2 is in the position ¢2 — ¢:1 + 1, and so on. Now we
use an input word a2~ to shift all the elements of P, into correct
positions, which does not change the other elements of the state, and

the state is
p/// _ <P1,P2, e Pt—la Pt7 {1}, ey {1}>

Finally, by reading a word a?jr‘fm*lafﬁr‘;m*l ---a ' the DFA A
reaches the state p = (Py, Ps, ..., Py).

(2.2) ¢11 = 0. When ¢11 = 0, we know that go1 = ¢31 = ... = g1 = 0.
Then the state p is

<{OaQI23 c '7q1m1}a RN {ant27 s 7qtmt}; {O}a RS {0}>

To prove p is reachable, we start from a state

p/ = <{Q127-~-,Q1m1},-- -7{Qt27~-~,tht}7{1}7~-~7{1}>-

The state p’ has been proved to be reachable in the case (2.1). It is
easy to see that 6(p’, byy1bi42---bg) = p. Thus, the state p can be
reached from the initial state s when ¢;; = 0.

Now we have proved that all the states in A are reachable.

(IT) Any two different states p; and ps in @) are distinguishable.

Let py and ps be (Py, Py, ..., Py) and (P[, P, ..., P}), respectively. Since
p1 and po are different, without loss of generality we can assume that there
exists an integer 1 < ¢ < k such that P, # P/ and « € P, — P.

1. x=0. If x =0, then 0 € P; for all 1 < i < k and the state p; is
a final state of A. Oppositely, since x ¢ P/, none of P/ contains 0,
which makes the state po a nonfinal state. Therefore, p; and py are
distinguishable.

2. > 0. For this case, we claim that §(p1,a}" ' "“ca) € F. In the DFA
Ay, the transition function &; on the input word a**~'~% takes the
state x to m; — 1. The input letter ¢ does not change the state m; —1
and the letter a takes from m; — 1 to 0. The last a-transition also
adds 0 into the other components in p; according to the definition of
A. Thus, the resulting state is final.

Next, we show that &(po,a™ ' "“ca) ¢ F. Since z ¢ P/, it is easy
to see that m; — 1 ¢ §(P/,ai™ '*). Note that 0 may be added
into the other components in po if the state 0 in A; is passed by
when processing the input word a;"‘_l_w. However, since = > 0, it
is impossible for a computation from the newly added 0’s to reach
m¢—1on af™ 7%, Then the input letter ¢ removes the 0 in P/ for all
1 <i < k. The last input letter a shifts the states in §(P/, a}™ ' "“¢)

by 1 but none of its elements can reach 0 because it does not contain



my — 1. The a-transition does not change the other elements in Ps.
Clearly, the resulting state is nonfinal. Thus, the states p; and ps
are distinguishable.

Since all states in A are reachable and distinguishable, A is a minimal DFA. O
This lower bound coincides with the upper bound in Theorem 3.1. Thus, it

k
is the state complexity of (|J L(4;))*.
i=1

k
4. State complexity of (|J L;)?
i=1

1=

k
In this section, we consider the state complexity of (|J L;)?, where L;, 1 <
i=1
i < k, k > 2 are regular languages accepted by n;-state DFAs. As we mentioned

in Section 1, this combined operation can be viewed as a combination of (1)
union and square, or (2) union-catenation ((L; U Ly)Ls) and union, or (3) union
and catenation-union (L1 (L U Ls3)). It was shown that the state complexity of
L? is n12™ — 2™~1 [24] and the state complexity of L; U Ly is nyng [21, 29].
Thus, for combination (1), we can get an upper bound through mathematical

composition
B

k k
[T n: H n;—1
H ny - Qi=1 — 2i=1
h=1

k
Next, we consider (| J L;)? as the second combination. The state complexity
i=1

of (L1 U Ly)L3 was proved to be n1n22" — (ny +ng — 1)2"~1 in [2]. Then its
naive mathematical composition with the state complexity of union is

k i k ot
g ny—
H np - 2=t — (n1 + H n; —1)2i=1
h=1

Jj=2

which is better than the first upper bound.
Now, let us consider the last combination. In [3], the state complexity of
Li(L2 U L3) is shown to be

(m1 = D[~ 1)(2" — 1) 1] 4 2+

and its naive mathematical composition with the state complexity of union is

k k
nll_[ni

k .
H(nh — 1)[(2”2 —1)(2 = — 1)+ 1} n 2]_2::1 2
h=1

which is the best among the three upper bounds.

10



In the following, we will show that the state complexity of (U L;)? has a

similar form with the third bound. Again, although the two state complex1tles
look similar, the proofs vary a lot because one is a general combined operation
for £ > 2 and the other is a specific combined operation. Besides, the base
case of the combined operation when k = 2, that is, (L1 U L)?, has never been
studied. Its state complexity is obtained in this paper as a case of the general
operation.

Theorem 4.1. Let L;, 1 <i <k, k > 2 be regular languages accepted by DFAs
k

of n; states and f; final states. Then (|J L;)? is accepted by a DFA of no more
i=1

than

k k

k k k > nm—k
[T =] =D+ 10+ H — fi)]2m=1 ,
h=1 j=1 =1

i=1
states.

Proof. For 1 <1< /{3, let Lz = L(Al) and A,L' = (Qia E,di,Si,Fi) be a DFA of
n; states and f; final states. We construct a DFA A = (@, %, 4, s, F') to accept

k
the language (|J L;)?. We define the state set @) to be @ = P U RU T, where
i=1

P:{<p17p27"'7pk7P17P27"'7Pk> |p1€Ql_anPZ62Q1_{®}71§Z§k}7
R:{<p1ap2a"'apk7®a"'7®> |p2€Q1*Ful§Z§k}a
T:{<p17p27"'7pka{51}UP17"'3{3k}UPk> | Elpj(p] eF])aPZ 62Qi7{8i}71 SZ,] S k}

The initial state s is

_ <517527"'55k7®7®a"'7®>3ifsi¢Fia1§i§k;
5= (81,82, 8k, {81}, {82}, ..., {sk}), otherwise.

We define the set of final states F' to be
F:{<p17p27'"apk7P17P27"'aPk> EQ | HZ(Rsz#w),l Slgk}
For any p € @ and a € X, the transition function § is defined as:

5(p,a) = ®, P D PL Py P PN E; =0 for all 1 <4 < k;
P, Py Dy - Dy PLU{s1}, Py U {52}, ..., P, U{sk}), otherwise,

where p, = §;(p;,a) and P} = §;(P;,a), 1 <i<k.
An arbitrary state in A is a 2k-tuple whose first £ components can be viewed
k
as a state in the DFA accepting |J L; constructed through cross-product and

i=1
last k components components are subsets of Q1, Q2, ..., Qk, respectively.

11



If the first £ components of a state are non-final states in Ay, Ao, ..., Ay,
respectively, then the last & components are either all empty sets or all nonempty
sets, because the last k£ components always change from the empty set to a non-
empty set at the same time. This is why P and R are subsets of Q.

Also, we notice that if at least one of the first k& components of a state in
A is final in the corresponding DFA, then the last k components of the state
must contain the initial states of Ay, Ao, ..., Ag, respectively. Such states are
contained in the set 7.

It is easy to see that A accepts ( U L;)?. Now let us count the number of

states in A. The cardinalities of P, R and T are respectively
k k k

1P| =[] (mn— )] ] 2" = D], IRl =[] = fn),
h=1 i=1 h=1
k k

7| = Hng TLen — 2= "

=1

Thus, the total number of states in A is |P|+|R|+ |T| which is the same as the
upper bound shown in Theorem 4.1. O
Next, we show this upper bound can be reached.

Theorem 4.2. For any integer n; > 3, 1 < i < k, there exist a DFA A; of n;
k

states such that any DFA accepting (|J L(4;))? needs at least
i=1

k k

k i N —k
[T - D[[J@ -1+ 11+ H Hnl—l )21

h=1 i=1 Jj=1
states.

Proof. Forl < i <k, let 4; = (Q;,%,0;,0,{n; — 1}) be a DFA, where
Q1 =10,1,...,n; =1}, ¥ ={a; | 1 <1 <k}U{b; | 1 <j <k} U{c} and the
transitions of A; are

di(q,a;) = q¢+1mod n;y, ¢ =0,1,...,n; — 1,
5i(qvaj) :(L]?élv qzovla”'vni_lv
67(1’b7) :07 52(q7b7) =4q, q:07273an7 - ]-7
61((]71)3) :qv.]#% q=0,1,,n1—1,
di(¢,¢) =q¢+1modn;, ¢g=0,1,...,n; — 1.
The transition diagram of A; is shown in Figure 2.

Now we construct the DFA A = (@, %, 4, s, F') accepting ( U L(A;))? exactly

as described in the proof of Theorem 4.1. The number of states in A is clearly

k

k ank
th—1 HQ’“— Y+ 1]+ H Hnl—l NP

h=1 1=1 j=1
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bi
i)\ a; C | a; ¢ fz\abc

O O
aj,bi, bj Clj, bj Clj,bj, bj aj,b,», bj

Figure 2: Witness DFA A; for Theorems 4.2

Next, we will prove that A is a minimal DFA.
(I) We first need to show that every state
p= <p1ap2,"'5pkaP17P2,"';Pk> € Q

is reachable from the initial state s = (0,0,...,0,0,0,...,0). The reacha-
bility of p can be proved by considering the following three cases.

We can always find a string w = a}*a5? - - - a}* such that d(s,w) = p.
Therefore the state p is reachable in this case.

2. [P =21 || =P =...=|P| =1
Since the order of the operands of the union operation does not mat-
ter, we just assume |P;| > 1 and |Py|, ..., |Px| be one without loss
of generality. The cases when |P;| > 1, |P1| = |P| = ... = |Pi—1| =
|Piy1] = ... =|Px| =1 are symmetric.

Assume Py = {qi1, 125 @im, } € Q1, q11 < q12 < --. < Qumys
Pj={q1} €Q;,2<j<k. Let

U= {u11,...,uim, } = {(qu —p1) mod ny | qu; € P1,1 <1 < |Pif}.
and w11 < u12 < ... < Ui, Then the state

_ 6(8,U}1w2)7 if Pi ¢ Fi for all 1 << k"
P (', wyws - - -wy,), otherwise,

where
/ /AW / / /
p = <p17p25"'apk7P17P25"'aPk>7
wy = a;ll (albl)ulml 7“1(7711—1)0117'1 (albl)ul(m171)7u1(7n172) . alflll (albl)um*uu

a7lz1 (albl)(uufl)mod nlazln,
wa = (agb)"?*ab? (asbs)"* ab® - - - (apby)"** ab*.
and for 1 <i<k,2<j<k
Pl = { pi, if pi & Fy;

p; — 1, otherwise,

13



; — 1}, otherwise,

{ ?T)L}, if p; ¢ Fj;

r_
Pj =
i | e ifp; ¢ Fy;
wh = .

J a;b;, otherwise.

It is easy to see that

5(8,’[1)1) = <p1,07...,07P17{0},...,{0}>

and

(5(<p1, 0, ey O,Pl, {0}, ey {0}>,’u)2) = p.
Note that the state p’ has been proved to be reachable from s because
pl ¢ F; for every 1 <i < k, and its (k-+1)th component is P; instead
of P|.
. |P1| > 1a|P2| > 17""|Pt| 217|Pt+1‘ =...= |Pk| :1a2§t§k
For this case, we use induction on ¢ to prove that p is reachable. Case
2 can be used as the base of the induction.
Induction step: Let |P;| = m;, 1 <14 < k. Assume any state in A

such that |Pi| =my > 1, |Po| = ma > 1, ..., |Pic1]| = me—q > 1,
|Pi| = |Pig1] ... = |Px| = 1,2 <t < k, can be reached from the initial
state s. Now we prove that any state p such that |Pj| = my > 1,
|P2| = My 2 ]., caay ‘Pt| = my 2 1, |Pt+1| = |Pt+2| cee = ‘Pk| =1 can

also be reached.

Assume P; = {qi1,¢i2,- -, Gim, } € Qis i1 < iz < ... < Gim;, 2 <
m; < ny, Pj:{qj‘l}ng, 1<i<t,t+1<5<k. Let

U={up,---stnm,} = {(qu—pr) mod np, | gn € Pn, 1 <h <k, 1 <1< my}.

and uj; < up < ... < Uim,; -
In the following, we first consider the case when at least one of pq,
P2, ..., pr is a final state in the corresponding DFA.

(3.1) Sh(pn € Fi),1 <h <k
Consider the state

pl = <pl17p/27~'~7p;71707p2+17'"7p;cﬂP1/7P2/7'"7P{717{0}7Ptl+1u”~7plé>

where
pi, if ps & Fi,i #t;
0, if i=t;
P =< {n;—1}, if p; € F;,i > t;
{ni—1,g2—1,qi3 —1,...,qim, — 1}, if pi € F},i <%;
{0}, if i = ¢;

14



for 1 <i<k. Notethat 0 € P;jforalll <j<tand Py =Fqio=

... = P, = {0} when 3h(p, € Fy),1 < h <k and |Piy1| = |Piga| =

... =|Px| = 1. According to the induction hypothesis, the state p’ is
reachable from the initial state. Then

p=0(p', wawiwh - - wy)
where
Wy = a?t (atbt)utm,, 7ut(m,t—1)a?‘t (atbt)ut(mt—l)*ut(mt—z) . a?t (atbt)utzfun
a?‘ (atbt)(utlfl)mod ne ai)t,

g, if p; ¢ F; ori=t;
wi = azb, if p; € Fy,qio > 1,1 # ¢
a;, if p; € Fy,qi2 = 1,0 # t.

(32)pp ¢ Fpforalll<h<k
Let us consider the following state:

p//:<nl713”2717'“7”1@717P1”7P2”7"'7Plg>
where

pr— {0} U{(usj —uin) mod n; | 2 < j <my}, if 1 <id <t
T A{o), ift+1<i<k.

The state p” has been proved to be reachable in Case (3.1) because
p; € F; for all 1 <14 < k. Then the state

// 12 12 1
p=6(p", cwiwy - wy),

where
w = (aibi)("“_l)mOd Mgl 1 <i <k,

Now we have proved that all the states in A can be reached from s.
(IT) Any two different states p and p’ in @ are distinguishable.

Assume that

b= <p15p23"'apk7P17P23"'aPk>7
P = (1P, P, P Py, Br).

1. (P, #P),1<t<k
Let x € P, — P/ without loss of generality. Then there exists a word
w such that

o(p,w) =(0,...,0,7,0,...,0,{0},...,{0}, R, {0},...,{0}) € F,
5(p',w)=10,...,0,1,0,...,0,{0},...,{0}, R;,{0},...,{0}) ¢ F,

15



where
w = antflfxwle C W W1 Wit W,
wj = (a;b)™, 1< j<k,j#t.
It is easy see that Ry N Fy # () whereas R, N F} = ().
2. Ft(pr #p}),1 <t<kand P, =P/ forall 1 <i<k.

For this case, there exists a word w’ such that
d(p,w') =(0,...,0,Ry1,{0},...,{0}) € F,
S(p',w') =10,...,0,R,{0},...,{0}) ¢ F,
where
w' = WwW2 « +* W1 W41Wt42 * - WE W,
w; = (ajb;)",1<j<k,j#t,
wy = a1 P (aghy) ™ 2 aghy.
We can see that Ry N F} # () whereas Ry N F; = ().
Since all the states in A are reachable and pairwise distinguishable, A is a

k
minimal DFA. Therefore, any DFA that accepts (|J L(4;))? needs at least
i=1

k
(np — 1)] HQ”u )+ 1] + H Hnlfl Qle""‘fk

H’,:]w

states. O
Since this lower bound coincides with the upper bound in Theorem 4.1, it is

the state complexity of the combined operation ( U L;)2.

5. Conclusion
In this paper we established the state complexities of two general combined
operations: U L;)* and (U L;)?, where L;; 1 < i < k, k > 2 are regular

languages. T hey both have a smnlar form with the state complexities of their
participating combined operations. It seems that considering combined opera-
tions as combinations of participating combined operations instead of individual
component operations can give better upper bounds.

The results are both proved with an alphabet of the size 2k + 1. It is
interesting to investigate if the size can be reduced. However, it is impossible
to design a worst-case example for the two combined operations for arbitrary
k > 2 and n; > 3 with a fixed alphabet. This is because there are a limited
number of different DFAs with a fixed number of states if the alphabet is fixed.
Therefore, when k is large enough, some of the operand DFAs with the same
number of states may be indeed the same according to pigeonhole principle [11].
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