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A language L is called the orthogonal shuffle of the language L with the language Lo,
along the trajectory set 1" if every word in L is uniquely obtained as the shuffle between
a word in Lj, a word in Lo along a trajectory word in T'. In this paper we investigate
properties of the orthogonal shuffle on trajectories, as well as several types of language
equations using this language operation. As a corollary, we obtain several properties of
orthogonal catenation, orthogonal literal shuffle and orthogonal insertion.

Keywords: Shuffle on trajectories; Orthogonal operation; Language equation;
Decidability.

1. Introduction

A language L is the orthogonal catenation of languages L; and Ls if every word of
L can be written in a unique way as a catenation of a word in L; and a word in L.
In [3], Daley, Domaratzki, and Salomaa investigated the orthogonal catenation ® .
This notion can be generalized to other language operations, for example, to shuf-
fle, or shuffle on trajectories. Shuffle on trajectories was introduced by Mateescu,
Rozenberg, and Salomaa [9] in order to generalize several operations on words and
languages, and was investigated in detail by Domaratzki, e.g., see [8]. In this pa-
per, we generalize orthogonal catenation to orthogonal shuffle on trajectories, and
investigate several problems related to this operation. The paper is organized as
follows. Section 2 contains the formal definition of orthogonal operations, including
orthogonal shuffle on trajectories, as well as some general properties of this oper-
ation. Section 3 addresses several decidability questions. For example, we give a
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proof of the fact that it is decidable, given a regular set of trajectories T', and two
regular languages L1 and Ly, whether or not their orthogonal catenation, or their
orthogonal shuffle on T', is defined (Theorem 8). If one of the languages is linear and
the other is regular, while the trajectory set is still regular, then the same problem
becomes undecidable (Theorem 9). We also prove that when an equation of the form
L10X = L, where o denotes the orthogonal shuffle on a complete set of trajectories
T, has a solution, this solution is minimal and unique (Proposition 10, Theorem 12).
Thus, a similar result holds if o denotes orthogonal catenation, orthogonal literal
shuffle, or orthogonal insertion (Corollary 13). Lastly, we prove that if the language
L is linear, the language Lq is regular, and the operation involved is orthogonal
catenation, then it is undecidable whether or not such a language equation has a
solution (Corollary 16). Section 4 presents several topics of future work. We con-
clude this introductory section with several notions and notation used in this paper.
Let X be a finite alphabet that is totally ordered by the ordering <. A sequence of
letters in ¥ is called a word over . The length of a word w € ¥* is the number of
letters occurring in it, and denoted by |w|. In particular, the empty word, denoted
by A, is the word of length zero. For a word w € ¥* and a letter a € ¥, |w|, denotes
the number of occurrences of a in w. The set of all words (all non-empty words) is
denoted by ¥* (resp. ¥1). Moreover, for n > 0, let X" = {w € ¥* : |w| = n}. A
subset of X* is called a language. For a non-empty language L, let L be the set of
all shortest words in L.

A word u € ¥* is called a prefiz of a word v € ¥* if v = ux for some z € ¥* (in
this case, the left quotient u~'v is defined as z). By pref; (u), we denote the prefix
of u of length 1, i.e., the first letter of u. Two words v and v have always a unique
maximal common prefix, which is denoted by u A v. Based on that, a total ordering
of ¥* called lexicographic ordering is introduced, and denoted by <ex. The order
on X by < is extended to X* in the following way:

U <lex v == u v €N or pref, ((uAv)"tu) < pref; ((u Av) o).
A trajectory is a binary word over {0, 1}. Consider a trajectory ¢ and two words
u = ajay---a; and v = byby---b; for some 4,5 > 0 and ai,...,a;,b1,...,b; € .
The shuffle of v and v on the trajectory ¢, denoted by w,,v, is defined as follows:
if |u| # |t|o or |v| # |t|1, then w ;v = 0; otherwise w v = ¢1¢2 - - - ¢it5, where, for
1 S k S Z+], if |t1t2 o 'tk,1|0 =Ny and |t1t2 B 'tk,1|1 =Ny, then

Ong+1 iftp =0
C = .
bn1+1 if tk =1.
Shuffle on trajectories is extended to a set T' C {0, 1}* of trajectories as follows:
Uy = U U4V
teT
Further, for languages L1, Lo C X*, we define
LyipLs = U Uy 0.

u€ly,veELy



Orthogonal Shuffle on Trajectories 215

A set of trajectories T is said to be complete if u v # 0 for all u,v € £* [9]. In
other words, T is complete if and only if for any (i, j) € N2, there exists ¢ € T which
contains ¢ 0’s and j 1’s.

Lemma 1. Let u,v,v" € ¥* and t € {0,1}* such that neither w,,v nor uy,v" s
empty. If v <jex V', then w0 <jex UV’

A language L C X* is called a uniform code if for any u,v € L, |u| = |v|.

Lemma 2. For uniform codes C,C1,Cs C X* and a set T € {0,1}* of trajectories,
Zf Cu_,Tcl = C|_|_[T02 7é @, then 01 n CQ ?é @

Proof. The equality implies that the code lengths of C; and Cs are the same. When
3 is unary, this lemma holds trivially because in this case, if C; and Cy have the
same code lengths, then they have to be the same. Let us consider the case when
Y is non-unary, and suppose that C; N Cy = . Let wyi, be the smallest word in
C'1C1 with respect to <jex. Due to the equality C',.C1 = C,1Co, there exist
u,u’ € C,v e Cy, v € Cy, and t,t' € T such that

/ /
Win = U0 = U 1yp .

Since €y and Cy are assumed to be disjoint, v # v'. As such, either v <o v/ or
v >1ex v' holds. However, in the former case, v/ 1), v <jex ¢/ 11y,v’, which contradicts
the smallest property of wpin because u' v € C,;C1. We have exactly the same
contradiction even in the latter case. O

2. Orthogonal Operations on Languages

In the following, we investigate properties of a special case of operations on words
and languages, termed orthogonal operations. Let o be a binary operation on words,
called bin-op. For two languages L1, Lo, consider the following condition:
(OR1) (Vu,u' € Ly,v,v" € Lo) if u#u or v#v, thenuovnu' ov = 0.
Then, we define the orthogonal bin-op of Ly and Lo as

LioLs if condition (OR1) holds,

L1 O L2 =
undefined otherwise.

If Loy Lo is defined, we say that Ly and Lo are bin-op-orthogonal, or o-orthogonal.
We say that a language L is an orthogonal bin-op of L1 and Lo if L = Ly o) Lo.

In this paper we focus on orthogonal catenation, denoted by ®, , and especially
on orthogonal shuffle on trajectories, denoted by ;% for a set of trajectories T. In
the case of orthogonal shuffle on trajectories, we redefine the notion of orthogonality
by replacing (OR1) with the following equivalent condition:

(OR2) (Vu,u’ € Ly,v,v" € Lo, t,t' € T) if u # ' or v # v/, then w0 # u' 0.

Recall that a language L is k-thin if |[L N X" < k for all n > 0 [10].
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Proposition 3. Let T be a 1-thin set of trajectories. Then for any languages
Ly, Lo, L4 |_|_Hrij2 is always defined and equal to Ly Lo.

Proof. Since T is 1-thin, any w € Lj,pL2 admits a unique decomposition w =
w0, where w € Ly, v € Lo, and ¢t € T. This means that (OR2) is satisfied. Hence,
Ly u_’Jj-‘LQ is defined and equal to Ly ,pLo. O

Thus, the known results about shuffle on trajectories apply to orthogonal shuffle
on trajectories when the set of trajectories is 1-thin. For example, Domaratzki and
Salomaa proved that for given a regular language R and a 1-thin set T of trajectories,
it is decidable whether there exist languages L1, Ly # {A} such that R = Ly ;Lo
[4]. The problem obtained by replacing (,;, by (1% in this problem is also decidable.
We now prove several basic properties of orthogonal shuffle on trajectories. Assume
that orthogonal shuffle of two languages is defined on a set of trajectories. Then on
smaller sets of trajectories, shuffle of the languages remains orthogonal.

Proposition 4. Let L1,Ly C ¥ and T C {0,1}*. If L1 Lo is defined, then
Ly u_Hj—vLQ is defined for any T' C T.

An analogous result of Proposition 4 holds for the case when the two operands are
replaced by their respective subsets.
Lemma 2 has an analogous result in relation to orthogonal shuffle on trajectories.

Lemma 5. For uniform codes C,Cy,Cy C 3* and a set T C {0,1}* of trajectories,
Zf CU_IJj“Cl = CU_IJTCQ 75 (Z), then Cl = CQ.

Proof. As in the proof of Lemma 2, this lemma is trivial when ¥ is unary. For
the case when X is not unary, suppose Cy # C3, or we could suppose C; — Co # ()
without loss of generality®. For any u € C, v € C; — Cy, and ¢t € T, there exist
u' € C, v € Cq, and t' € T such that

wyv =u' 0. (7)

Since v ¢ Ca, v # v'. Note that v" must not be in C; because otherwise Eq. (7) would
violate the orthogonality of C',C1. Therefore, C', 5 (Cy — C2) C C15(Cy — Ch).
In the similar manner, its opposite inclusion relation can be proved. Hence, we
would have C',#(Cy — Cy) = C'1;#(Cy — Cy), but this contradicts Lemma 2. O

For a set T C {0,1}* of trajectories, a language L C X¥* is called a T-code if
(LwpXT)NL=10[4].

Proposition 6. Let T C {0,1}* that contains 0*. For a language L C X*, if
L %%* is defined, then L is a T-code.

aC1 — Cy is defined as the set {w € C1 | w & Ca}.
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Proof. Suppose that L were not T-code, i.e., there exist u,v € L such that v €
uwpXT. Note that |v| > |u| so that v # w. Since 0* C T, v € vipX*. Thus,
ww T NvypS* # 0, and as a result LHJLTZ* should not be defined. O

A set T of trajectories is said to be associative if (w,pv) 1w = wiyp(Vpw)
for all u,v,w € ¥* [9)].

Lemma 7. Let Ly, Lo, L3 be non-empty languages, and T be an associative set of
trajectories. If both (L1 Lo) i La and Ly (LauL3) are defined, then

(L1wirLo) uieLs = Ly wir (Lo it La).

Proof. Let w € (L La) s Ls. Since this set is defined, w € (L1 La) g La-
Due to the associativity of T, w € L1 yp(LawpLs). Since Ly (Lo ik Ls) is
defined, it is equal to Lj;(LawpLs), and hence, it contains w. Therefore,
(Ly L) uLs € Ly (Lo i L3). Analogously we can prove the opposite in-
clusion relation. O

3. Decidability and Language Equations

This section addresses several decidability questions related to the orthogonal shuffle
on trajectories. Given regular languages L1, Lo, and a trajectory set T', we first ask
whether or not it is decidable if L; and Lo are j,p-orthogonal. Secondly, for non-
empty languages L and Li, and a complete set T of trajectories, we ask whether
or not a solution to the equation Ly ;%X = L is unique if any. Thirdly, for regular
languages R1, R and a regular set T of trajectories, we ask if it is decidable whether
or not the equation R; ;%X = R has a solution.

Question 1. For given languages L1, Lo, and a trajectory set T, is it decidable
whether or not Ly and Lo are y,p-orthogonal?

The following two results have given partial solutions to Question 1.

Theorem 8 ([3]) Given regular languages R1, Ry C X* and a regular set of trajec-
tories T', it is decidable whether Ry and Rg are (i) ®-orthogonal, (i) \1y,-orthogonal.

Proof. (i) In [3], the authors state that this result is well-known, without mention-
ing specific references. A short proof is: since Ry and Rs are regular, so are the left
quotient Ry 1R1 and the right quotient Ry R, ! Then R and Ry are ®-orthogonal
if and only if Ry "Ry N RaR;* = {\}. The latter is decidable, and hence, so is the
former. (ii) The statement is proven in [3], Theorem 5. O

This decidability result is complemented by the undecidability result obtained by
expanding the language class which R; or Rs belongs to up to the class of linear
languages.
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Theorem 9. Given a linear language L C X*, a reqular language R C ¥*, and a
reqular set T of trajectories, it is undecidable whether or not

(1) L and R are ,p-orthogonal,
(2) R and L are y,p-orthogonal.

Proof. The instance of the first (second) problem with 7" = 0*1* and R = ¥* is
known to be equivalent to the problem of whether L is a prefix (resp. suffix) code
[3]. It is undecidable whether a given linear language is a prefix- (a suffix-) code.
As a result, these two problems have to be undecidable.

This result is also verified by the fact that it is undecidable whether for a linear
language L and a regular language R, L and R are ®-orthogonal [3]. O

Language equations involving shuffle on trajectories were intensively investigated
n [11]. Here we address this question, but shift our focus to orthogonal shuffle on
trajectories. First of all, let us recall the equation

Ly X =1L, 9)

where L1, L are languages over an alphabet 3, T is a set of trajectories, and X is
a variable. As done in [4], we define the right-useful solutions to Eq. (9) as

usel (X; Ly) = {x € X | Ly gz # 0}, (10)

where X is any language. Since Ly (X — usegf)(X; L1)) =0, in the following we

assume that any solution X of Eq. (9) satisfies X = useg) (X;Ly). Let us replace
shuffle in Eq.(9) with orthogonal shuffle and consider an equation

Liw=X =L. (11)
Then the following question arises:

Question 2. Let L and L1 be non-empty languages, and T be a set of trajectories.
When Eq. (11) has a solution for the variable X, is this solution unique?

By definition of orthogonal shuffle on trajectories, it is clear that a solution to
Eq. (11) is a solution to Eq. (9). The next proposition strengthens this statement
further.

Proposition 10. For a set T of trajectories, if the language equation L LULTX =1L
has a solution Lo, then Ly is a minimal solution of Ly ,pY = L.

Proof. Suppose that there were a language L’ which is a proper subset of Ly and
satisfies Ly, L’ = L. Because of the assumption that Ly = useg)(Lg, Ly), for any
v € Ly— L', Lyyypv # 0. With Ly v € L, this implies that Ly 00 N Ly L/
is not empty. However, this breaks the orthogonality of L; U_,JfLQ because L' C Lo
and v € Ly — L. O
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This proposition means that, unlike the study on language equations based on shuffle
on trajectories, we have to focus on the minimal solutions of LY = L when
considering the solutions of Ly ;%X = L. Compared to the maximal solution of
language equations in general [11,12], much less is known about minimal solutions
of language equations. Let us imagine that for given languages L1, L and a given set
T of trajectories, the equation Ly ;%X = L has a solution. Is this solution unique?
In general, this uniqueness does not hold as shown in the next example.

Example 11. Let Ly = {aa,aaa}, T = {001111,000111}, and L =
{aaabbb, aaaabb}. Then both Lo = {aabb,bbb} and LYy = {abb,abbb} are solutions to
LiukhX = L.

On the other hand, it was proved in [3] that for the catenation @, if the equation
L ®; X = L has a solution, then the solution is unique. Recall that catenation is
a special case of shuffle on trajectories (with 7" = 0*1*, we have ® = ;). Note
that T in Example 11 is not complete, whereas T' = 0*1* is. We generalize this
uniqueness result for orthogonal shuffle on any complete sets of trajectories.

Theorem 12. Let L and L1 be non-empty languages, and T be a complete set of
trajectories. If an equation Ly,7X = L has a solution for the variable X, the
solution is unique.

Proof. Suppose that there were two distinct languages Lo, L C ¥* such that
LiuiLo = Ly Ly = L. (12)

Let n be the length of a shortest word in L1, and let m be the length of a shortest
word in the symmetric difference between Lo and L. Note that we can assume
without loss of generality that Ly — LY, contains such a word of length m because of
the symmetric roles of Ly and L in Eq. (12). Thus, Ly = L1 N X" and Ly — L) =
(La— L5)NX™. Choose an arbitrary u € Ly, v € Ly — L5, and t € T for which w,v
is not the empty set. The existence of such ¢ is guaranteed by the completeness of
T. Since u,,v € LiysLo = L, Eq. (12) implies that there exist u € Ly, v/ € L},
and t' € T such that

Ui = up v’ (13)

Since v & L}, we have v # v'. If v/ € Lo, then Eq. (13) violates the orthogonality
of Ly #Lo. Thus, v' € Ly — Lo, and hence, we have |u| < || by the assumption
that v be shortest among words in (Ls — L) U (L5 — La). Provided this inequality
holds strictly, then Eq. (13) implies that |u| > |u|, contradicting the definition of u
being shortest in L. Summarizing what we have obtained so far,

(1) for any w € L1, v € Ly — L5, and t € T, there exist v’ € Ly, v' € Ly — Lo, and
t' € T such that u v = v ,,v';
(2) LY — Lo also contains a word of length m;
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(3) for any u € Ly, v' € Ly — Ly, and t € T, there exist v’ € L, v € Ly — L, and
t' € T such that u,v" = v (,,v;

Although what we actually proved were the first and second statements, the third
statement is the corollary of these and our previous argument. Thus,

LyuwipLe = Ly = LiuipLy — La. (14)

In the light of Lemma 5, however, Eq. (14) cannot hold. O

As pointed out in [8, 9], catenation, literal shuffle, and insertion are particular cases
of the operation of shuffle on complete set of trajectories. Thus, this theorem has
the following corollary.

Corollary 13. Let o be either catenation, literal shuffle, or insertion. For languages
L1, L, if the equation Lio; X = L has a solution for the variable X , then the solution
1S unique.

So far we have been working on the assumption that a given equation has a solution.
A more interesting topic is to consider a method of solving a given equation. Let
us start our investigation along this line with one-variable equations. An algorithm
is known for solving and constructing the (unique, regular) solution (if any) of an
equation R = Ry ® X for regular languages R, Ry [1, 3]. We consider the following
question:

Question 3. Let Ry, R be reqular languages and T be a reqular set of trajectories.
Is it decidable whether the equation Ry, X = R has a solution or not?

If we limit our scope to the singleton solution, i.e., we consider the equation
Riu4{z} = R, then this problem is decidable.

Proposition 14. Given reqular languages Ry, R and a reqular set T of trajectories,
the problem of whether there exists a word w satisfying Ry {w} = R is decidable.

Proof. Let n = min{|u| | v € R}, which can be computed by breadth-first
search on the minimum deterministic finite automaton accepting R. The solution
to Ry um{w} = R is of length at most n. Thus, we simply test for all words of
length at most n whether the desired equality is satisfied with orthogonality using
Theorem 8. O

The next proposition also gives a partial answer to Question 3.

Proposition 15. Let Ly, L C ¥* be languages and T C {0, 1}* be a set of trajecto-
ries. If L is context-free, then it is undecidable whether the equation L1y X = L
has a solution for the variable X .

Proof. We reduce the Post Correspondence Problem (PCP) to the problem of
whether the equation L U_,LTX = L has a solution or not for some specific L1, T, L.
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Let the PCP instance consist of lists & = (aq,...,a,) and 5 = (B1,...,5n),
where «;, 3; € {0,1}T. Consider the following two context-free languages:

La — {012i1+1 . 012ik+102n+212n+2aik .. 'ail | k Z 1) 1 S Z-p S n) 1 S p S k:},
and
Lg = {017 F1 .. 01m 10242120428, 8 | m > 1,1 < jy <m, 1< q<m}.

Although in general CFG’s are not closed under complementation, the complement
of a so-called List language is known to be context-free [7]. L, and Lg are a variant
of List language, and hence, their complements L¢, and Lg are context-free. Since
CFG’s are closed under union, (Lo N Lg)® = LS U L§ is context-free. Note that this
PCP instance has a solution if and only if (L, N Lg)¢ # £*. For L; = U;>¢3?%" and
T = 0*1*, let us consider the language equation Ly ;%X = (Lo N Lg)¢, where X
is a variable. If the PCP instance does not have a solution, then this equation is
Ly, %X = ¥* and it has a solution X = {A\} UX. On the other hand, if PCP(a, 3)
has a solution, say i1, 1s,...,1s, where 1 < s, 1 <14 <mn, for all h,1 < h < s, then
the word

w = 0121012+ 1212042120420 o g
is not in (Lo N Lg)°. By taking the first two letters (01) from w generates another
word w’ (i.e., w = 01w’). This word w" begins with 1 so that it cannot be in L, or
Lg. Thus, if we suppose that the equation L ;%X = (Lo N Lg)¢ had a solution Lo,
then there would exist u € Ly and v € Ly such that w’ = uv (recall that T' = 0*1*,
that is, |, is equivalent to catenation). By definition of L;, Olu € L; so that
w = 0luv would be in Ly |_|_Hrj—vL2, that is, w € (L, N Lg)¢, a contradiction. O

Note that in the previous proof, Ly is regular and the trajectory set employed is
T = 0*1*, that is, 4 = ©,. Hence, Proposition 15 augments the decidability
result mentioned previously as:

Corollary 16. For a linear language L, and a regular language Ry, it is undecidable
whether the equation Ry ©1 X = L has a solution for the variable X .

4. Conclusions

This paper studied properties of the orthogonal shuffle on trajectories, i.e., a special
case of shuffle on trajectories where every word in the result is the product of the
unique combination of one word from each operand. Several topics of future work
are of interest, for example Question 3 in its most general setting, and the following
variant of Question 1:

Question 4. For given regular languages Ry, Ra, is it decidable whether there exists
a complete set T of trajectories such that Ry and Ry are ,p-orthogonal?
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Remark that this question is meaningful because there exists languages R;, Ro such
that Ry Re is undefined for any complete set T of trajectories. A trivial example
is Ry = a* and Ry = {)\,a}. A complete set T of trajectories have to contain t,t’
such that a? ;A and @y, a are defined. However, a® ;A = ay,,,a = a?, and hence,
Ry 7Ry is undefined. An example over a binary alphabet is Ry = a* U a*ba* and
Ry = {\,b}. Note that for given languages Li, Lo, it is not always the case that
such a set T of trajectories that Ly, Lo is defined is unique. Indeed, let L1 = a*b,
L2 = {ab}, T1 = 0*101, and T2 = 0*110. Then L1 u_,JrjwlLQ = L1 mJjﬂZLQ = a*abb.
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