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Abstract

(Linear) splicing as a binary word/language operation is inspired by the DNA recombi-
nation under the action of restriction enzymes and ligases, and was first introduced by Tom
Head in 1987. Shortly thereafter, it was proven that the languages generated by (finite) splic-
ing systems form a proper subclass of the class of regular languages. However, the question
of whether or not one can decide if a given regular language is generated by a splicing system
remained open. In this paper we give a positive answer to this question. Namely, we prove
that, if a language is generated by a splicing system, then it is also generated by a splicing
system whose size is a function of the size of the syntactic monoid of the input language, and
which can be effectively constructed.

1 Introduction

In [10] Head described a language-theoretic operation, called splicing, which models DNA re-
combination, a cut-and-paste operation on DNA double-stranded molecules. Recall that a DNA
single-strand is a polymer consisting of a series of the nucleotides Adenine (A), Cytosine (C),
Guanine (G), and Thymine (T) attached to a linear, directed backbone. Due to the chemical
structure of the backbone a DNA single-strand has a directionality; its ends are called 3’-end
and 5-end. Abstractly, a DNA single-strand can be viewed as a string over the four letter al-
phabet {A,C,G, T}. The bases A and T, respectively C and G, are Watson-Crick-complementary,
or simply complementary, which means they can attach to each other via hydrogen bonds. The
complement of a DNA single-strand o = 5-aq -+ - a,-3" is the strand @ = 3'-aj - - - @,-5’ where
ai,...,a, are bases and ay,...,a, denote their complementary bases, respectively; note that «
and @ have opposite orientation. A strand « and its complement & can bond to each other to
form a DNA (double-)strand.

Splicing is meant to abstract the action of two “compatible” restriction enzymes and the ligase
enzyme on two DNA double-stranded molecules. The first restriction enzyme recognizes a base-
sequence u1v1, called its restriction site, in any DNA string, and cuts the string containing this
factor between u; and v;. The second restriction enzyme, with restriction site ugvo, acts similarly.
Assuming that the sticky ends obtained after these cuts are complementary, the enzyme ligase
aids then the recombination (catenation) of the first segment of one cut string with the second
segment of the other cut string. For example, the enzyme Taql has restriction site TCGA, and the
enzyme SciNI has restriction site GCGC. The enzymes cut double-strands

5—a—T CGA—p—3 5 —y—GCGC—§—3
3 —a—AGCT—j—5 and 3'—5—CGCG—3—5

along the dashed lines, respectively, leaving the first segment of the left strand with a sticky end
GC which is compatible to the sticky end CG of the second segment of the right strand. The



segments can be recombined to form either the original strands or the new strand

5—a—TCGC—35—3
3—a—AGCG—o—F5

A splicing system is a formal language model which consists of a set of initial words or axioms
I and a set of splicing rules R. Every word in this system represents one DNA double-strand.
The most commonly used definition for a splicing rule is a quadruplet of words r = (u1, v1; usg, v2).
This rule splices two words x1ujv1y1 and xougvays: the words are cut between the factors uq, vy,
respectively ug, v9, and the prefix (the left segment) of the first word is recombined by catenation
with the suffix (the right segment) of the second word; see Figure 1 and also [18]. The words
uiv1 and usvy are the restriction sites in the rule r. The biological example of the enzyme in-
teraction of Taql and SciNI, as discussed at the beginning of this section is modeled by the rule
(T, CGA; G, CGC); the rules (TC, GA; GC,GC) or (TCG, A; GCG, C) could be used alternatively. A
splicing system generates a language which contains every word that can be obtained by succes-
sively applying rules to axioms and the intermediately produced words.

1 ul 1 Y1

X2 u2 V2 Y2

Figure 1: Splicing of the words z1u1v1y; and xousveys by the rule r = (ug,v1;ug, v2).

Example 1. Consider the splicing system (I, R) with axiom I = {ab} and rules R = {r, s} where
r = (a,b;e,ab) and s = (ab,&;a,b); in this paper, € denotes the empty word. Applying the rule r
to two copies of the axiom ab creates the word aab and applying the rule s to two copies of the
axiom ab creates the word abb. More generally, the rule r or s can be applied to words a’b’ and
akv’ with i,j,k,¢ > 1 in order to create the word a’t1b¢ or a’b*!, respectively. The language
generated by the splicing system (I, R) is L(I,R) = a*b™.

The most natural variant of splicing systems, often referred to as finite splicing systems, is to
consider a finite set of axioms and a finite set of rules. In this paper, by a splicing system we
always mean a finite splicing system. Shortly after the introduction of splicing in formal language
theory, Culik IT and Harju [6] proved that splicing systems can only generate regular languages;
see also [12,17]. Gatterdam [7] gave (aa)* as an example of a regular language which cannot
be generated by a splicing system; thus, the class of languages generated by splicing systems is
strictly included in the class of regular languages. However, for any regular language L over an
alphabet 3, adding a marker b ¢ X to the left side of every word in L results in the language bL
which can be generated by a splicing system [11]; for example, the language b(aa)* is generated
by the axioms {b,baa} and the rule (baa,¢;b,€).

This led to the question of whether or not one of the known subclasses of the regular languages
corresponds to the class S of languages which can be generated by a splicing system. All investi-
gations to date indicate that the class S does not coincide with another naturally defined language
class. A characterization of reflexive splicing systems using Schiitzenberger constants was given by
Bonizzoni, de Felice, and Zizza [1-3]. A splicing system is reflexive if for all rules (u1, v1;uz2,v2) in
the system we have that (uy,v1;u1,v1) and (ug, ve; ug, v2) are rules in the system as well. A word
v is a (Schiitzenberger) constant of a language L if z1vy; € L and zovys € L imply zyvys € L [19].
Recently, it was proven by Bonizzoni and Jonoska that every splicing language has a constant [5].
However, not all languages which have a constant are generated by splicing systems; for example,
in the language L = (aa)* + b* every word b’ is a constant, but L is not generated by a splicing
system.

Another approach was to find an algorithm which decides whether or not a given regular
language is generated by a splicing system. This problem has been investigated by Goode, Head,
and Pixton [8,9,13], but it has only been partially solved: it is decidable whether or not a regular



language is generated by a reflexive splicing system. It is worth mentioning that a splicing system
by the original definition in [10] is always reflexive. A related problem has been investigated by
Kim [16]: given a regular language L and a finite set of enzymes, represented by set of reflexive
rules R, Kim showed that it is decidable whether or not L can be generated from a finite set of
axioms by using only rules from R.

In this paper we settle the decidability problem by proving that for a given regular language, it
is indeed decidable whether or not the language is generated by a splicing system, not necessarily
reflexive (Corollary 5.2). More precisely, for every regular language L there exists a splicing system
(IL,Ry) and if L is a splicing language, then L is generated by the splicing system (I, Ry). The
size of this splicing system depends on the size of the syntactic monoid of L. If m is the size of the
syntactic monoid of L, then all axioms in I}, and the four components of every rule in Ry have
lengths in O(m?) (Theorem 4.1). By results from [12,13], we can construct a finite automaton
which accepts the language generated by (I, Ry), compare it with a finite automaton which
accepts L, and thus, decide whether L is generated by a splicing system or not. Furthermore, we
prove a similar result for a more general variant of splicing that has been introduced by Pixton [17]
(Theorem 3.1).1

The paper is organized as follows. In Section 2 we lay down the notation, recall some well-
known results about syntactic monoids, and prove a pumping argument that is of importance for
the proofs in the succeeding sections. Section 3 (resp. Section 4) contains the proof that a regular
language L is generated by a Pizton splicing system (resp. classical splicing system) if and only if
it is generated by one particular Pixton splicing system (resp. classical splicing system) whose size
is bounded by the size of the syntactic monoid of L. Sections 3 and 4 can be read independently
and overlap in some of their main ideas. The inclusion of both sections and the presentation
order are chiefly for expository purposes: due to the features of the Pixton splicing, Section 3
introduces the main ideas in a significantly more readable way. Finally, in Section 5 we deduce
the decidability results for both splicing variants.

2 Notation and Preliminaries

We assume the reader to be familiar with the fundamental concepts of language theory; see [14].
Let ¥ be a finite set of letters, the alphabet; X* be the set of all words over X; and ¢ denote
the empty word. A subset L of ¥* is a language over ¥.. Throughout this paper, we only consider
languages over the fixed alphabet X. Let w € ¥* be a word. The length of w is denoted by |w|.
(We use the same notation for the cardinality |S| of a set S as usual.) We consider the letters of
3 to be ordered and for words u,v € ¥* we denote the length-lezicographical order by u <gp v;
ie., u <g v if either |u| < |v|, or |u| = |v| and w is at most v in lexicographic order. The strict
length-lexicographic order is denoted by <yp; we have u <gp v if u <pp v and u # v.

For a number m € N we let ¥=™ denote the set of words whose length is at most m, i.e.,
=" = ;< 2% Analogously, we define ©<" = J; _,, 2.

If w = xyz for some z,y,z € ¥*, then z, y, and z are called prefiz, factor, and suffiz of w,
respectively. If a prefix or suffix of w is distinct from w, it is said to be proper; a factor y of w is
a proper factor, if it is neither a prefix nor a suffix of w.

Let w = ajy...a, where ay,...,a, are letters from ¥. By wp; for 0 < i < n we denote a
position in the word w: if ¢ = 0, it is the position before the first letter ay, if ¢ = n it is the
position after the last letter a,, and otherwise, it is the position between the letters a; and a;1.
We want to stress that w;] 18 not a letter in the word w. By Wi ) for 0 < i < j < n we denote the
factor a;41 - -a; which is enclosed by the positions wy;; and wy;j. If ¥ = wy;,; we say the factor z
starts at position wf; and ends at position wy;. Whenever we talk about a factor x of a word w
we mean a factor starting (and ending) at a certain position, even if the word = occurs as a factor

at several positions in w. Let z = w5 and y = w5 be factors of w. We say the factors z and

LAn extended abstract of this paper, including a shortened proof of Theorem 4.1 and Corollary 5.2 i.) was
published in the conference proceedings of DNA 18 in 2012 [15]. Theorem 3.1 and Corollary 5.2 ii.) have not been
published elsewhere.



y match (in w) if ¢ = ¢’ and j = j'. The factor z is covered by the factor y (in w) if i’ <1i < j < j'.
The factors x and y overlap (in w) if x #e, y # ¢, and i <7’ < j or i’ <i < j'; in other words, if
two factors z and y overlap in w, then they share at least one letter of w. Note that if a non-empty
factor is covered by another factor, these two factors will also overlap. Let z = wy;,; be a factor
of w and let p = w) be a position in w. We say the position p lies at the left of x if k < i; the
position p lies at the right of x if k > j; and the position p lies in x if i < k < j.

Every language L induces a syntactic congruence ~p over words such that u ~j v if for all
words x,y

zuy € L < zxvy € L.

The syntactic class (with respect to L) of a word u is [u]r, = {v | u ~p v}. The syntactic monoid
of L is the quotient monoid

My, :E*/NL = {[U]L | UEZ*}

Example 2. The syntactic monoid My, of the regular language L = a™b™ is given by the syntactic
classes
My, = {la [a’]L7 [b]Lv [ab]Lv 0}

where 1 = [g], = ¢, [a]y = a™, [b]L = b, [ab], = aTbT, and 0 contains all words which are not
factors of a word in L. Note that 1 is the neutral element (or identity element) and 0 acts as zero
in the monoid.

It is well known that a language L is regular if and only if its syntactic monoid M7, is finite.
We will use two basic facts about syntactic monoids of regular languages.

Lemma 2.1 (Pumping Lemma). Let L be a regular language and let w be a word with |w| >
|ML\2. We can factorize w = afy with B # € such that o ~, af and v ~y, By. In particular,
afy ~p af?y for all j € N.

Proof. Consider a word w with n = |w| > |ML\2. For i = 0,...,n, let X; = [wjo,;]r be the
syntactic class of the prefix of w of length i and let Y; = [wy;,,)|r be the syntactic class of the
suffix of w of length n — i. Note that X; - Y; = [w]r. By the pigeonhole principle, there are j, k
with 0 < j < k < n such that X; = X and Y; = Yy, Let a = w1, 8 = wjk), and v = Wy
As a € X and aff € X, = X, we see that a ~ of and, symmetrically, v ~r, 5. O

Lemma 2.2. Let L be a reqular language. Every element X € My contains a word x € X with
|z| < |My|.

Proof. We define a series of sets S; C M. We start with Sy = {1} (here, 1 = [¢]r) and let
Sit1 = SiU{X - [a]r | X € SiAae X} for i > 0. It is not difficult to see that X € §; if and
only if X contains a word z € X with |z| < i. As S; C S;41 and M, is finite, the series has a
fixed point S,, such that S; = S, for all ¢ > n. Let n be the least value with this property, i.e.,
Sn—1 © S, or n = 0. Observe that n < |Mp|as Sy € S1 € -+ € S,. Every element X € M,
contains some word w € X, thus, X € S, € S,. We conclude that X contains a word with a
length of at most n < |My|. O

2.1 A Pumping Argument

In this section we present a pumping technique that will become useful in the main proofs of
Sections 3 and 4. We consider a regular language L, words «, 3,7, and a large even integer j such
that afy ~r, a7, due to the Pumping Lemma 2.1. In the proofs of Lemma 4.8 and Theorem 3.1,
we need a pumping argument to replace all factors a8y by a7 in a word z in order to obtain
a word Z ~p z. As af#y may be a factor of a3+, we cannot ensure that a37 is not a factor of Z
anymore. However, we can ensure that if a8y = Z;/) is a factor of Z, then (a) af9/? is a factor of
Z starting at position Zp; or (b) (7/2~ is a factor of Z ending at position Z[); 1- €., a is succeeded
by a large number of 8’s or =y is preceded by a large number of 3’s. The next lemma is a technical



result whose purpose is to ensure that for any word z there exists a word Z such that for any factor
afy in Z (a) or (b) holds, and % is generated by applying several successive factor replacements
afy — af’y to z. By a factor replacement we mean that, if z can be factorized z = za/3yy, then
we can apply a factor replacement a8y — 37y to z in order obtain the word new 2’ = za37vy.

Lemma 2.3. Let L be a language, let j > 4 be an even integer, and let o, B, be words with 8 # &
such that aBy ~r af?y. For a word z we can effectively obtain a word Z by successively applying
factor replacements aBy — aBi~y to z such that 2 ~p z and for all integers k,k’ which satisfy
Ziksk) = By one of the following conditions holds:

(a) aBi/? is a factor of Z starting at position Zpw or
(b) 372y is a factor of Z ending at position 2]

Before we prove Lemma 2.3, let us recall a basic fact about primitive words. A word p is called
primitive if there does not exist a word z € ¥ and an integer ¢ with 4 > 2 such that p = 2°. The
primitive Toot of a word w # ¢ is the unique primitive word p such that w = p’ for some i > 1.
For a primitive word p, it is well known that if pp = xpy, then either z = pand y =¢, or x = ¢
and y = p. In other words, whenever p is a factor of p™ starting at position p"(;), then i € |p| - N
(that is, |p| divides ).

For a word w = xy we employ the notations ™ w = y and wy™" = x. If = is not a prefix of w
(resp. y is not a suffix of w), then the 271w (resp. wy ') is undefined. For words x,w € ¥* and
ke N we let 2 %w = (2%) " w and wr=F = w(z*)~1L.

1 1

Proof of Lemma 2.3. Let L be a language, let j > 4 be an even integer, let «, 5,7 be words with
B # € such that aBy ~p aB’~, and let £ = |aBy|. We use the following pumping algorithm in
order to obtain Z from z:

1. let zg := z; let n := 0;

2. let k be the minimal position such that 2, .x4.¢ = @7 and neither of the following conditions
is true

(a) aB/? is a factor of z, starting at position z, k]
(b) /2y is a factor of 2, ending at position Zn [k40]5

if such k£ does not exist, then return z := z,, and halt;

3. let zpp1 1= 2ok cafly - Znlk46:)2n )5 (replace the factor zp(k.k4q = afy by aBiy)
let n:=n+1;

4. repeat steps 2-4.

The pumping algorithm defines a series of words zg, 21, 22, . . . where zg = z and the word 2,41
is obtained from z,, by replacing one factor a3y in z, by the factor a37~y. Because a8y ~1 aBi~y
and by induction, we obtain that z,, ~y z for all n € N. Under the assumption that the algorithm
stops after N cycles, we obtain that Z = zy ~ z. Furthermore, the algorithm terminates only if
for all factors Zpu4 = afy in Z (a) or (b) is satisfied. Thus, in order to prove the lemma, we
have to prove that the algorithm always terminates.

Let p be the primitive root of 3, let m such that 3 = p™, and let y = p™7~2 = Bip=2. (Note
that y is a well-defined, non-empty word even if § is primitive, because j > 4.) For each n < N
we will define a unique factorization

Zn = Tn,0YTn1YTn 2 " YTnn

where p is a suffix of z,,; for ¢ = 0,...,n — 1 and p is a prefix of z,; for ¢ = 1,...,n. This
factorization is defined inductively: naturally, we start with x9 ¢ = 29 = 2. Suppose z, is factorized
in the above manner. Let k be the position in 2, such that a8y = z, ;x4 and

Zn+1 = Zn[0;k] O‘B]’Y * Znlk+4;| 2]



as described in the pumping algorithm; thus, neither (a) nor (b) holds for & in z,. If there is no such
factor, the algorithm terminates and we do not have to define z,41. We define the factorization of
Zp+1 under the assumption that 8 = 2, (k4 |a|;k+|as|) 1S covered by some z,, ; in the factorization of
Zn such that z,, = ufv for some words u,v. We split a,, ; up in order to obtain x,1,; = up and
Tn41,i+1 = pv; Figure 2 illustrates a possible factorization of the words z, and z,41. Moreover,
we let Tpi1,¢ = X,y for i =0,...,9—1 and xp41,941 = Tp,i for &/ =i+ 1,...,n. Observe that

Zn+1 = Tn4+1,0YTn+1,1YTn+1,2 * * * YTn4+1,n+1

defines the desired factorization.

a B 04
ey —— T ——y—----
————
u U p p v
xnil,i Tn+1,i+1
-t ) f up f - Y--- —pv—t Yy—----

Figure 2: Obtaining the factorization of z,; (bottom) from the word z, (top).

Next we will show that either

(i) B = Zn[kt|al:k+]as| s a proper factor of ,,; = uBv in the factorization of z, (i.e., u # ¢ and
v #£g); or

(i) a=¢, k=0, and 8 = 2,0, g is a prefix of x, o in the factorization of z,; or
(ili) v =-¢, k = |zn| — £, and B = 2zp[|2, |- |8];|z,|] is a suffix of z,, ,, in the factorization of zy;

because otherwise (a) or (b) is satisfied. Suppose that k in z, is chosen by the algorithm such
that neither (i), nor (ii), nor (iii) holds. Because p is a suffix of z,, ; for i =0,...,n— 1l and pis a
prefix of z,, ; for i = 1,...,n, we see that B = Zn[k+|al;k+|ap|) has to overlap by at least |p| letters
with a factor pyp = 87 in z,; let h be the position in 2, such that 37 = 2,485 denotes the
factor in z, that overlaps by at least |p| letters with § = z, [k+|al:k+|ap|]- Due to the properties of
primitive roots, we have k + |a| — h € |p| - Z. Furthermore, if k + |a] < h + |ﬁj/2’, then 2, [p4|q[ is
succeeded by p™7/2 = 89/2 hence, (a) holds. Otherwise, if k + |a| > h+|87/2|, then 24 |ag) i
preceded by 57/2, hence, (b) holds. Therefore, the algorithm will always chose k such that either
(i) or (ii) or (iii) holds.

Note that if k is chosen in the n-th cycle of the algorithm such that case (ii) holds, then for
all ¢ > n we have z, o = p; therefore, k can never be chosen again such that case (ii) holds.
Symmetrically, k& can only once be chosen such that case (iii) holds.

Next, we show that case (i) can only occur a finite number of times. Consider that & is chosen in
the n-th cycle such that case (i) holds, where 8 = 2y [kt |a|;k+|ap|] 18 @ proper factor of z,, ; = ufv.
Because |u], |v] > 1,

|Znt1,il = [ul + |pl = |zl =181 = |v] + |p| < |znil = o] < |onl

and, symmetrically, |T,+1 41| < |Zn|. Thus, in each pumping step where (i) holds, we replace
one of the factors x,; by two strictly shorter factors xn41,; and zp4141. As we cannot pump
in a factor x,, if it is shorter than |5| + 2, eventually, all the factors will be too short and the
pumping algorithm has to halt. O

2.2 Outline of the Main Proofs

In Sections 3 and 4 we prove that a regular language L is a Pixton or classical splicing language,
respectively, if and only if it is generated by a splicing system whose size only depends on the size



of the syntactic monoid of L. Here, we outline the following proofs while ignoring most technical
details. We focus on classical splicing (Section 4), but the proof outline for Pixton’s variant of
splicing (Section 3) is similar.

In Section 4.1 (resp. Section 3.1), we start by describing basic techniques to modify splicing
rules; for example, if a rule r = (u1, v1; uz2, v2) belongs to a splicing system (I, R), we can extend the
the second component vy of r to the right by any word x to obtain the new rule s = (uy, v12; us, v2)
and add this rule s to the splicing system (I, R) without changing the language L(I, R) = L(I, RU
{s}) that is generated by the splicing system. If L is the language generated by a splicing system
(I, R), then we can replace some of the four components in a rule by syntactically congruent words,
with respect to L, and add this new rule to R. We can combine these two techniques as follows:
when a word z is generated by splicing from two words w; and we that are significantly longer
than z, we can also find two shorter words w; a wy which generate z by splicing; see Figure 3.

gL

'\3\“"..

RN
W

N v

Figure 3: Modification of the splicing (wi,ws) b, z with w1 = z1uiv1y1, we = Taugvays, 2z =
Z1u1v2ye, and r = (uq,v1;usz,v2): 1.) extend vy such that it covers a suffix of w; and extend
ug such that it covers a prefix of wq; 2.) replace vj by a shorter word ¥; € [v]]r, and replace
uh by a shorter word g € [ub]r. The new splicing is (w1, ws) Fs z where Wy = x1u191 ~1 wy,
11]2 = ﬂgvgyg ~r, W2 and S = (ul,’ﬁl;ag,vz).

We continue by discussing series of splicings in Section 4.2 (resp. Section 3.2). The creation of
a word by successive splicing in a splicing system (I, R) can be visualized by a binary tree, where
(w1, ws) F ws is interpreted as wy being the left child of w3 and we being the right child of ws.
Consider the creation tree of some word zzyg in a splicing system (I, R); here, z is considered to
be relatively long compared to the prefix  and suffix y, and z is also longer than any of the four
components of any rule in the splicing system. We are only interested in the nodes (or words) in
the splicing tree which contain the factor z. All nodes in the tree that do not contain the factor
z are considered to be leafs and those which contain z can be written as x;zy;. This procedure
yields a degenerated tree, as shown in Figure 4 on the left, which can also be interpreted as a
series of splicings. There are two cases: either we find a first splicing (w41, Wgt2) F zpzy) that
affects z, i.e., a prefix of z belongs to w41 and the corresponding suffix belongs to w42 (this
case is depicted in Figure 4); or the word xzy belongs to I which means that it is a leaf in the
tree as well. It is not difficult to observe that the splicings which alter the prefixes z; in this tree
do not interfere with the splicings which alter the suffixes y; and their order can be exchanged in
order to reorganize the tree from one with a zig-zag shape (Figure 4 left) to one where all-right
branches are followed by all-left branches (Figure 4 right).

Using the techniques employed in Section 4.1 (resp. Section 3.1), we can replace the words
wy, ..., wi on the leafs which only alter a prefix x; or a suffix y; in order to impose a length
restriction for them; this length restriction depends on the lengths of xy and yo and the size of
the syntactic monoid of L(I, R). Ultimately, we will use this result to ensure that all the words
wi, . .., wy belong to a finite set I’ = L(I, R) N ©=¢ for some integer /.

In Section 4.3 (resp. Section 3.3) we will prove that a regular language L is a splicing language
only if it is generated by a splicing system (I, Ry) where we impose a length bound on all words
in I, and all four components of the rules in Ry. This is done in two steps: step 1, we let the set
of initial words be arbitrarily large and just restrict the length of components of Ry ; step 2, we
impose the length restriction on words in I, (for technical reasons, these two steps are swapped
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Figure 4: Tracing back the creation of xgzyg in the splicing tree: we go back to a point where
the factor z is affected for the last time. The left side shows a general splicing tree, the right side
shows a reorganized splicing tree where all modifications of y; by splicings happen first, and then
the modifications of z; by splicing happen. The nodes wg11, Wk+2, TozYo, and xkzyy are the same
on the left and right side, but the other leafs w; for ¢ = 1,...,k appear in different places; the
intermediate results on the non-leaf nodes change as well but they all contain the factor z.

in Section 3.3).

Step 1.) We assume, by contradiction, that L = L(J,S) is a splicing language, but that
L(J,Ry) € L. There exists a length-lexicographically minimal word g which is a component of
a rule in S such that no rule in Ry contains the component pu. The length restriction on the
components in Ry, is chosen large enough such that we find a factor afy in u, as described in
the Pumping Lemma 2.1. Then, we pick a shortest word w from L(J,S)\ L(J, Rz) and we apply
the pumping argument from Section 2.1 which replaces all factors a3y in w by a’~ for a large
number j in order to obtain a word @ (the following arguments hold even if w does not contain a
factor afv). Next, we consider the generation of w by splicing, as shown in Figure 4. If a rule with
component p is used during this splicing, then it has to overlap with a factor o37~ in @ which
allows us to replace this rule by a rule where all four components are length-lexicographically
shorter than u. Now, since we know that w can be generated from strictly shorter words and with
rules from Rj, we reverse the pumping in order to obtain a splicing tree that generates w from
strictly shorter words and rules in Ry. Thus, either w can be generated without using a rule with
a component y or w is not the shortest word in L(J, S)\ L(J, Rr); both cases yield a contradiction.

Step 2.) After the first step of the proof we may assume that if L is a splicing language, then
it is generated by a splicing system (J, Rp). This time, we prove by induction on the length of
words in L, that every word w € L can be generated by splicing in (I, Ry). Clearly, this holds
for all words which are short enough to belong to I;,. Then, we assume for a word w € L that all
strictly shorter words belong to L(I;, R1). We ensure that w is long enough to find a pumpable
factor afBy in w as described by the Pumping Lemma 2.1. This time we use a simple pumping
argument and replace this factor a8y in w by /37 in order to obtain a word @; we choose j large
enough to ensure that no word in J can contain the factor a37vy. Therefore, we can trace back
the generation of the word w by splicing, as depicted in Figure 4, in order to obtain a splicing
series that generates w from strictly shorter words. After pumping a7y back down to afBvy, we
obtain a series of splicings that generates w from strictly shorter words. Applying the induction
hypothesis, we conclude that w € L(Iy, Ry), as desired.



3 Pixton’s Variant of Splicing

In this section we use the definition of the splicing operation as it was introduced in [17]. A triplet
of words r = (u1, ug;v) € (X*)? is called a (splicing) rule. The words u; and ug are called left and
right restriction site of r, respectively, and v is the bridge of r. This splicing rule can be applied to
two words wy; = xyu1y; and we = Tousys, that each contain one of the restriction sites, in order
to create the new word z = z1vys9, see Figure 5. This operation is called splicing and it is denoted
by (w1, ws) F 2.

S T T |‘L_1|\M1|q1|
I T T 1
— (2
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Figure 5: Splicing of the words x1u1y; and xousys by the rule r = (ug, ug;v).

For a rule r we define the splicing operator o, such that for a language L
o-(L)={z € X" | Jwy,wz € L: (w1, ws) b 2}

and for a set of splicing rules R, we let

or(L) = U or(L).

reR

The reflexive and transitive closure of the splicing operator o}, is given by

op(L) =L, o7 (L) = oR(L) Uor(or(L)), on(L) = | og(L).
i>0

A finite set of axioms I C ¥* and a finite set of splicing rules R C (X*)3 form a splicing system
(I, R). Every splicing system (I, R) generates a language L(I, R) = o} (I). Note that L(I, R) is
the smallest language which is closed under the splicing operator or and includes I. It is known
that the language generated by a splicing system is regular; see [17]. A (regular) language L is
called a splicing language if a splicing system (I, R) exists such that L = L(I, R).

A rule r is said to respect a language L if o.(L) C L. Tt is easy to see that for any splicing
system (I, R), every rule r € R respects the generated language L(I, R). Moreover, a rule r ¢ R
respects L(I, R) if and only if L(I, RU{r}) = L(I, R). We say a splicing (w1, ws) -, z respects a
language L if wy,ws € L and r respects L; obviously, this implies z € L, too.

Pixton introduced this variant of splicing in order to give a simple proof for the regularity of
languages generated by splicing systems. As Pixton’s variant of splicing is more general than the
classic splicing, defined in the introduction and in Section 4, his proof of regularity also applies
to classic splicing systems. For a moment, let us call a classic splicing rule a quadruplet and a
Pixton splicing rule a t¢riplet. Consider a quadruplet r = (u1, v1;u2,v2). It is easy to observe that
whenever we can use r in order to splice w1 = x1u1v1y1 With ws = Tousvays to obtain the word
Z = Z1ujv2y2, we can use the triplet s = (u1v1, ugve; u1v2) in order to splice (w1, ws) ks z as well.
However, for a triplet s = (u1,us;v) where v is not a concatenation of a prefix of u; and a suffix
of ug, there is no quadruplet r that can model the same splicings. Moreover, the class of classical
splicing languages is strictly included in the class of Pixton splicing languages; for example, the
language

L = cx*ae + cx*be + dex*bef

over the alphabet {a,b,c,d, e, f, 2} is a Pixton splicing language but not a classical splicing lan-
guage [4]. For the rest of this section we focus on Pixton’s splicing variant and by a rule we always
mean a triplet.

The main result of this section states that if a regular language L is a splicing language, then
it is created by a particular splicing system (I, R) which only depends on the syntactic monoid of
L.



Theorem 3.1. Let L be a splicing language and m = |My|. The splicing system (I, R) with
[ = <™ +6m [ and

R= {r € N ¢ 7i<2m i <m?H10m | respects L}

generates the language L = L(I, R).

As the language generated by the splicing system (I, R) is constructible, Theorem 3.1 implies
that the problem whether or not a given regular language is a splicing language is decidable. A
detailed discussion of the decidability result is given in Section 5.

Let L be a formal language. Clearly, every set of words J C L and set of rules S where every
rule in S respects L generates a subset L(J,S) C L. Therefore, in Theorem 3.1 the inclusion
L(I,R) C L is obvious. The rest of this section is devoted to the proof of the converse inclusion
LCL(I,R).

Example 3. Recall from Example 2 that the syntactic monoid of the regular language L = a*b™
contains m = 5 elements. Let I and R be as defined in Theorem 3.1 for the language L. We can
modify the classic splicing system from Example 1 in order to obtain the Pixton splicing system
(I', R") which generates L = L(I', R') where I’ = {ab} and R’ = {(ab, ab; aab), (ab, ab; abb)}. The
splicing system (I, R), defined in Theorem 3.1, is much larger than (I, R') as it is composed of all
initial words from I = {a’/ | i,j >1Ai+j <55} and all rules from X<!0 x £<10 x $<75 that
respect L. Therefore, I' C I and R’ C R. We conclude that L = L(I’,R’) C L(I,R) C L.

Consider a splicing language L. One of the main techniques we use in the proof is that,
whenever a word z is created by a series of splicings from a set of words in L and a set of rules
that respect L, then we can use a modified set of words from L, and a modified set of rules which
respect L in order to obtain the same word z by splicing. If z is sufficiently long these words can
be chosen such that they are all shorter than z and the restriction sites and bridges of the rules
also satisfy certain length restrictions. Of course, our goal is to show that we can create z by
splicing from a subset of I with rules which all satisfy the length bounds given by R (as defined in
Theorem 3.1). In Section 3.1 we will present techniques to obtain rules that respect L from other
rules respecting L and we show how we can modify a single splicing step, such that the words
used for splicing are not significantly longer than the splicing result. In Section 3.2 we use these
techniques to modify a series of splicings in the way described above (Lemma 3.8). Finally, in
Section 3.3 we prove Theorem 3.1.

3.1 Rule Modifications

Let us start with the simple observation that we can extend the restriction sites and the bridge of
a rule r such that the new rule respects all languages which are respected by 7.

Lemma 3.2. Let r = (uy,u2;v) be a rule which respects a language L. For every word x, the
rules (xuy, ug; xv), (urx,ug;v), (u1,xus;v), and (u1, usx;ve) respect L as well.

Proof. Let s be any of the four rules (xuy,us;zv), (uix, ug;v), (u1,xug;v), or (ur,usx;ve). In
order to prove that s respects L we have to show that, for all wi,ws € L and z € ¥* such that
(w1, ws) ks 2z, we have z € L, too. Indeed, if (wy,ws) Fs 2z, then (w1, ws) k-, z and as r respects
L, we conclude z € L. O

Henceforth, we will refer to the rules (xuy, ug; 2v) and (ug, usz;vx) as extensions of the bridge
and to the rules (ujx,us;v) and (u1,xus;v) as extensions of the left and right restriction site,
respectively.

For a language L, let us investigate the syntactic class of a rule r = (u1, ug;v). The syntactic
class (with respect to L) of r is the set of rules [r]r, = [u1]r X [uz]r X [v]r and two rules r and s
are syntactically congruent (with respect to L), denoted by r ~p, s, if s € [r]r. The next lemma is
a direct consequence of the fact that ~ is a syntactic congruence.
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Lemma 3.3. Let r be a rule which respects a language L. Fvery rule s € [r]L respects L.

Proof. Let 7 = (u1,u2;v) and s = (41, U9;0). Thus, uy ~p a1, ug ~p Uz, and v ~5, 0. We
will show that for all w; = z1u1y1 € L and Wy = xotoys € L, we have Z = z10y, € L. Let
W] = T1U1Y1, Wo = TaUsle and note that wy ~p Wy, wg ~p Ws; hence, wy,wy € L. Furthermore,
(w1, ws) by xyvys = 2z € L as r respects L and Z € L as z ~p, 2. O

Consider a splicing (x1u1y1, Tausys) by x1vy2 which respects a regular language L as shown
in Figure 6 left side. The factors u;y; and zous may be relatively long but they do not occur as
factors in the resulting word xvys. In particular, it is possible that two long words are spliced
and the outcome is a relatively short word. Using Lemmas 3.2 and 3.3, we can find shorter words
in L and a modified splicing rule which can be used to obtain zjvys.

|I_1|\“;|y1| _ |I_1|\u10|
[T [T SN— booN——|
T2 u2 Y2 u2 Y2

Figure 6: The factors u;y; and zsus can be replaced by short words.

Lemma 3.4. Let r = (ug,ug;v) be a rule which respects a reqular language L and wy = z1uiy1 €
L, wy = xougys € L. There is a rule s = (U1, Ua;v) which respects L and words Wy = x14; € L,
Wy = oy € L such that |ts], |Gz| < |Mp|. More precisely, 4y € [uiy1]r and ts € [xous]r. In
particular, whenever (w1, ws) by x10y2 = z respects L, then (w1, W) b5 z respects L.

Proof. By using Lemma 3.2 twice, the rule (ujy1,zaug;v) respects L. By Lemma 2.2, we can
choose @1 € [uy1]r and @2 € [wous]y as shortest words from the syntactic classes, respectively,
such that |ay|, |ae| < |Mg|. Let @, = x1@; € L, w9 = 1i2ys € L. Furthermore, by Lemma 3.3,
s = (i1, Usg;v) respects L. O

Another way of modifying a splicing (wq, ws) F, 2 is to extend the bridge of r to the left until
it covers a prefix of wy. Afterwards, we can use the same method we used in Lemma 3.4 and
replace w; by a short word; see Figure 7. As the splicing operation is symmetric, we can also
extend the bridge of r rightwards and replace wo by a short word, even though Lemma 3.5 does
not explicitly state this.

Figure 7: The word xjuiy; can be replaced by a short word as long as we extend the bridge of
the splicing rule accordingly.

Lemma 3.5. Let v = (u1,ug;v) be a rule which respects a regular language L and let wy =
z1ury1 € L. Bvery rule s = (W, ug; x1v), where w € [wi], C L, respects L. In particular, there is
a rule s = (W, ug; x1v) such that |W] < |Mg|.

Proof. By Lemma 3.2, we see that (z1u1y1, us; 1v) respects L and, by Lemma 3.3, s = (W0, ug; £1v)
respects L. If @ € [wq]y, is a shortest word from the set, then |w| < | M|, by Lemma 2.2. O
3.2 Series of Splicings

We are now investigating words which are created by a series of successive splicings which all
respect a regular language L. Observe, that if a word is created by two (or more) successive
splicings, but the bridges of the rules do not overlap in the generated word, then the order of these
splicings is irrelevant. The notation in Remark 3.6 is the same as in the Figure 8.
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Figure 8: The word x1v1w'vay3 can be created either by using the right splicing first or by using
the left splicing first.

Remark 3.6. Consider rules r = (u1,u9;v1) and s = (uh,us;vs) and words wi = x1urys,
wy = Tousw'uhys, and wy = xzusys. The word z = x1viw'vays can be obtained by the splicings
(w1, ws) b zrvrw ubys = 2/, (2 ws3) kg 2
as well as
(wa, w3) Fs Tousw'voys = 2", (w1, 2") 2,
which makes the order of the splicing steps irrelevant.

Now, consider a word z which is created by two successive splicings from words w; = z1u19y1,
Wy = TolUgYs, and ws = xzuzys as shown in Figure 9. If no factor of wy or of the bridge in the
first splicing is a part of z, then we can find another splicing rule s such that (ws,ws) s z and
the bridge of s is the bridge used in the second splicing.

Figure 9: Two successive splicings can be replaced by one splicing in the case when the factor x;
and the bridge v, do not contribute to the resulting word.

Lemma 3.7. Let L be a language, w; = x;uy; € L for i = 1,2,3, and 1 = (u1,u9;v1), ro =
(u3,uq;v2) be rules respecting L. If there are splicings

(w17w2) Fr Z101Y2 = W4 = T4U4Ya, (w3,w4) b, T3v2ys = 2

where Yy 18 a suffic of y2, then there is a rule s = (us, Ug; v2) which respects L such that (w3, wa) Fs
z.

Proof. First, we will prove that we may assume that the factors v; and u4 match in wy by extending
the bridge v and the restriction sites uy,ug,us (Lemma 3.2): let 4, j,4’, j* such that wyp; ;) = v1
and wy[y j1) = U4,

e if ¢ < i/, extend wuy in r9 to the left by ¢/ — i letters,
e if i >4/  extend vy in 71 to the left by ¢ — ¢’ letters and extend w; accordingly, and

e extend vp in r; to the right by 5/ — j letters and extend uy accordingly; note that j/ > j as
ya is a suffix of ys.

In addition to the factors ui,us,uq, vy, we alter the factors x1,x4,y2, accordingly; we call the
newly obtained factors w1, o, U4, U1, 1, T4, Y2, respectively. As a result of the extension we now
have that ©1 = 24, U1 = 4, and §» = y4. The words

w1 = T1U1Y1, W = TallaYs, w3 = T3U3Y3, W4 = T1V1Ya
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are the same as in the lemma, we just changed their factorizations. The rules 71 = (a1, Usg; 01)
and 79 = (ug, U1;vy) are the extended versions of the rules 1 and ro, respectively, which respect
L. Furthermore,

(w1, w2) 5, Z101Ys = wy, (w3, wq) Fr, 2302y4 = 2.

Let s = (ug, Ui2; v2) and observe that (ws, ws) Fs 3v2ys = 2, as desired.
Next, let us prove that s respects L. If for all words wh = zhtoys € L and wh = zusys € L
we have zhuvgy) € L, then s respects L. Indeed, we may splice

(w1, wy) b5, 10193, (w3, T101Y5) Fi, 250295
Because 71 and 79 respect L, the word afuvay) belongs to L. We conclude that s respects L. 0O

Consider a splicing system (J, S) and its generated language L = L(J, S). Let n be the length
of the longest word in J and let p be the length-lexicographic largest word that is a component
of a rule in S. Define W, = {w € ¥* | w <y pu} as the set of all words that are at most as large
as {1, in length-lexicographical order. Furthermore, let I = <" N L be a set of axioms and let R
be the set of rules

R= {r € Wi’ | r respects L} .

It is not difficult to see that J C I, S C R, and L = L(I,R). Whenever convenient, we may
assume that a splicing language L is generated by a splicing system which is of the form of (I, R).

Consider the creation of some word zpzyo € L in a splicing system (I, R). We can trace back
the generation of xgzyg to a word zzyr where the factor z is affected by splicing for the last time,
i.e., the bridge in this splicing overlaps with the factor z in xzy; or the word zzyx belongs to I.
This yields a degenerated splicing tree as discussed in Figure 4 in Section 2.2. Since the splicings
which alter the prefixes x; in this tree do not interfere with the splicings which alter the suffixes
yi, we can reorganize the tree as shown on the right in Figure 4, in accordance with Remark 3.6.
The next lemma describes this creation of xgzyo = 2o by k splicings in (I, R), and shows that
we can choose the rules and words which are used to create zy from z; such that the words and
bridges of rules are not significantly longer than £ = max {|xo|, |vo|}.

Lemma 3.8. Let L be a splicing language, let m = |Mp|, let £,n € N, such that for [ = <" N L
and a rule set R we have L = L(I,R). Let zo = x02yo be a word with |xo|, [yo] < L.

Suppose zg = Zo = TozYo (with v = To, Yo = Yo) 18 generated by a series of k splicings from
a word Zj = Tyzy; where either Z; € I or Z; is created by a splicing (ﬁ)#rl,u?;ﬁz) Fs z; with
Wi 41, Wiyo € L, s € R, and the bridge of s overlaps with z in Zj. Furthermore, for i =1,.. .,l~c
the intermediate splicings are either

(i) (W4, %;) b7, Tic12Pi—1 = Zi—1, where w; € L, 7; € R, §;—1 = s, and the bridge of 7; is covered
by the prefix T;_1 or

(ii) (Zi,w;) Fr, Tim12Yi—1 = Zi—1, where w; € L, 7; € R, T;—1 = Z;, and the bridge of T; is
covered by the suffix 4;_1.

Then, there are also rules and words that generate zg = Zy by a series of k < k splicings from a
word z, = xpzyr where either zy, € I or zy is created by a splicing (Wi+1, Wgt2) Fs 2k that respects
L and the bridge of s overlaps with z in z,. Furthermore, there exists k' < k such that

(i) fori=1,... k' the intermediate splicings are (w;,2;) br, T;i_12y;—1 = 2z;_1, where w; € L,
r; respects L, y;_1 = y;, and the bridge of r; is covered by the prefix x;_1, and

(i5’) for i = K +1,...,k the intermediate splicings are (z;,w;) by, xi_12yi—1 = z;_1, where
w; € L, r; respects L, x;_1 = xz;, and the bridge of r; is covered by the suffix y;_1.

(i4i°) For i = 1,...,k the following bounds apply: |z;|,|y:| < €+ 2m, |Jw;| < m, r; € <™ x
Mo <™ In oparticular, if n > m, then w,...,w, € I. Moreover, if u is the
length-lezicographically largest component in s, then s € WS
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Proof. Note that if k = 0, then the statements are trivially true. The fact that we can reorganize
the splicing tree such that it looks like in Figure 4 on the right follows by Remark 3.6, that is,
for some k' < k all the splicing steps ¢ = 1,..., k' are of the form (i) and all the splicing steps
i=k + 1,..., k are of the form (ii). Iffor 2 < ¢ < k' we have that no factor of w; or the bridge in
the i-th splicing step (w;, Z;) b Z;—1 = Z;_12y;—1 occurs in Z;_o, then we can combine the i-th and
(i — 1)-th splicing step into one splicing step according to Lemma 3.7. Successively eliminating
all these cases and the symmetric cases for KF+2<i<k, yields a shorter series of k splicing
steps and an integer k' < k such that: for ¢ = 1,..., kK’ the i-th splicing step is of the form (i) and

a factor of w; or of the bridge in the i-th splicing appears in ¢y = Zg; and for i = &' +1,...,k
the i-th splicing step is of the form (ii) and a factor of w; or of the bridge in the i-th splicing
appears in y9 = ¢o. Note that this reorganization also implies Ty/y1 = T2 = -+ = T and
Yo=Yo=Y =" =Yr-

We now have that zy = 2, is generated by a series of k splicings from a word 2z = T2y, where
either Zx € I or Z is created by a splicing (Wg41, Wit2) s 2k with Wg41, Wkt € L, § € R, and
the bridge of 5 overlaps with z in 2. Furthermore, there exists &’ < k such that

(1) for i = 1, ceey k' the intermediate splicings are (’lf)z, 21) "f@ 53'7;_12’@,'_1 = 21’—17 where 12;1 S L, 7:1
respects L, §;_1 = ¥;, the bridge of 7; is covered by the prefix Z;_1, and a non-empty factor
of w; or of the bridge of 7; occurs in zq; and

(i) fori = k'41,...,k the intermediate splicings are (Z;, w;) b7, Ti—12¥;—1 = Z;—1, where 0; € L,
7; respects L, ;1 = Z;, the bridge of 7; is covered by the suffix §;_1, and a non-empty factor

of w; or of the bridge of 7; occurs in yq.

We will continue to modify and replace all words and rules which are marked by ~ in order to
prove the length bounds which are stated in (iii’).

Ti1
W; |
[ N I oo
I T
> 2Yo
Zq
Ti—1
w, |
I\ZZZ-\I D = Ui—105—1
\J‘
| ETTPPIPI ‘1 ~ } -
; ] 290
S |
Ti—1
w;
SR |
?‘z'\l Vi = ui—l&,—l
d,
[T 2.11..\1 = oo
u; @ 271

Figure 10: The ¢-th splicing step with 1 < ¢ < k¥’ in the proof of Lemma 3.8: the upper figure
shows a general case where the words w; and Z;zyo are spliced in order to obtain the new word
T;_12Yo; the middle figure shows the splicing after applying Lemmas 3.5 and 3.2; and the lower
figure shows the splicing after we replace u; and u;_1 by syntactically equivalent, short words wu;
and u;_1, respectively.

Let us consider the splicings of the form (i) which are the steps i = 1,...,k’. In order to prove
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the length bounds stated in (iii’), we make several modifications in the series of splicings which
generates zg = xgzyo by using the techniques that we established beforehand; these modifications
are depicted in Figure 10. Let us start with the general case where w; and Z;zyo are spliced by
the rule 7; in order to obtain the new word &;_12y¢ (Figure 10 top). By applying Lemma 3.5, this
splicing can be modified such that the bridge v; in the splicing becomes a prefix of Z;_1 and w; is
replaced by w; € [w;]r with |w;| < m; furthermore, w; is the left restriction site in this splicing.
Let u; denote the right restriction site in this splicing, and by applying Lemma 3.2, extend u;
such that it becomes a prefix of &;. Therefore, we use the splicing rule (w;,a;;0;) in the i-th
splicing step. We make these modification for all splicing steps i = 1,..., k" and we let 2} such
that Z; = @;x}. Furthermore, we define @y = ¢ and z(, = x¢. Since we established that a factor of
w; or of the bridge in the i-th splicing step occurs in xy (due to Lemma 3.7), we now have that
a factor of the bridge ¥; occurs in zy (as w; does not occur in x;_1). This implies that @;_; is a
proper prefix of ¢; and we may write 9; = @;—1d;,—1 for a suitable non-empty factor ¢;_; (Figure 10

middle). Note that we have x}_; = 6;—12; and Z;—1 = @125, = U2 for i = 1,... k', As
|zo| < £, the length of «} is bounded by ¢ for all =0, ..., k.
Fori=1,...,k"—1 we replace 4; by a shortest word w; € [4;]1; note that this does not change

the fact that all rules respect L (Lemma 3.3). We also replace the prefix @; of #; and 9;41 by
this factor in order to obtain the words z; and v;11, respectively (Figure 10 bottom). We did not
change 07 = vy since this is a prefix of £y = x¢ which we do not want to alter; yet, note that
lv1| < |wo| < €. Therefore, |a;| < |2}|+m < £+m and r; = (w;, u;;v;) € B x T x <A™ for
i=1,...,k'—1 (Lemma 2.2). We do not change u or Z; yet as this may affect the splicing stop
(Wg, Wra2) Fs 2 if it exists. Note that, for ¢ = 1,...,k" — 1, we have actually proven a stronger
bound than claimed in statement (iii’) of Lemma 3.8.

Even though we have not proven the bound for (wg, Gx ; vk ) yet, we have already established
(Wi, U3 V) € ™ x B* x U™ We will replace iy by a word uy of length less than 2m
and we replace T = I, by 2 = ) = wp ), accordingly in order to prove the claim for i = k'.
If 2,2y, € I we replace @y by a shortest word wuys € [ux]r and the claim holds (Lemma 2.2).
Otherwise (if zp ¢ I), (W41, Wk+2) 5 Trzfr where § = (u, v/, 0), Wrr1 = Tuy', wrpro = 2'u'y,
and Uy x}, 20, = T0Y. Because we required that v overlaps with z in this factorization, @ has to
be a prefix of Z0 In the case when ¥ does not overlap with the prefix 4/, we replace the factor
Ug by up € [Ups]p with |ug| < m (Lemma 2.2) and let v = ¢. If © and the prefix @y overlap,
let up = Z& and ¥ = &p; that is, & is the overlap. Let z € [Z] and « € [&]r with |z|,|a| < m;
furthermore, let ur = ra and v = a. For both cases we obtain that v <, v and hence v € W,.
We let wgy1 = zuy’ and we obtain that (wgy1,Wrt2) Fs TE2gr with 8" = (u,u';v) € WIZ’ as
desired. Furthermore, |ux/| < 2m and |zx| < £ 4+ 2m. This concludes the proof of statement (iii’)
of Lemma 3.8 for ¢ = 1,...,k’. Analogously, the statement can be proven for i = k' +1,...,k. O

3.3 Proof of Theorem 3.1

Let L be a splicing language and m = |My|. Throughout this section, by ~ we denote the
equivalence relation ~y, and by [-] we denote the corresponding equivalence classes |- ]
Recall that Theorem 3.1 claims that the splicing system (I, R) with I = %<m"+6m [, and

R= {r € D<My 7<2m oy P<mIH10m | peshects L}

generates L. The proof is divided in two parts. In the first part, Lemma 3.9, we prove that L is
generated by a splicing system (I, R’) where all restriction sites of rules in R’ are shorter than 2m,
but we do not care about the lengths of the bridges. The second part will then conclude the proof
by showing that there are no rules in R’ with bridges of length greater than or equal to m? 4 10m
which are essential for the generation of the language L by splicing.

Lemma 3.9. Let L, m, and I as above. There is n € N such that the splicing system (I, R') with
R ={rexg<®m x <" x LS| respects L}

generates the language L = L(I, R').
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Proof. As I C L and every rule in R’ respects L, it is clear that L(I, R') C L for any n; we only
need to prove the converse inclusion.

As L is a splicing language, L = L(J, S) for some splicing system (J, S). Let n be larger than
the length of every bridge of every rule in S and n > 4m?. In order to prove L C L(I, R') we use
induction on the length of words in L. For all w € L with |w| < m?+46m we havew € I C L(I, R'),
by definition.

Consider w € L with |w| > m? + 6m. The induction hypothesis states that every word w’ € L
with |w’| < |w| belongs to L(I, R). Factorize

w = oo fy0Yo

such that |zo|, [yo| = 3m, |aBy| = m?, B # ¢, a ~ aB, v ~ B (see Pumping Lemma 2.1), and §
covers the remainder of the word w. For the correctness of the following steps in this proof it is
important that the factors xg, yo, and a8y each have a fixed length and only the length of § is
flexible.

The proof idea is as follows: We pump up the factor 3 in the word w to 3/ in order to obtain
a word w. We pick j large enough such that no word in J can contain the factor z = o37+6; in
particular, w ¢ J. Therefore, it has to be created by a series of splicings from other words in L
and at some point during the creation of w by splicing the bridge of the used splicing rule must
overlap with z; the series of splicings is of the form as described in Lemma 3.8 and Figure 4. Next,
we pump down the factor 37 in @ again in order to obtain the original word w. We adapt the
series of splicings, that created w, in order to obtain series of splicings which creates w; then, we
ensure that all words used in this series of splicings are shorter than w and all rules belong to R'.
Using the induction hypothesis, this will conclude the proof.

Choose j sufficiently large (j > n and J does not contain words of length j or more). We
let z = aBiy6 and investigate the creation of xgzyy € L. As z cannot be a factor of a word in
J, every word in L which contains z is created by some splicing in (J,.S). Thus, we can trace
back the creation of zyzyy by splicing to the point where the factor z is affected for the last time.
Let zg = zgzyo, be created by k splicings from a word zp = xpzy, where x,zyy is created by a
splicing (wg+1, Wet2) Fs 2k with wgi1, wi1o € L, s € S, and the bridge of s overlaps with z in zg.
Furthermore, for i = 1,..., k the intermediate splicings are either

(1) (ws,2i) Fr, Tic12Yi—1 = 2zi—1, where w; € L, r; € S, y;—1 = y;, and the bridge of r; is covered
by the prefix z;_1 or

(i) (z4,w;) Fr, Ti—12Yyi—1 = 2zi—1, where w; € L, r; € S, x;_1 = x;, and the bridge of r; is covered
by the suffix y;_1.

Following Lemma 3.8 (with £ = 3m), we may assume that wy,...,wx € I, 71,...,71 € LM x
R2m o <A thus rq, ..., € R and |2y, |y < 5m. Furthermore, we may use the same words
and rules in order to create w = xgafBydyy from zpafvydy, by splicing, i.e., if zpabydy, belongs
to L(I, R'), so does w = 2 (as well as all intermediate words x;af8vydy; for i =1,...,k —1).

Now, consider the first splicing (wgy1,Wk+2) Fs 2k = Tr2zyr. Applying restriction site ex-
tensions (Lemma 3.4), we may assume s = (ug,u9;v) such that wgy1 = zu; and wiio = ugy.
Hence,

21 = zvy = zpaf’ Yoy,

where x is a proper prefix of zpa37vd and y is a proper suffix of a8y, because we required
that the bridge v of s overlaps with a3/~ in 2.

We will now pump down the factor 57 to 3 in order to obtain the words %, ¥, § from z, v, y,
respectively, as follows:

1. If v overlaps with 37 but does neither cover a nor 7, extend v (Lemma 3.2) such that
v = af3’y. After possibly using this extension, the factor a7y is covered by xv or vy (or
both).
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2. If o3’ or B7 is covered by one of x, v, or y, then replace this factor by a8 or 37, respectively.
Skip remaining steps.

3. If a3’ is covered by xv, we can factorize
z = z1087 B, v = B2y

where 8182 = 8 and j; + jo + 1 = j. The results of pumping down are the words Z = xyaf1,
¥ = PBoyv’, and § = y. Skip last step.

4. The remaining case is that /37~ is covered by vy. We can factorize
v=1'af B, y = B0y

where 5182 = 8 and j; + j2 + 1 = j. The results of pumping down are the words = = =,
v =v'af, § = Payoys.

Let u; and o be the restriction sites of s that may have been altered due to the extension
of v and, by Lemma 3.4, assume |u1], |tz2] < m. If we used an extension for v, then [7] < m?;
otherwise |9 < |v|. No matter whether we used an extension or not, t = (4, u;0) € R and
(ZUq,U2y) Ft xpaBydy, as desired. Observe that # is a prefix of ziafvd and § is a suffix of
afvydyi, and recall that |z, |yx| < 5m. Therefore,

[Tt | < |zk] + [aByo] + [ar] < |afyd| + 6m = |w]

and, symmetrically, |gtz2| < |w|. By induction hypothesis we obtain that Za; and sg belong to
L(I,R"). We conclude that zra8vdyy as well as w = zgafBvdyy belong to L(I, R'). O

We are now prepared to prove the main result of this section.

Proof of Theorem 3.1. Recall that for a splicing language L with m = |M[|, we intend to prove
that the splicing system (I, R) with I = n<m*+6m A [ and

R= {r € N<2m y 7<2m y P<mIH10m | peshects L}

generates the language L = L(I, R). Obviously, L(I, R) C L. By Lemma 3.9, there is a finite set
of rules R’ C <2 x $<2™ x ¥)* such that L(I, R') = L.

For a word p we define W, = {w € ¥* | w <y p}, as we did before. Define the set of rules
where every bridge is length-lexicographically bounded by some word u as

R, ={r e X" x <" x W, | r respects L}

and the language L, = L(I,R,,); clearly, L,, C L. For two words p <g¢ v we have R,, C R,, and
hence, L, € L,. Thus, if L,, = L for some word p, then for all words v with p <z v, we have
L,=L. As L =L(I,R), there exists a word p such that L, = L. Now, we fix x4 to be the smallest
word, in the length-lexicographic order, such that L, = L. Note that if |u| < m? + 10m, then
R, C Rand L =L, C L(I,R). For the sake of obtaining a contradiction assume |u| > m? + 10m.
Let v be the next-smaller word than pu, in the length-lexicographic order, and let S = R,,. Note
that L(I,S) € L and R, \ S contains only rules whose bridges are p.

Choose w from L\ L(I,S) as a shortest word, i.e., for all w’ € L with |w'| < |w|, we have
w’ € L(1,S5). Factorize

W = TocYo

with |zo| = |yo| = 3m and let z cover the remainder of word w. Factorize

= 01afvd

with [01],|d2| > 5m, |aBy| = m?, B # ¢, a ~ af, and v ~ B7; see Pumping Lemma 2.1.

17



The proof idea is as follows: We replace each factors a7y in the factor z of word w = xgzyq
by a7, for a large j, in order to obtain a word W = zgZyg ~ w as described in Lemma 2.3. As
in the proof of Lemma 3.9, @ has to be created by a series of splicings in (I, R,,) and at some
point during the creation of @ by splicing the bridge of the used splicing rule must overlap with
the factor Z; the series of splicings is of the form as described in Lemma 3.8 and Figure 4. If a
splicing rule from R, \ S is used during the creation of of w, then the bridge of this splicing has to
overlap with a factor 8’7~ such that we can replace this splicing by using a different rule. Next,
we pump down all the factors o3’ in 1 again in order to obtain the original word w. We adapt
the series of splicings, that created w, in order to obtain series of splicings which creates w; then,
we ensure that all words used in this series of splicings are shorter than w and all rules belong to
S. This will contradict, that w is a shortest word in L(I, R,) \ L(I, S).

Let j be a sufficiently large even number (j > 4 |u| + |z| will do). According to Lemma 2.3
and as a3y ~ afB’~y, there exists a word Z, which is obtained by successively applying factor
replacements a3y — af377 in z, such that Z ~ z and for all factors Zigsk) = fy in 2

(a) aB/? is a factor of Z starting at position Zip) or
(b) /%y is a factor of Z ending at position Zip)-

In particular, if 5,87z is a factor of Z, then (a) vds is a prefix of a word in 81 or (b) dia is a
suffix of a word in 7. Because z ~ Z we have xZy € L.

Let us trace back the creation of xz¢Zyo € L by splicing in (I, R,) to a word xjZy, where
either zpzy, € I or where xZyy is created by a splicing that affects z. Let zp = w = x¢Zyo be
created by k splicings from a word zp = xxZyr where either ziZy, € I or xpZy, is created by a
splicing (Wg41, Wet2) Fs 25 With wgy1, weye € L, s € R, and the bridge of s overlaps with 2.
Furthermore, for i = 1,...,k the intermediate splicings are either

(i) (ws,2) Fr, Tic12yi—1 = zi—1, where w; € L, r; € Ry, yi—1 = y;, and the bridge of r; is
covered by the prefix z;_; or

(i) (2, w;) Fp, ®i—12Yi—1 = 2i—1, where w; € L, r; € R, x;—1 = x;, and the bridge of r; is
covered by the suffix y;_1.

Following Lemma 3.8 (with ¢ = 3m), we may assume that wy,...,wy € I, 71,...,7% € <2 x
N<2m o <A thus rq,. .., € S, and |z, Jyx| < 5m. Moreover, we may use the same words
and rules in order to create w = xgzyo from xpzyx by splicing. As w does not belong to L(I,5),
the word xyzyx (or any other word z;zy; for i = 1,..., k) must not belong to L(I,S) either. Note
that zj ¢ I, because if z; = 12y were in I, then zpzy, € I as well, as z is at most as long as Z.

Therefore, z; is created by a splicing (w11, wg+2) Fs 2x where s = (uy,u2;v), Wrt1 = Tug,
and wgy2 = ugy where |uq], |uz| < m, by Lemma 3.4. We have

2k = TRZYr = TVY

where z is a proper prefix of x;Z and y is a proper suffix of Zy; because we required that the
bridge v of s overlaps with Z in z;. Recall that either s € S or v = pu.

However, we will see next that if v = u, there is also a rule § € S and slightly modified words
which can be used in order to create xizyy by splicing. If v = p, then p = §a87vd2 is a factor of
zk. As |01],]02] > bm > |xk|, |ykl, the factor af~ is covered by Z and, as such, (a) « is succeeded
by /2 or (b) v is preceded by 37 /2. Due to symmetry, we only consider the former case, in which
83 is a prefix of a word in 8T. Let us shorten the bridge v such that § = (uy,us; d;yd2). Note
that 5§ € S (as @ ~ a3 and by Lemma 3.3). Furthermore, as j is large enough, y = B2/3%y’ where
¢ > || and S35 is the suffix of 8 such that yd232 € 8. This implies that B2 is a prefix of y, which
allows us to add an additional 3. Therefore, (wo, usB28t1y") k5 zx where up 28Ty’ € L. This
observation justifies the assumption that v # p and s € S which we will make for the remainder
of the proof.

Recall that Z was obtained from z by successively pumping up factors a8y to aB’~. Now,
we will pump down the factors a3’y to afvy in Z again. At every position where we pumped up
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before, we are now pumping down in reverse order, in order to obtain the factors z, v, y from the
factors x, v, y, respectively. The pumping in each step is done as in the proof of Lemma 3.9:

1. If v overlaps with 37 but does neither cover a nor =, extend v (Lemma 3.2) such that
v = aff’y. After possibly using this extension, the factor a7y is covered by xv or vy (or
both).

2. If a7 or 87+ is covered by one of z, v, or y, then replace this factor by a8 or 5, respectively.
Skip remaining steps.

3. If a37v is covered by xv, we can factorize
v = alap fy, v = Bafiy’

where $182 = 8 and j; + j2 + 1 = j. The results of pumping down are the words z’af1,
Bayv’, and y. Skip last step.

4. The remaining case is that o377 is covered by vy. We can factorize
v=1v'af’ B, y = Bafyy

where 3182 = § and j; + j2 + 1 = 7. The results of pumping down are the words z, v'af1,
and Boyy'.

Let w; and uo be the restriction sites of s that may have been altered due to the extension
of v and, by Lemma 3.4, assume |t1], |t2| < m. If we used an extension for v in at least one of
the steps, then || < m?; otherwise |9 < |v|. No matter whether we used an extension or not,
t = (Q1,02;0) € S and (T, U2y) bt xpzyk as desired. Observe that Z is a prefix of zxz and § is
a suffix of zy;, and recall that |z1], |y1]| < 5m. Therefore,

Tt | < |zk] + [aByé] + [da] < |apyd| +6m = [w]

and, symmetrically, |giz2| < |w|. Since all words which are shorter than w belong to L(I,S), we
have Zuy, 2y € L(I,S). We conclude that 2y, as well as w belong to L(I,S) — the desired
contradiction. 0

4 The Case of Classical Splicing

In this section, we consider the splicing operation as defined in [18]. This is the most commonly
used definition for splicing in formal language theory. The notation we use has been employed
in previous papers, see for example, [2,9]. Throughout this section, a quadruplet of words r =
(u1,v1;u2,v2) € (X%)* is called a (splicing) rule. The words ujv; and ugvs are called left and
right restriction site of r, respectively, and the word ujvs is called the paste site. This splicing
rule can be applied to two words wy = xjuiv1y; and we = Tausvaysz, that each contain one of
the restriction sites, in order to create the new word z = x1u;1v2y2, which contains the paste site;
see Figure 11. This operation is called splicing and it is denoted by (wi,ws) F, 2. The splicing
position of this splicing is 2[4, 4,j; that is the position between the factors zju; and vy, in 2.
Just as in Section 3, for a rule r we define the splicing operator o, such that for a language L

or(L) ={z € X* | Jwy,wq € L: (w1, ws) k. 2}

and for a set of splicing rules R, we let
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Figure 11: Splicing of the words zjujv1y1 and xausveys by the rule r = (ug, v1; ug, va).

The reflexive and transitive closure of the splicing operator o, is given by

or(L) =L, o (L) = oR(L) Uor(og(L)), or(L) = |J or(L).

A finite set of axioms I C ¥* and a finite set of splicing rules R C (X*)* form a splicing system
(I, R). Every splicing system (I, R) generates a language L(I, R) = o5 (I). Note that L(I, R) is
the smallest language which is closed under the splicing operator or and includes I. It is known
that the language generated by a splicing system is regular; see [6,17]. A (regular) language L is
called a splicing language if a splicing system (I, R) exists such that L = L(I, R).

A rule r is said to respect a language L if 0.(L) C L. Tt is easy to see that for any splicing
system (I, R), every rule r € R respects the generated language L(I, R). Moreover, a rule r ¢ R
respects L(I, R) if and only if L(I, RU {r}) = L(I, R). We say a splicing (w1, ws) I, z respects a
language L if wy,ws € L and r respects L; obviously, this implies z € L, too.

The main result of this section states that, if a regular language L is a splicing language, then
it is generated by a particular splicing system (I, R) which only depends on the syntactic monoid
of L.

Theorem 4.1. Let L be a splicing language and m = |My|. The splicing system (I, R) with
[=3<m+6m A [ and

2 2
R = {T c Z<’m +10m X 2<2’m X E<2m % E<m +10m r Tespects L}

generates the language L = L(I, R).

As the language generated by the splicing system (I, R) is constructible [17], Theorem 4.1
implies that the problem whether or not a given regular language is a splicing language is decidable.
A detailed discussion of the decidability result is given in Section 5.

Let L be a formal language. Clearly, every set of words J C L and set of rules S where every
rule in S respects L generates a subset L(J,S) C L. Therefore, in Theorem 4.1 the inclusion
L(I,R) C L is obvious. The rest of this section is devoted to the proof of the converse inclusion
LCL(I,R).

Example 4. Recall from Example 2 that the syntactic monoid of the regular language L = a*b™
contains m = 5 elements. Let I and R be as defined in Theorem 4.1 for the language L. We
know from Example 1 that the splicing system (I’, R’) generates L = L(I’, R') where I' = {ab}
and R’ = {(a,b;e,ab), (ab,e;a,b)}. The splicing system (I, R), defined in Theorem 4.1, is much
larger than (I’, R') as it is composed of all initial words from I = {aibj | 1,7 21ANi1+5< 55}
and all rules from 3<7 x £<10 x $<10 5% <75 that respect L. Therefore, I’ C I and R’ C R. We
conclude that L = L(I',R’") C L(I,R) C L.

The proof uses many ideas that have been employed in the Section 3. However, there are
some challenges we encounter solely while considering the classic splicing variant. The additional
complexity comes from having to handle the first and fourth components of rules, which occur in
the restriction sites as well as in the paste site of the rule. In contrast, in Pixton splicing, the
restriction sites of a rule do not necessarily occur in the bridge (which corresponds to the paste site
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in classical splicing). The structure of this section is the same as Section 3. In Section 4.1 we will
present techniques to obtain rules that respect a regular language L from other rules that respect
L, and we show how we can modify a splicing step, such that the words used for splicing are not
significantly longer than the splicing result; similar results can be found in [8,9]. In Section 4.2 we
use these techniques to show that a long word z € L can be obtained by a series of splicings from
a set shorter words from L and by using rules which satisfy certain length restrictions. Finally, in
Section 4.3 we prove Theorem 4.1.

4.1 Rule Modifications

The first lemma states that we can extend the restriction sites of a rule r such that the extended
rule respects all languages that are respected by r.

Lemma 4.2. Let r = (uy, v1;uz2,v2) be a rule which respects a language L. For every word x, the
rules (xuy,v1;u2,v2), (U, v12;u2,v2), (u1,v1; U, V2), and (uy,vy;us, vox) respect L as well.

Proof. Let s be any of the rules (zuy,v1;us, v2), (ur, v12;u2,v2), (U1, v1; TU, V2), (U1, V1; Us, V2T).
In order to prove that s respects L, we have to show that, for all wy,ws € L and z € ¥* such that
(w1, ws) ks 2z, we have z € L, too. Indeed, if (wq,ws) s 2z, then (wq,ws) F, z and, as r respects
L, we conclude z € L. O

Henceforth, for a rule r = (uy,v1;us,v2), we will refer to the rules (zuq,v1;us,vy) and
(u1,v1T; Uz, v2) as extensions of the left restriction site of r, and we refer to (u1,v1;zug,ve) and
(u1,v1; ug, vax) as extensions of the right restriction site of .

Next, for a language L, let us investigate the syntactic class of a rule r = (uy,v1;ug,v2). The
syntactic class (with respect to L) of r is the set of rules [r]r = [u1]r X [v1]r X [u2]r, X [v2]r and
two rules r and s are syntactically congruent (with respect to L), denoted by r ~p, s, if s € [r]L.
The next lemma is a direct consequence of the fact that ~, is a syntactic congruence.

Lemma 4.3. Let r be a rule which respects a language L. Fvery rule s € [r]L respects L.

Proof. Let r = (uy,v1;ug,v2) and s = (@1, 01;Uz2,V2). Thus, uy ~p 41, uz ~p g2, v1 ~ o,
and vy ~ U3. We will show that for all w; = x1u101y; € L and Wy = xotusteys € L, we have
z= :Z?lﬂl’flgyg € L. Let W1 = T1ULV1Y1, W2 = T2U2V2Y2 and note that w1 ~f, 71}1, Wao ~J, ’(IJQ; hence,
wy,wg € L. Furthermore, (wy,ws) b, x1u1veys = 2 € L as r respects L, and 2 € Las z ~p, 2. O

Consider a splicing (z1u1v1y1, Taugvays) by z1uiveys which respects a regular language L, as
shown in Figure 12 on the left restriction site. The factors v1y; and xous may be relatively long
but they do not occur as factors in the resulting word xiujveys. In particular, it is possible that
two long words are spliced and the outcome is a relatively short word. Using the Lemmas 4.2
and 4.3, we can find shorter words in L and a modified splicing rule which can be used to obtain
T1ULV2Y2.

Figure 12: Replacing v1y; and xous by short words.

Lemma 4.4. Let r = (u1,v1;us2,v2) be a rule which respects a regular language L and wy, =
T1urv1y1 € L, wy = Taugvaye € L. There is a rule s = (u1,01;Us, v2) which respects L and words
W1 = x1u10y € L, e = Ggvays € L such that |01], |Gz| < |Mp|. More precisely, v1 € [v1y1]r and
Uz € [xous]r. In particular, whenever (wy,ws) Fy T1u1v2ys = z, then (W1, Wws) b z respects L.
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Proof. By using Lemma 4.2 twice, the rule (u,v1y1; Taus, v2) respects L. By Lemma 2.2 we chose
U1 € [viy1]r and @2 € [rous]r as shortest words from the syntactic classes, respectively, such
that |01], |t2] < |Mp|. Let w1 = x1u101 € L, Wy = Ugvaye € L. Furthermore, by Lemma 4.3,
s = (u1, U1; Gg, v2) Tespects L. O

4.2 Series of Splicings

Consider the creation of words by a series of splicings. Let us begin with a simple observation. In
the case when a word is created by two (or more) successive splicings, but none of the restriction
sites overlaps the position of the other splicing, the order of these splicings is irrelevant. Recall
that the splicing position of a splicing (wq, we) b, z with r = (u1,v1;ug, v2) is the position between
the factors u; and vy in z. The notation in Remark 4.5 is the same as in the Figure 13.

."‘ \
. u Ny e
1 1 1 .- > [ ] |
I T 1 <2 1 v T " 1
)e 3 3
A g v2 N
\ e \

Figure 13: The word x1u129v3y3 can be created either by using the right splicing first or by using
the left splicing first.

Remark 4.5. Let w; = x1u101y1, Wy = Tous2oVhys, where vy is a prefix of zo and uf is a suffix
of z2, wy = wzuzvzys be words and r1 = (uy,v1; Uz, v2), o = (uh, vh;us,v3) be rules. In order to
create the word z = x1u129v3ys by splicing, we may use splicings

(w1, wa) Fpy T1uL2205Ys = 2/, (2" w3) by 2
as well as
(w2u w3) Fry ToUa2oU3Y3 = Z”, (wh Z”) Fry 2.

Now, consider a word z which is created by two successive splicings from words w; = z1u1v191,
Wy = ToUaV2Y2, and w3 = x3u3zvsys as shown in Figure 14. If no factor of w; is a part of z, then
we can find another splicing rule s such that (ws,ws) b4 z. This replacement will become crucial
in the proof of Lemma 4.7.

) AR X N
e I | e
Ngy V22 + Ny = IR
. - v LN X w2
e X7y X" g2

Figure 14: If no part of xyuiv1y; is a factor of the splicing result, then the two splicings can be
reduced to one splicing.

Lemma 4.6. Let L be a language, w; = x;u;v;y; € L for i = 1,23, and r1 = (u1,v1;usz,v2),
ro = (us, v3;uq,vsq) be rules respecting L. If there are splicings

(w1, w2) Fry T1UIV2Y2 = W4 = T4ULVLY4, (w3, wa) by T3UzVAYs = 2
where vyyy is a suffix of vaya, then there is a rule s = (ug, vs; u2d, ¥4) which respects L such that

(ws,ws) ks z. Furthermore, Uy = vy or 04 <y va.
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Proof. First, we will prove that we may assume that the factors w;vs and ugsv4 match in wy by
extending the restriction sites uy,v2, us,v4 (Lemma 4.2): let 4, 5, j* such that wyp;; = ujve and
w4[i/;j’] = U4V4,

e if § > ¢/, extend w; in 71 to the left by ¢ — ¢’ letters,

e if i < ¢/, extend wuy in ro to the left by i — 4 letters,

e if j < j', extend vy in ry to the right by j — j letters, and
e if j > j/, extend vy in ro to the right by j — 5’ letters.

In addition to the factors ug,u1,ve, v4, we alter the factors x1, x4, yo2, y4, accordingly; we call the
newly obtained factors 4, @1, 02, 04, T1, T4, Yo, Ya, respectively. As a result of the extension we now
have ’111172 = 7:L4’l~}47 .’)~31 = f4, and :ljg = g4. The words

wy = T4U1V1Y1, Wo = ToUpV2Y4, w3 = T3u3v3Ys3, Wy = T4UsV4Ya

are the same as in the lemma, we just changed their factorization. The rules 71 = (U, v1; us, U2)
and 79 = (us, vs; U4, U4) are the extended versions of the rules 1 and rs, respectively, which respect
L. Furthermore,

(w1, w2) Fry Tal102§s = Wy = T4UsVaYa, (w3, wq) Fr, T3uz0sYs = 2.

As vay, is a suffix of vays (before extension), 04 is a suffix of 93. Moreover, either vy = ¥4
(vs was not extended) or ¥y <gp v2 = U2 (v2 was not extended). Let ¢ such that 604 = g, let
s = (us,v3;u20,04), and observe that (ws, ws) s 2.

Next, let us prove that s respects L. If for all words w) = zhusdlsyh = xhuatoys € L and
wh = xhuszvsyy € L we have xustyyh € L, then s respects L. Indeed, we may splice

(’LU17U//2) '77?1 .i‘4ﬂ1’[~}2y/2 = ’wi = 534’&41742.]57 (wg,w4) Ffz IéU3’L~)4y/2 = Z.
Because 7, and 79 respect L, the word z5u304y5 belongs to L. We conclude that s respects L. 0O

Consider a splicing system (J,.5) and its generated language L = L(J,S). Let n be the length
of the longest word in J and let u be the length-lexicographically largest word that is a component
of arule in S. Define W, = {w € ¥* | w <y p} as the set of words which are at most as large as
i, in length-lexicographic order. Furthermore, let I = X" N L be a set of axioms and let R be
the set of rules

R= {r S W: | r respects L} .

It is not difficult to see that J C I, S C R, and L = L(I, R). Whenever convenient, we will assume
that a splicing language L is generated by a splicing system which is of the form of (I, R).

Consider the creation of some word zgzyg € L in the splicing system (I, R) where the length
of the middle factor z is at least |u|. We can trace back the generation of zgzyy to a word zzyx
where the factor z is affected by splicing for the last time, i. e., the splicing position lies in the factor
z in x2yk; or the word xyzyx belongs to I. This yields a degenerated splicing tree as discussed in
Figure 4 in Section 2.2. Since the splicings which alter the prefixes x; in this tree do not interfere
with the splicings which alter the suffixes y; (because |z| is considered to be sufficiently long),
we can reorganize the tree as shown on the right in Figure 4, in accordance with Remark 4.5.
The next lemma describes this creation of xgzyp by k splicings in (I, R), and shows that we can
choose the rules and words which are used to create xgzyy from xpzy; such that the words and
the components of the rules satisfy certain length restrictions.

Lemma 4.7. Let L be a splicing language, let m = |My|, let £,n € N, such that for I = X<" N L
and a rule set R we have L = L(I, R). Let p denote the length-lexicographically largest component
of all rules in R (therefore, R C Wt). Let zy = zozyo be a word with |xo| , [yo| < ¢, and |z] > |ul.
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Suppose zg = Zg = Tozfo (with xo = Zo, Yo = Yo) is generated by a series of/; splicings from
a word Zj = Tyzy; where either Z; € I or Z; is created by a splicing (@E+17ﬁ’fc+2) Fs Z; with
Wiy, Wiy € L, 8 € R, and the splicing position lies in the factor z in zj. Furthermore, for

i=1,...,k the intermediate splicings are either

(i) (Wi, Z;) b, Tim12Pi—1 = Zi—1, where w; € L, 7; € R, §;—1 = §;, and the splicing position lies
at the left of the factor z or

(it) (Z;,w;) b, &i—12Pi—1 = Zi—1, where w; € L, 7; € R, T;_1 = &;, and the splicing position lies
at the right of the factor z.

Then, there are also rules and words that generate zg = zy by a series of k < k splicings from
a word zx, = T2y, where either z,, € I or zy is created by a splicing (Wg+1, Wgr2) Fs 2k and the
splicing position lies in the factor z in z;. Furthermore, there exists k' < k such that

(i) fori=1,... k' the intermediate splicings are (w;,z;) br, T;i—12y;—1 = 2zi—1, where w; € L,
i respects L, yi_1 = y;, 13 € DEHT 5 <2 ;<2m W, and the splicing position lies at
the left of the factor z;

(ii’) for i = K +1,...,k the intermediate splicings are (z;,w;) by, Ti—12y;—1 = zi—1, where
w; € L, r; respects L, x;—1 = x;, r; € W, x D<M x N<2m 5 5<6m - and the splicing
position lies at the right of the factor z; and

(11i’) for i = 1,...,k the following length bounds apply: |z;|,|y:| < €+ 2m, |w;| < 2m + ¢,
ri € N2 <2 <A™ I particular, if n > 2m + £, then wy, ..., wy, € I. Moreover,

s e Wi

m

Proof. Note that if k = 0, then the statements are trivially true. The fact that we can reorganize
the splicing tree such that it looks like in Figure 4 on the right follows by Remark 4.5 and because
|z| > |pl; that is, for some k' < k all the splicing steps i = 1,...,k’ are of the form (i) and all the
splicing steps 4 :ﬁ:’ +1,..., k are of the form (ii).

If for 2 < i <k’ we have that no factor of w; occurs in Z;_o (the splicing position in (w;, Z;) b
Zi—1 lies to the left of the splicing in (w;—1,%;—1) F Z;—2), then we can combine the i-th and
(i — 1)-th splicing step into one splicing step according to Lemma 4.6. Successively eliminating
all these cases and the symmetric cases for K+2<i<k, yields a possibly shorter series of k
splicing steps and an integer ¥’ < k such that: for « = 1,...,k’ the i-th splicing step is of the

form (i) and a factor of w; appears in xg = Zo; and for ¢ = k' + 1,...,k the i-th splicing step is
of the form (ii) and a factor of w; appears in yg = §o. Note that this reorganization also implies
T =T =-=Trand yo=Yo =91 = = U’

We now have that zp = Z is generated by a series of k splicings from a word 2, = Zy 27, where
either 2, € I or Zj is created by a splicing (W41, Wgt2) Fs 2k With Wgy1,Wet2 € L, § € R, and
the bridge of 5 overlaps with z in 2. Furthermore, there exists &’ < k such that

(i) fori=1,...,k the intermediate splicings are (w;, Z;) b7, Ti—12§i—1 = Zi—1, where w; € L, 7;
respects L, §;,_1 = ¥;, the bridge of 7; is covered by the prefix Z;_1, and a non-empty factor
of w; occurs in zg; and

(i) fori = k41, ...,k the intermediate splicings are (Z;, w;) b7, £;—129;—1 = Z;—1, where w; € L,
7; respects L, ;1 = Z;, the bridge of 7; is covered by the suffix ¢;_1, and a non-empty factor
of w; occurs in yo.

We will continue to modify and replace all words and rules which are marked by ~ in order to
prove the length bounds which are stated in (iii’).

Let us consider the splicings of the form (i) which are the steps ¢ = 1,...,k’. In order to
prove statement (iii’) we apply several modifications in the series of splicings which generates
Tozyo by using the techniques that we established beforehand. These modifications are depicted
in Figure 15; the notational convention during this proof is that all words (or factors) which are
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Figure 15: The i-th splicing step with ¢ < &’ in the proof of Lemma 4.7: the upper figure shows
a general case where the words w; and ;zyg are spliced in order to obtain the new word z;_1zyo;
the middle figure shows the splicing after applying Lemma 4.2; and the lower figure shows the
splicing after we replace j, i;, 1, and ©; by syntactically equivalent, short words u;, u;,, and vy,
respectively.

marked by ~will be replaced during the proof. Let us start with the general case where w; and
Z;z71 are spliced in order to obtain the new word Z;_1270 (Figure 15 top). By applying extension
(Lemma 4.2) to the first, second, and third component of the rule in this splicing step, we may
assume that a rule (u;, 0;; 4}, v)) is used where w; = @;0; and @) covers a prefix of #;. We apply
the same modifications for all splicing steps ¢ = 1,..., k" and we let «} such that Z; = ;2. The
forth component v} of the rule is a prefix of z}z and remains unaltered throughout this proof,
therefore v, € W, (note that this is in accordance with Lemma 4.6 which may have been used
to alter this rule). Furthermore, we let 4y = ¢ and z(; = &9 = xo. As stated above, the position
in the (i — 1)-th splicing step (W;—1,%;—12Y0) F Ti—2271 lies to the left of the position in the i-th
splicing step (@;, Z;zyo) b T;—12y0. Therefore, x} is a proper suffix of x,_; and we may write
xi_q = 6;_12} for some word d§;_1 (Figure 15 middle). Note that we also have @; = ;_;d;_1.
Next, we replace most factors which do not actually appear in zgzyy by shortest words from
their respective syntactic classes. We replace @ by u; € [a;];, with |u}| <m fori=1,...,k" —1;
and 0; by v; € [0;]r, with |v;] < m for ¢ = 1,...,k" (Lemma 2.2); this does not change the fact
that all rules respect L (Lemma 4.3). Note that we did not replace @), yet as this factor is a prefix
of the word Zyzg, = Z which is part of the splicing (wo,w() Fs 2k if it exists. We also have to

replace u; by u; = ui_,0;—1 for i = 2,..., k' — 1 and 41 by u; = do; and replace Z; by z; = ula}
fori=1,...,k' —1 (Figure 15 bottom). As §;_; is an infix of xg, we have |§;_1| < ¢, |u;| < m+¢,
and |w;| < 2m+Lfori=1,..., k. As 2} is an infix of z( as well, we have |z}| < ¢ and |z;| < m+{
fori=1,...,k" — 1. We let r; = (u;, v;; u},v}) be the rule which is used now in the i-th splicing
step and we obtain that r; € L™ x <™ x ¥<m x W, for i = 1,...,k' — 1. This means,
for i = 1,...,k" — 1 we have proven even stronger length bounds than stated in statements (i’)

and (iii’) of Lemma 4.7.

The rule which is used in the k’-th splicing step is (ug:, vg/; @}, V) € SHM X DM X T x W),
We will replace the third component @} by a word «} which is shorter than 2m, and we will
replace Ty = Ty by xp = up ), accordingly in order to prove the remaining length bounds of
statements (i) and (iii"). If Zp2zgy € I, we let uj, € [a},]r with |u},| < m (Lemma 2.2) and we are
done. Otherwise, we have (Wgt1, Wkt2) Fs Tpzgx with § = (Gk41, Vk41; Ukt2, Dpt2) such that the
splicing position lies in the factor z in Z,. This implies that @}, is a prefix of wo and @}, may overlap
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with tg41 but not with vg41. In case when ), does not overlap with @41, let u), € [@}.]r with
|uy,| < m (Lemma 2.2) and let g1 = Ug41. In case when @), overlaps with g1, let 4, = &f and
fig+1 = By such that j is the overlap. Let a € [a];, and 8 € [8]; with |a|,|B] < m (Lemma 2.2);
furthermore, let u}, = af, up+1 = . For both cases we obtain that ugi1 <g¢ U1 and hence
Upt1 € W,. We let w11 be the word that is obtained by replacing the prefix @}, in Wg41 by uj,.
Clearly, we have that (wg41,Wrt2) Fs 21291 with s = (ug41, Vk41; Ugt2, Tpt2) € R as desired.
Furthermore, |u},| < 2m and |zy/| < £+ 2m. This concludes the proof of statements (i’) and (iii’)
of Lemma 4.7 for ¢ = 1,...,k’. Statements (ii’) and (iii’) of Lemma 4.7 for ¢ = k' + 1,...,k can
be proven analogously. O

4.3 Proof of Theorem 4.1

Let L be a splicing language and m = |My|. Throughout this section, by ~ we denote the
equivalence relation ~r, and by [-] we denote the corresponding equivalence classes [-]r.
Recall that Theorem 4.1 claims that the splicing system (I, R) with I = %<m"+6m [, and

2 2
R— {r € <M HL0m  $<2m  31<2m  <m+10m

r respects L}

generates L. The proof is divided in two parts. In the first part, Lemma 4.8, we prove that
the set of rules can be chosen as {r € (Z<m2+10m)4 ‘ 7 respects L} for some finite set of axioms.

The second part concludes the proof of Theorem 4.1, by employing the length bound 2m for the
second and third component of rules and by proving that the set of axioms can be chosen as
[ =x<m*+6mnp,

Lemma 4.8. Let L and m as above. There exists n € N such that the splicing system (I, R) with
I=%"NL and )
R= {r € (R HOmYA | p respects L}

generates the same language L = L(I, R).

Proof. As every word in I belongs to L and every rule in R respects L, the inclusion L(I,R) C L
holds (for any n).

Since L is a splicing language, there exists a splicing system (I’, R') which generates L. Let
n' be a number larger than any word in I’ and larger than any component of a rule in R’ and let
n=n'+6m. Let I = ¥="N L as in the claim and observe that L(I, R') = L.

For a word p we define W, = {w € ¥* | w < p}, as we did before. We let the set of rules
where every component is length-lexicographically bounded by some word p be

R, = {r € W:f | r respects L} ,

and we let L, = L(I, R,). Observe that L, C L for all words . For two words v, u with p <gs v
we see that R, C R,, and hence, L,, C L,. Thus, if L, = L for some word p, then for all words v
with u <g¢ v, we have L, = L. Because L = L(I, R') is a splicing language, there exists a word
such that L, = L. Now, we fix u to be the smallest word, in the length-lexicographic order, such
that L, = L. Note that if [u| < m? + 10m, then R, C R and L = L, C L(I, R), which in turn,
would prove our claim. For the sake of obtaining a contradiction assume |u| > m? + 10m. Let v
be the next-smaller word than p, in the length-lexicographic order, and let S = R,. Note that
L(1,S) € L and R, \ S is non-empty, containing only rules which have a component that is equal
to .

Choose w from L\ L(I,S) as a shortest word, i.e., for all w’ € L with |w'| < |w|, we have
w' € L(I,S). Factorize

w = TozYo
with |xo| = |yo| = 3m and let z cover the remainder of w; note that |z| > |u|, otherwise w € I C
L(1,S). Factorize
= 61afvd2
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such that |01, |02 > 5m, |aBy| = m?, B # ¢, a ~ afB, and v ~ (7, see Pumping Lemma 2.1.

The proof idea is as follows: we replace each factors a7 in the factor z of word w = xgzyg by
afiy, for a large j, in order to obtain a word @ = x¢Zyy ~ w, as described in Lemma 2.3. The
word W has to be created by a series of splicings in (I, R,,) and at some point during the creation
of w by splicing the splicing has to affect the factor Z; the series of splicings is of the form as
described in Lemma 4.7 and Figure 4. If a splicing rule from R, \ S is used during the creation
of of w, then the component p of this rule has to overlap with a factor a7+ such that we can
replace this splicing by using a different rule. Next, we pump down all the factors a7 in @ again
in order to obtain the original word w. We adapt the series of splicings, that created w, in order
to obtain series of splicings which creates w; then, we ensure that all words used in this series of
splicings are shorter than w and all rules belong to S. This will contradict, that w is a shortest
word in L(I, R,) \ L(I, S).

Let j be a sufficiently large even number (j = 4|u|+2 |z| will suffice). According to Lemma 2.3
and as afiy ~p af3’y, there exists a word 2, which is obtained by successively applying factor
replacements oy — af7v in z, such that Z ~p, z and for all factors Ziggk) = @By in 2

(a) aB/? is a factor of % starting at position Z[k) or
(b) B7/2v is a factor of Z ending at position Zp.

In particular, if §;87vdz is a factor of Z (a) dz is a prefix of a word in 87 or (b) d;a is a suffix
of a word in 8. Because z ~ %, we have zZy € L.

Let us trace back the creation of xoZyo € L by splicing in (I, R,,) to a word 2y, where either
xrZyr € I or where x; 2y is created by a splicing that affects Z, i.e., the splicing position lies in
the factor Z. Let zg = zgZyo be created by k splicings from a word z, = xiZy, where either z, € T
or z is created by a splicing (wi41, Wet2) Fs 2 With wiq1, w42 € L, s € Ry, and the splicing
position lies in the factor Z. Furthermore, for i = 1,..., k the intermediate splicings are either

(i) (wi,2:) Fry ®i—12Yi—1 = 21, where w; € L, 7, € R, y;—1 = y;, and the splicing position
lies at the left of the factor Z or

(ii) (zs,w;) Fr, i—12yi—1 = 2i—1, where w; € L, r; € R, ;-1 = x;, and the splicing position
lies at the right of the factor Z.

Note that |Z| > |z| > |u| and, therefore, we can apply Lemma 4.7 (with £ = 3m). Thus, we may
assume that w; € I and |x;|, |y;| <b5m fori=1,... k.

Consider a rule r; in a splicing of the form (i). By Lemma 4.7, 7; € <4 x <2m  33<2m W,.
Suppose the fourth component of 7; covers a prefix of the left-most factor «37/2 in # which is longer
than « (as j is very large, it cannot fully cover a37/2). We may write r; = (uy,v1; ug, v'v”) where
v" is the prefix of a37/2. By extension (Lemma 4.2) the rule (uy,v1;us,v'af’/?) respects L, and
so does the rule 7; = (uy,v1; ug, v'@) because o ~ 39/ (Lemma, 4.3). The thusly obtained rule 7;
can be used in place of r;; furthermore, as the fourth component got shorter, we have 7; € S and
the rule does not overlap with the factor 37/2 anymore. For convenience, we assume that every r;
is of the form of its corresponding 7; from here on.

After we symmetrically treated rules of form (ii), these new rules ry,...,r; and the words
w1, ..., Wy can be used in order to create w = zgzyy from xzyr by splicing. In order to see this,
observe that, even though the factors a8y in z, which we pumped up before, may overlap with
each other, the left-most (and right-most) position where we replaced 3 by 37 is preceded by the
factor « (resp. succeeded by the factor ) in Z.

Next, we show that all the rules r1,...,7 belong to S. By contradiction, suppose r; ¢ S for
some ¢ and, by symmetry, suppose this i-th splicing is of the form (i). Thus, the fourth component
of r; has to be u = d1afyd2. As 01| > 5m > |z;|, the factor afy in p is covered by Z. Let £ such
that aBy = Zjge4m2) is this factor in Z. The properties of Z ensure that (a) af’/? is a factor of
Z starting at position Z,; or (b) (7/2~ is a factor of Z ending at position Zio4m2]- As j/2 is very
large and the splicing position of (w;, z;) by, 2zi—1 is too close to the left end of z;_1, case (b) is
not possible. Thus, case (a) holds, the fourth component of r; overlaps in more than |a| letters
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with the left-most factor a87/2 in 2, and we used the replacement above which ensured r; € S —
contradiction.

Let us summarize: if xpzy, was in L(I, .S), then w = xzyo € L(I, S) (as well as all intermediate
x;zy; € L(1,S) for i = 1,...,k — 1), which would contradict the choice of w. If 2z, = xpZy; € I,
then xzyx, which is at most as long as z, would belong to I and we are done. We only have
to consider the case when (w11, wrt2) Fs 2k = 2xZyx and the splicing position lies in the factor
Z. We will show that, from this splicing, we derive another splicing (g1, Wk+2) bt Tx2y, which
respects L(I,S) and, therefore, yields the contradiction.

Due to Lemma 4.4 we may assume that s = (u,v1;u2,v), W41 = zuvy and wrio = ugvy
where |v1], |ua| < m. We have

2k = TRZYLE = TUVY

where xu is a proper prefix of x;Z and vy is a proper suffix of Zy; because we required that the
splicing position lies in 2 in zj.

We will see next that if s ¢ S, then we can use a rule § € S and maybe slightly modified words
in order to obtain z by splicing. If s ¢ S, then w = p or v = u. Suppose u = p = §aBvd
by symmetry. Thus, the factor a8y of u is covered by the factor Z in z as [61] > bm > |zg|.
Choose ¢ such that a8y = Z|g;p4m2] is this factor. Recall that (a) af7/? is a factor of Z starting
at position Zj or (b) 47/2y is a factor of Z ending at position Zjy 2. If (b) holds, 6« is a suffix
of a word in B and we may write ;o = Bo3° where £ > 0 and fs is a suffix of 3. Replace u by
B2y61 ~ u and use this new rule § = (82701, v1; U2, v) in order to splice (wg41, Wi+2) Fs zk. Note
that the first component is now shorter than p. Otherwise ((a) holds), vdsv is a prefix of a word
in 8. As j is very large and « is a prefix of a word in 87, we may extend v (Lemma 4.2) such
that we can write 70 = BB, and v = (232 where £; > 1, £, > 0, , and ;52 = 5. Now,
we pump down one of the 3 in the first component and 5% in the fourth component and we let
5= (61aB 1B, v1;uz, Bary) ~ 5. As all components are shorter than y, we see that § € S and

(261871 Brur, ueBe B2 yy) b5 2,

that is, we have shifted one of the occurrences of 3 from wy41 to wgio. Note that Boy is a prefix
of B23%*1y. Treating the fourth component analogously justifies the assumption that s € S.
Recall that Z = zuvy was obtained from z by successively pumping up factors a8y to a377.
Now, we will pump down the factors a37v to a7y in Z again. At every position where we pumped
up before, we are now pumping down in reverse order, in order to obtain the factors z, w, v,y from
the words x, u, v, y, respectively.
For each pumping step do:

1. If u is covered by the factor a3’ (which we pump down in this step), extend u to the left
such that it becomes a prefix of af7y. Symmetrically, if v is covered by the factor o377,
extend v to the right such that it becomes a suffix of 37+ (Lemma 4.2). After this extension
the factor a7+ is covered by zu, uv, or vy.

2. If ap? or B7+ is covered by one of x, u, v, or y, then replace this factor by a3 or 7,
respectively. Skip next step.

3. If afB’~ is covered by zu (the cases when af7v is covered by uv or vy can be treated
analogously), we can factorize * = 2’3711 and u = Bo72yu’ where $182 = B and j; +
j2 +1=j. The results of pumping down are the words z’a3; and Sayu’, respectively.

Observe that, after reversing all pumping steps, Zu ~ zu, 0y ~ vy, TUVY = TrzYg, and the
rule ¢t = (4, v1;ug,v) respects L. Furthermore, if we used extension for u (or v) in one of the steps,
then || < m? (resp. 8] < m?); no matter whether we used extension or not, we have ¢ € S. Note
that

|Zav| < |zkz| + |vi] < |z| +6m = |w|

Since w was chosen as the shortest word from L \ L(I,S), we have w41 = Zav; € L(I,S) and,
symmetrically, Wg1o = usty € L(I,S). Because (Wg41, Wk12) bt rzyk, we conclude that xpzyy
as well as w belong to L(I,S) — the desired contradiction. O
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Now, we can prove our main result of this section.

Proof of Theorem j.1. Recall that for a splicing language L with m = |Mp| we intend to prove
that the splicing system (I, R) with [ = n<m’+6m A [ and

2 2
R — {’I” c E<m +10m X E<2m X E<2m X E<m +10m

r respects L}

generates the language L = L(I, R).
Obviously, L(I,R) C L. By Lemma 4.8, we may assume that L is generated by a splicing
system (J,.S) where

S = {r € (Z<m2+10m)4 r respects L} .

In order to prove L C L(I, R), we use induction on the length of words in L. For w € L with
|w| < m2+6m, we have w € I C L(I, R) by definition. Consider w € L with |w| > m? 4 6m. The
induction hypothesis states that every word w’ € L with |w’| < |w| belongs to L(I, R). Factorize

w = zoafy0Yo

such that |zo| = |yo| = 3m, |afy| = m?, B # ¢, a ~ af, v ~ By (see Pumping Lemma 2.1), and
0 covers the remainder of the word w. For the correctness of the following steps in this proof it
is important that the factors zq, yo, and afvy each have a fixed length and only the length of ¢ is
flexible.

The proof idea is somewhat similar as in the proof of Lemma 4.8: We pump up the factor
in the word w to 87 in order to obtain a word w. We pick j large enough such that no word in
J can contain the factor z = a37vJ; in particular, @ ¢ J. Therefore, it has to be created by a
series of splicings from other words in L and at some point during the creation of @ by splicing
position lies in the factor z of w; the series of splicings is of the form as described in Lemma 4.7
and Figure 4. Next, we pump down the factor 47 in @ again in order to obtain the original word
w. We adapt the series of splicings, that created w, in order to obtain series of splicings which
creates w; then, we ensure that all words used in this series of splicings are shorter than w and all
rules belong to R. Using the induction hypothesis, this will conclude the proof.

Choose j sufficiently large (5 > |w| +m? + 10m and j is greater than the maximal length of
the words in J). We let 2z = a37v§ and investigate the creation of 292y € L by splicing in (J, S).
As z cannot be a factor of a word in J, we can trace back the creation of zpzyo by splicing to the
point where the factor z is affected for the last time. Let zyg = zgzyp be created by k splicings
from a word z, = 2y, which is created by a splicing (wgy1, Wit2) Fs 2k With wgi1, wE12 € L,
s € S, and the splicing position lies in the factor z. Furthermore, for i = 1, ..., k the intermediate
splicings are either

(1) (wi, z) Fr, i—12Yi—1 = 2zi—1, where w; € L, r; € S, y;—1 = y;, and the splicing position lies
at the left of the factor z or

(i) (z4,w;) Fr, ®i—12Yyi—1 = 2i—1, where w; € L, r; € S, x;_1 = x;, and the splicing position lies
at the right of the factor z.

As |z| > m?+10m we can apply Lemma 4.7. Thus, we may assume wy, ..., wy € I, r1,...,1; € R,
and |z, lyk| < 5m.

Consider a rule r; in a splicing of the form (i). Suppose the fourth component of r; covers a
prefix of the factor a3’ in 2 which is longer than a3 (as j is large, it cannot fully cover a37). We
may write r; = (u1,v1;ug, v'v") where v” is the prefix of a37/2. By extension (Lemma 4.2) the
rule (uy,v1;us,v'aB9) respects L, and so does the rule 7 = (u1,v1;us,v'a) because a ~ af’/?
(Lemma 4.3). The thusly obtained rule 7; can be used in place of r;. For convenience, we assume
that every r; is of the form of its corresponding 7; from here on. Moreover, after we symmetrically
treated rules of form (ii), these new rules rq,..., 7, and the words wy, ..., wy can be used in order
to create w = xoafydyg from zrafydy, by splicing. Thus, if zpafvydy, belongs to L(I, R), so
does w = xgafydyg.
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Now, consider the first splicing (wg41,wg+2) Fs 2k = xpzyr. Due to Lemma 4.4 we may
assume that s = (u,v1;ug,v), wr11 = zuvy and wire = ugvy where |v1], |ug| < m. We have

2 = TUVY = Tp2Yp = TR S YY),

where xu is a proper prefix of x;z and vy is a proper suffix of zy; because we required that the
splicing position lies in z in zj.

Next, we will pump down the factor a7y to afy in z again in order to obtain the words
Z,u, v,y from the word z, u, v, y, respectively. The pumping is done as in the proof of Lemma 4.8:
For each pumping step do:

1. If u is covered by the factor a3’ (which we pump down in this step), extend u to the left
such that it becomes a prefix of a37y. Symmetrically, if v is covered by the factor o377,
extend v to the right such that it becomes a suffix of a37+y (Lemma 4.2). After this extension
the factor a7+ is covered by zu, uv, or vy.

2. If a3? or By is covered by one of x, u, v, or y, then replace this factor by a3 or v,
respectively. Skip next step.

3. If B’y is covered by zu (the cases when af37v is covered by uv or vy can be treated
analogously), we can factorize * = 2’3711 and u = Bo72yu’ where $182 = B and j; +
j2 +1=j. The results of pumping down are the words z’a3; and Sayu’, respectively.

Observe that, 24 ~ zu, 0§ ~ vy, TaVY = xxaSydyk, and the rule ¢ = (4, v1;uq, ¥) respects L.
Furthermore, if we used extension for u (or v), then |ii| < m? (resp. |#| < m?). No matter whether
we used extension or not, t € R. As

|Zavr| < |zgz| + |vi] < |2| +6m = |w|

we have Wiy, = Tawvy € L(1,S). Symmetrically, us0y < |w| and Wgyo = ug0y € L(I,S). We
conclude that (Wg41,Wrt2) bt xpafydyr € L(I, R) and, therefore, w = zoafBvdyo € L(I, R) as
well. O

5 Decidability

The main question we intended to answer when starting our investigation was, whether or not
it is decidable if a given regular language L is a splicing language. If we can decide whether or
not a splicing rule respects a regular language and if we can construct a (non-deterministic) finite
automaton (NFA) accepting the language generated by a given splicing system, then we can decide
whether or not L is a classic splicing language (Pixton splicing language) as follows. We compute
the splicing system (I, R) as given in Theorem 4.1 (resp. Theorem 3.1) and we compute a finite
automaton accepting the splicing language L(I, R). Theorem 4.1 (resp. Theorem 3.1) implies that
L is a splicing language if and only if L = L(I, R). Recall that equivalence of regular languages is
decidable, for example, by constructing and comparing the minimal deterministic finite automata
of both languages.

It is known from [8,13] that it is decidable whether or not a classic splicing rule respects a
regular language. Furthermore, there is an effective construction of a finite automaton which
accepts the language generated by a Pixton splicing system [17]. As mentioned earlier, Pixton
splicing systems are more general than classic splicing systems, which means the latter result
applies to classic splicing systems, too. Such a construction for classic splicing systems is also
given in [12].

Let us prove that it is decidable whether or not a Pixton splicing rule r respects a regular
language L. Actually, we will decide whether or not the set [r]; respects L, which is equivalent
by Lemma 4.3. The proof can easily be adapted in order to prove that it is decidable whether a
classic splicing rule respects L.
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Lemma 5.1. Let L be a regular language and let r be a Pizton splicing rule. It is decidable
whether r respects L or not.

Proof. Let ~ denote the equivalence relation ~; and [-] denote the corresponding equivalence
classes [+].
Let r = (u1, u2;v). We define the two sets S1,.52 C My, as

Sy ={XeMy|IV: X[w]Y C L}, So={Y € M| 3X: X[up]Y C L},

i.e., [z1] belongs to S; if and only if xju1y1 € L for some word y; and [y2] belongs to Ss if and
only if zousys € L for some word xo. We claim that r respects L if and only if X[v]Y C L for all
X €5 and Y € S5, which is a property that can easily be decided.

Firstly, suppose r respects L. For X € S; and Y € S5 choose words 1 € X and y3 € Y. By
definition of S7 and Ss, there is y; and x5 such that z1u1y; € L, x1u1y1 € L, and as r respects L,
x1vy2 € L. This implies X[v]Y C L.

Vice verse, suppose X[v]Y C L for all X € S; and Y € S,. For all z;u;y; € L with ¢ = 1,2,
we have [z1] € S1 and [ys] € S3. Therefore, z1vys € [21][v][y2] € L and r respects L. O

These observations lead to the following decidability results.
Corollary 5.2.

i.) For a given regular language L, it is decidable whether or not L is a classic splicing language.
Moreover, if L is a classic splicing language, a splicing system (I, R) generating L can be
effectively constructed.

it.) For a given regular language L, it is decidable whether or not L is a Pizton splicing language.
Moreover, if L is a Pizton splicing language, a splicing system (I, R) generating L can be
effectively constructed.

Final Remarks

It has been known since 1991 that the class S of languages that can be generated by a splicing
system is a proper subclass of the class of regular languages. However, to date, no other natural
characterization for the class S exists. The problem of deciding whether or not a regular language
is generated by a splicing system is a fundamental problem in this context and has remained
unsolved. To the best of our knowledge, the problem was first stated in the literature in 1998 [11].
In this paper we give a positive answer to this open problem.

Some remarks are in order regarding thecomplexity of the decision algorithm. Let L be a
regular language given as syntactic monoid My and (I, R) be the splicing system described in
Theorem 4.1 (resp. Theorem 3.1). An automaton which accepts L(I, R), created as described
in Section 5, has a state set of size in 20(7”2), where m = |Mp|. Deciding the equivalence of
two regular languages, given as NFAs, is known to be PSPACE-complete [20]; hence, the naive

approach to decide whether L = L(I, R) or not uses double exponential time 220" " Aq there may
be an exponential gap between an NFA accepting L and the syntactic monoid M, the complexity,
when considering an NFA as input, becomes triple exponential. Improving the complexity of the
algorithm is subject of future research.

Finally, let us note that the related problem of characterizing the class splicing languages
intrinsically remains open. Such a characterization of splicing languages will lead to a better
understanding of the language class of splicing languages and has the potential to improve the
complexity of the decision algorithm.
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