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ABSTRACT

The expansions of algebraic functions can be computed "fast'" using the
Newton Polygon Process and any "normal" iteratiomn. Let M(j) be the number
of operations sufficient to multiply two jth degree polynomials. Tt is
shown that the first N terms of an expansion of any algebraic function de-
fined by an nth degree polynomial can be computed in O(n(M(N)) operations,
while the classical method needs O(Nn) operations. Among the numerous ap-
plications of algebraic functions are symbolic mathematics and combinatorial
analysis. Reversion, reciprocation, and nth root of a polynomial are all

special cases of algebraic functions.



TABLE OF CONTENTS

1. Introduction

2. Preliminary Transformations

3. Facts from Algebraic Function Theory

4., Normal Iterations

5. Regular Problems: Normal Iterations on Power Series
6. The General Problem: Newton Polygon Process
7. A Symbolic Mode ' of Computation

B. Asymptotic Cost Analysis

9., Examples

10. Extensions

Acknowledgments

Bibliography



.,

1. INTRODUCTION

Let

(1.1) P(W,z) = An(z)Wn + o+ A,

where the Ai(z) are polynomials over a field A. In general we shall take A
to be the field of complex numbers; an exception being Section 7. (Many of
the results hold for an algebraically closed field of characteristic 0.)
Without loss of generality we assume A,(2) £ 0 and A (2) £ 0. ysually, but not
always, capital letters will denote polynomials or series; lower case letters
will denote scalars,

The zero of (1.1), a function S(z) such that P(5(z),z) = 0, is called

the algebraic function corresponding to P(W,z). Let z, be an arbitrary

complex number, finite or infinite. It is known from the general theory of
algebraic functions that S(z) has n fractional power series expansions around

zqe By the computation of an algebraic function we shall mean the computa=

tion of the first N coefficients {including zero coefficients) of one of its

expansions. (This will be-made precise in Section 3.) The problem we study

in this paper is the computation of omne expansion of the algebraic function. -
Our results can be modified for computing more .than one expansion or

all expansions of the algebraic function.

As described in most texts, the classical method computes algebraic
functions by comparison of coefficients. It is not difficult to show that
the method can take O(N#) operations, where n is the degree of PW,z) with

respect to W. Hence the classical method is very slow when n is large.

The main result of this paper is that every algebraic function can be

computed fast. Let M(N) denote the number of operations sufficient to multiply

two Nth degree polynomials over the field A. Let C(N) be the number of opera-

tions needed to compute any algebraic function. We prove that

C(N) = O(nM(N)).
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Since M(N) = O(Nz) (or M(N)} = O(N log W) if the FFT is used), our algorithms
are considerably faster than the classical method even for moderate n. It is
an open problem whether or not a general algebraic function can be computed

in less than O(M(N)) operations.

The "fast computation' of the title is because the coefficients of a
"regular" problem can always be computed fast by iteration (Section 5) and
the general problem can be reduced to a regular problem (Section 6) with
cost independent of N.

Brenf and Kung [1976] showed that the cost for reversion of a polynomial,
which is a very special case of gn algebraic function (see discussion later
in this section), is O((N log N)Eﬁ(N)). We stated above that the cost of
expanding an algebraic function is O(aM(N)). These results are reconciled
by the observation that we are considering the case that the degree n of
P(W,z) with respect to W is fixed and independent of N, while Brent and Kung
considered the case where n = N,

There are known examples of computation using Mewton-like iteration in set-
tings such as algebraic number theory (Hensel [1908], Bachman [1964]), power
series computation (Kung [1974], Brent and Kung ,[[1976]), and the Zassenhaus con-
struction im .p-adic analysis (Yun+{1976}). Computation of algebraic functions
raises certain issues not present in these other settings; see especially
Section 6. As we will see in Section 5, there is nothing special about Newton-like
iteration; any "normal iteration" can be used.

Although the complexity results are stated asymptotically, Theorems 5.1

and 6.1 give non-asymptotic analyses of the algorithms. Hence various non-

asymptotic analvses can also be carried out.

We are interested in the computation of algebraic functions for a num-

ber of reasons. These include
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A number of problems where fast algorithms are known are special

cases of algebraic functions. (More details are given below.)

There are numerocus applications. For example, many generating
functions of combinatorial analysis and functions arising in
mathematical physics are algebraic functions. The integrands of
elliptic and more generally Abelian integrals are algebraic func-

tions. See Section 9 for an example.

Algorithms for expanding algebraic functions are needed in systems

for symbolic mathematics such as MACSYMA (Moses [19747]).

Algebraic functions are of theoretical interest iﬁ many areas of
mathematics. These include integration in finite terms (Ritt [194871),
theory of plane curves (Walker [1950]), elliptic functionm theory
(Briot and Bouquet [1859]), complex analysis (Ahlfors [1966], Saks
and Zygmund [1971]), and algebraic geometry (Lefschetz [1953]).
Algebraic function theory is a major subject in its own right. See,

for example, Bliss [1933] and Eichler [1966].

We exhibit special cases of algebraic functions where fast algorithms

are known.

A.

B.

Reciprocal of a polynomial:

PW,z) = Al(z)w - 1. (See Kung [1974].)

(Actually Kung uses P(W,z) =hWTl - Al(z) which is not of the form

(1.1), and allows Al(z) to be a pawer saries,)

nth root of a polynomial:

PW,z) = Wt - AO(Z)’ (See Brent [1976, Section 13] where the Ag(z)

is allowed to be a power series.)



C. Reversion of a polynomial:

Let ¥ be a given polynomial with zero constant term. We seek a function G

such that F(G(z)) = z. To see this is a special case of an algebraic func=
. n n=-1

tion, letF (x) = ax + a _1¥ + .. + a,x. Then we seek G (%)

such that anGn(z) + ...+ alG(z) -~z =0, This is an instance of

our general problem with Ai(z) =ag, i=1,...,n, Ao(z) = -z,

See Brent and Kung [1976].

We summarize the results of this paper. In Section 2 we show that
without loss of generality we can take zy = 0 and assume An(O) # 0. Nota-
tion is established and a few basic facts from algebraic function theory
are summarized in Section 3. The concept of normal iterati;n is introduced
in Section 4 and convergence of normal iterations for regular problems is
established in Section 5. In Section 6 we state and analyze the Newton
Polygon Process, which reduces the general problem to a regular problem,

A symbolic mode of computation with exact arithmetic

is introduced in Section 7. Section 8 shows that C(N) = O(nM(N)). 1In Section
9 ée give a number of examples, several of which are more general than the
theory of the preceding sections. The final section discusses

extensions of the work presented here.

In this paper we analyze algorithms under the assumption that the coef-
ficient of power series are "non-growing", e.g., all coefficient computations
are done in a finite field or in finite-precision floating-point arithmetic.

An analysis dealing with variable-precision coefficients is yet to be performed.



2. PRELIMINARY TRANSFORMATIONS

Recall that we wish to compute one of the expansions around Z, of the

algebraic function S(z) corresponding to
P(W,z) = An(z)wn + ees + AO(Z)’

i.e., P(5(z),2z) = 0. In this section we show that after two simple trans-

formations we need only deal with the case that z, = 0 and An(O) f 0. If we

1]
transform P(W,z) to P(W,z), then S(z) is defined by P(S(2),z) = 0.

Consider first the case z0 = o, Let

2.1 Pwz) = sz(W,—;-)

where m = max (deg Ai)' By definition, an expansion of S(z) around zy =
0<iszn _
is an expansion of S(z) around zy = 0.

Consider next the case that Z, is any finite complex number . Define
P(W,z) = P(W,z+zo).

An expansion of S(z) around the origin is an expansion of S(z) around z = zg

For the remainder of this paper we shall therefore take zy = 0.

Let An(O) = 0. Then the algebraic function $(z) corresponding to P(W,z)
has one or more expansions with negative powers. Using the following trans-
formation, we need only deal with expansions with non-negative powers. It

is convenient to use ord notation.

Definition 2.1. Let A(z) be an integral or fractional power series. If A(z) £ 0,

then ord(A) denotes the degree of the lowest degree term in A(z). If A(z) = 0,

then ord(A) = w,



Choose non-negative integers j and A to satisfy the following conditions:

]

w+ ord(An) ni,

u + ord(Ai) = i}, i=1,...,n-1.

Let

P(W,z) zuP(W/zK,z).

Then the coefficients of P(W,z), Ri(z), are polynomials with Kn(O) #£ 0, and
S(z) has only expansions with non-negative powers. Since the expansions of
S(z) are those of S(z) divided by zl, it suffices to compute expansions of

S(z). For the remainder of this paper, we therefore assume that An(O) # 0.

(One should note, however, that the results of Section 5 hold without the

assumption,)



3. TFACTS FROM ALGEBRAIC FUNCTION THEORY

We introduce some notation and state a basic result of algebraic func-
tion theory which characterizes the expansions of the algebraic function

corresponding to

P(W,z) = An(z)Wn R W

There exist r positive integers dl""’dr such that d1 + ... F dr = n and the

expansions of the algebraic function are given by

o 2
d
0 14 i
- 3 '] . 1
(3.1 . Si,j(z) L,Si,z §i z .
=0

for i=1,...,r and j=0,...,di-1, where Eiis a primitive dith root of unity
and the 5y 4 are complex numbers. For each i, the expansions Si 3’

3 ]
j=0""’di-1’ are said to constitute a cycle.

The problem considered in this paper is to compute one expansion of an

algebraic function. For notational convenience, let the expansion be denoted

by

o«

S(z) = E: s, " Z .
=0

W PN

Hence our problem can be formulated as that of computing the value of d and
the coefficients Sp2Sqseer - (In this paper S(z) represents either an alge-
braic function or one of its expansions, depending upon the

context.) Note that since

P(S(z),2z) = 0,

we have
P(Soso) = 0.



Thus, s, is a zero of the numerical polynomial P(W,0). We say our

problem is regular with respect to 55 if 5o is a simple zero of P(W,0).
(In this definition, we allow An(O)to be 0 .) For a regular problem, we
have d = 1, that is, the expansion 5(z) is an integral power series. 1In
Section 5, we shall show that a regular problem can always be solved by

iteration. In Section 6, we shall show how the general problem can be

transformed to a regular problem.



4. NORMAL TTERATIONS

We introduce the concept of & normal numerical iteration. We give a
novel definition of the order of a normal iteration which is convenient for
the application to power series iteration. In the following section we will
show that a normal iteration with order greater than unity will always con-

verge if used for a regular problem.

Let p(w) be the numerical polynomial P(W,0), let s be a zero of p(w), and
(1) (1)

let e =y - 8 denote the error of the ith iterate. To motivate the

definition of normal iteration we first consider two examples.

Example 4.1. Newton Tteration
LD _ @ pw®)
p'(w(i)) '
From the Taylor series expansions

p(w(i)) = p'(s)e(i) + Rﬂéil (e(i))2 + oaee

>

and . .
p'(w(l% = p'(s) + p"(s) e(l) + oeees
we have
(i+1) _ p'"(s) (1),2 5 PN ¢ 5 N
4G.1) e = 2P,(S)(e o+ s Cj (e*)
=3

where the cj are rational expressions of the derivatives of p at s, with

powers of p'(s) as the denominators. |

Example 4.2, Secant Iteration

GO @) w(i)-_w(i‘l) . oy,
pwPyp D)
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(1) (i-1), ,

Using the Taylor series expansions of p{w ") and p{w we obtain

@2 D 2 Bl @by ) e @i,
423

j, 421

where the cjﬂ are rational expressions of the derivatives of p at s, with
powers of p'(s) as the denominators. [

Consider now a general iteration

@3y WD oy @ G Gemy

300y

which is defined in terms of rational expressions of p and its derivatives.

Assume that by using Taylor series expansions, we can derive

Gy D o .(e(i>)j0 (e(i-m))jm
Z;o Jgoeresdy

Iy

where the c, ., are rational expressions of the derivatives of p at s.
,Cll’

G m

Definition 4.1. ¢ is said to be a normal iteration if the denominator of

each ¢, . 1s a power of p'(s). [ |
JO:---’Jm

From (4.1) and (4.2) we have that both Newton iteration and secant itera-
tion are normal. 1In fact, most commonly used iterations are normal. We
prove that the classical one-point inverse interpolatory iterations ¢D (see
Traub [1964, Section 5.1]; in particular, ¢2 is the Newton iteration) are

i :
normal. Let q denote the inverse function to p and v( ) = p(w(l)). Then

s = q(0) = Q(V(i)) - q'(v(i))v(i) + % q"(v(i))(v(i))2 + oeee .
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By definition of ¢p,

A R o
s= o)+ ) LDy pu®)],

and J=p
\ = gy I . . . .
e(1+1) = /i‘ L_}'?. . q(.]) (V(l))(p(w(l)))‘].
j=p
Note that
p ™) = pr@e® 4 L e L
and that q(j)(v(i)) is a raticnal expression of p(k)(w(i)) for k=1,...,j and

has the denominator (p'(w(l)))J. Expanding the p(k)(w(l)) around s shows

that ¢p is 2 normal iteratiom..

Definition 4.2. For a normal iteration {§ defined by (4.3) and satisfying (4.4),

we define the order o of ¢ by

o+ J‘lr"""1 £ oo+ 3 for all (Jyaeessd)
such that c, . # 0 for some polynomial p.} |
Jpreready

p = sup{r]rm+1 = jO

By (4.1), it is easy to check that the Newton iteration has order 2.
In general, it can be shown that the one-point inverse interpolatory iteration
*p has order p. Consider now the secant iteration. By (4.2), the order of

the iteration is given by
2 . .
p = sup{rlr < jr + £ for all j, 4 =1},

which is equivalent to p = sup{rlr2 ST+ 1}, Hence p is the positive root

(1+/5)/2.

of r2 r+1, i.e., p = ¢
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5. REGULAR PROBLEMS: NORMAL ITERATIONS ON POWER SERIES

We show how normal numerical iterations with order greater than unity can
always compute an expansion of an algebraic function for a regular problem.
The main result is Theorem 5.1. As a corollary of this theorem we show that
a Newton-like iteration always "converges quadratically". We also show the
convergence of a secant-like iteration. We end the section with an example
of a convergent first order iteration.

We begin with some definitions. Recall that a meromorphic series is a

power series with a finite number of negative powers.

Definition 5.1. Given a meromorphic series A(z) and a real,number o, then

by the notation

B(z) = A(z) (mod 2°)

we mean B(z) is a finite series consisting of all terms of A(z) of degree < o.

(1) (i~m)

Let ¥ be a normal numerical iteration. Let the numbers w 3esesW

in (4.3), the defining relation for ¥, be replaced by meromorphic series

W(i)(z),...,w(i-m)(z). Then the iterate W(i+l)(z) defined by

VO oy = 4P @, . D @)

is in general a meromorphic series, provided that it is well-defined. Let

(1) (1)

E (z) =W {(z) - S({z) denote the error of the ith iterate.

Definition 5.2. We say an iteration on meromorphic series converges if
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lim ord(E(i)) = o,

i
Our main result for regular problems is given by the following theorem.

Theorem 5.1. TIf

(1) P(s;,0) = 0, P'(s,0) £ 0,

(ii) { is a normal iteration with order p > 1,

{(iidi) W(O)(z) = 54, W(l)(z),...,w(m)(z) are polynomials in z such

that ord(E(l% = pl for i=0,...,m, where 5(z) is the expansion

starting with the term s
(i-1

0!

(iv) * ‘]f(w(l) (z),W (z)s---,w(i-m)

(2)), iwm,m+1l,...,.18 a well-defined

meromorphic series,

then the iterates
. _ _ . i+1
P @) = 3P @ w TP @, w ™ @) mod 2P )

satisfy the property that

(i+1)) S pi+1,

(5.1) ord(E
and hence the iteration converges.

(m-1) (0)

Proof. Let i = m. By (iv),.¢(W(m)(z),W (Z) 50 W (z)) is a well-defined

meromorphic series. Since (4.4) is derived by Taylor series expansions and
since the Taylor series expansion is valid over meromorphic series, we have

that

- ] j
5.2) ™D,y < AT E® e 0 gDy ™
*m

IR
. 0
=
JiO



holds for meromorphic series. The constant term of P'(SIz},z)'iﬁﬁ?f@ﬁo,QJéuf?ich
is non-zero by condition (i). Thus by conditions (ii) and (iii), (5.2)
implies that

ora(e ™)) > min(j, 0 + jlpm’l + e+ 30

ig

where the minimum is taken over all the (jG""’jm) such that C, j i
g2y

non-zero for some P(W,z). By the definition of p in Section 4, we have

ord(e ™Dy 5 ol

By induction, (5.1) can be established for i=mt+l,mt+2,..., using similar argu-
ments. The convergence of the iteration follows immediately from Definition

5.2. n

Remark 5.,1. Thus well-defined normal iterations on regular problems always
converge, This behavior is strikingly different from the behavior of these
iterations on numerical polynomials where qnly local convergence is assured
unless strong conditions are imposed. Note that the expansion S(z) may con-
verge in only a small disk around the origin; we shall not pursue the domain

of convergence here, [ |

Remark 5.2. (5.1) shows that W(l) is a power series with non-negative powers
only rather than a meromorphic series. Until this fact was established it

was necessary to work over the field of meromorphic series. -

Remark 5.3. Observe that we do not define order for power series valued

iteration but only for normal numerical iterations. [
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Remark 5.4. Note that in Theorem 5.1 we need not assume that An(O) # 0.

This fact will be used in the proof of Theorem 6.1. [

We apply Theorem 5.1 to two specific iterations. We begin with a
Newton-1ike iteration, which is defined by (5.3) below. This iteration is ob-
tained from the numerical Newton iteration. In the power series setting we
hesitate to call it Newton iteration, since Newton [1670] actually used a dif-
ferent method for computing the expansion. His method computes one coeffici-
ent per iteration and in general is not as efficient as the Newton-like

iteration defined below. We will discuss the Newton~like iteration in some

detail since we anticipate it will be the most commonly used iteration

. , i oP
in practice. Here and elsewhere we use the notation P'(W,z) = Sﬁ@i,z). Re=-
call that the numerical Newton iteration is a normal iteration of order 2.

From Theorem 5.1 we have

*
Corollary 5.1, 1If

(1) P(s,0) = 0 and P (5,,0) £ 0,

(ii) W(O) = 8,5 i.e., ord(E(O)) =1,
then the iterates W(i) generated by the Newton-like iterationm,
(i)

i+l
(z) ,2) (mod 22 )

(5.3) WDy = y@®(,y | R@ o,
PPW " (2),2)

are well-defined and satisfy
(5.4) ora@‘Py =5t

for i=0,1,2,..., and hence the iteration converges.,

*
A result similar to Corollary 5.1 has been proven independently by
Professor J. Lipson (Lipson [76]).



-16-

Proof. We need only show that the iterations W(l)(z) are all well-defined.
- i .
This holds since for all i the constant tgrm in PT(WF,)’Z)_IS P'(sa,O),

which is non-zero,. | |

Remark 5.5. 1If we define the valuation of a power series A(z) to be b-ord(&)

where b is any positive constant, then Corollary 5.1 follows from a known

theorem in valuation theory (see Bachman [1964, Ch. I1, Theorem 4.27).

It is easy to show that if S(z) is a polynomial of degree qs then itera-
tion (5.3) will compute it in Llog2 q] + 1 iterations. By a slight modifica-
tion of the hypotheses of Corollary 5.1 we can replace the inequality (5.4)

by equality.

Corollary 5.2, If

(1) B(s;,0) = 0, P'(s,0) £ 0, P"(s,,0) # 0,

(i w® =5 ora @®y =1,

0,

then the iterates generated by the Newton-like iteration satisfy ord(E(l))==2l [

Corollaries 5.1 and 5.2 can easily be generalized to any one-point in-
verse interpolatory iteratiom ¢p.

As our second example we consider a secant-like iteration. One has to
be somewhat careful in defining this iteration, A straightforward approach

would generate iterates by

: . (i) _, (i-1 .
(5.5 w2 @ “gi) ¥ TSN Py (mod 2
PW)-PW )

¢i+1

)

where ¢ = (1+M@)/2. Then W(1+1) becomes undefined when W(l) = W(l-l). This
happens when there is a "large'" gap between the degrees of two consecutive
terms, in the expansion which we want to compute. A solution to the problem

(1)

is given in the following Corollary. The idea is to use a perturbed W in
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(5.5) so that the denominator is guaranteed to be non-zero.

Corollary 5.3. 1If

(i) P(SO,O) =0, P! (50,0) 0,

(i) -W(O) =845 W(l) =55+ 8,2,
(1)

then the iterates W generated by

S(D_ (1D

. , . F,
(5.6) W(1+1) = ﬁ(l) - . P(ﬁ(l)) {(med =z L+3)

p@Hy-p ()

are well-defined and satisfy

ord(E(i)) = Fi+2’

where the Fi is the ith Fibonacci number (i.e., F_ = 0,F

0 = 1 and Fi+

1 1

, . F,
mdﬁu)=wu)+zlﬂ.

Proof. Consider the case i = 1, Clearly, ﬁ(l) = W(l) + 22 # W(O) and

ord(ﬁ(l)-w(o)) = F3. Since by the Taylor series expansion,

pi ™y - 2w @) = oy . GDO®y

and since P'Gﬂ(o)) has a non-zero constant term P'(sO,O), we have

= (1)

ord @@y - pw?yy = ora@Pw®y <y,

3

Hence P(ﬁ(l)) # P(W(O)). This ensures that W(z) is well-defined by (5.6).
Note that for i = 1 (4.2) holds with E(l) replaced by E(l) = ﬁ(l) - 8.

Thus,

= F_+F,
i i

1

)
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ord(E??y > ord @ PE®) = 0ra(EV) + ora@®)

= min(ord® D)5 + ora@®) 27, + 7, = 7,.

By induction, one can similarly prove that for i=2,3,..., W(l) is well-

. (L
defined and ord(E'"7") = Firoe =

Results similar to Corollary 5.3 hold for other suitably modified itera-
tions with memory, (i.e., iterations with m > 0 in (4.3)).

So far we have only dealt with iterations of order > 1. We now consider

an iteration with order one. Define
LD _ @ pe
p' (W(O))

for i=0,1,2,... . Then

2
viee D 4 Linrgye (D)
(5.7 B o @D 7 (9e" ™ + op(s)et 4 ...
P'(S) + P"(S)e(o) I

= P'(s) (O) (1) _ p'(s) (142 N (0,3, (D4
P () (0 ¢ Lo Cgule )7
j+ =3
j=20, =21
where the ¢, are rational expressions whose denominators are powers of

L]

p'(s). This implies that the iteration is normal and has order g = 1. We
may use the iteration on power series and obtain the following theorem which

is an easy consequence of (5.7):

Theorem 5.2. If

(1) P(sg,0) =0, P'(s,,0) # 0.

(ii) W(O) = 84,
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then the iterates W(i) generated by
. . (1) .
(5.8) W(l+1)(z) = W(l%zy_fﬁﬂ_?6§ill {(mod zl+2)
P'(W* " (2))

are well-defined and satisfy
ord(Py = 141,
and hence the iteration converges. [ |

The iteration (5.8) can be used, for example, to find the initial iterates

of an iteration with memory.
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6. THE GENERAL PROBLEM: NEWTON POLYGON PROCESS

Recall that our gemeral problem is to compute the value of d and the co-

efficients SO’SI"" of an expansion

of the algebraic function corresponding to a given
PW,z) = An(z)Wn + ...+ Ao(z).

In this section, we show that the general problem can be reduced to a regular
problem by transforming P(W,z) to some P(W,z). The regular problem can then
be solved by normal iterations, as described in Section 5.

Since P(SO,O) = 0, s, can be obtained by finding a zero of the numerical

0
polynomial P(W,0). 1In this section we assume that finding a zero of a numer-
ical polynomial is a primitive operation.* (This assumption will be removed
in the next section by carrying the zeros symbolically.) If P'(SO,O) £ 0,
we have a regular problem solvable by a normal iteration. Hence we assume
that P'(SO,O) = 0. Then o is a multiple zero of the numerical polynomial

P(W,0) and there is more than one expansion of the algebraic function start-

@ . 8, to

converge since the iteration would not "know" to which expansion it should

ing with 54° We would not expect an iteration starting with W

converge. Intuitively the convergence of an iteration requires that it
start with an initial segment of a unique expansion. This suggests that we

find an initial segment of a unique expansion starting with s The existence

0"

of the segment is guaranteed only if no two expansions coincide, i.e., the

-k - -
I.e., zeres of a polynomial can be computed to any prespecified precision.
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discriminant D(z) of P(W,z) with respect to W is not identically equal to zero.

Therefore, in this section we shall assume that

D(z) 0.

The assumption holds when P(W,z) is irreducible or simply when P(W,z) is
square-free (Walker [1950, Theorem 3.5]). Hence we can make this condi-
tion held by using factorization or square-free decomposition algorithms
but do not pursue this here.

A classical method for finding an initial segment of a unique expansion
uses a geometric aide known as the Newton Polygon, which provides a conveni-
ent tool for analyzing a set of inequalities. (Some authors refer to Puiseux's
Theorem because of the work of Puiseux [1850] but clearly the idea originated
with Newton [1670, p. 50].) The method has not been subject to algorithmic
analysis.

We state the Newton Polygon Process adapting, with some modifications,
the description in Walker [1950). 1In Theorem 6.1 we show that the Newton
Polygon Process transforms the general problem to a régular problem, Theorem
6.1 also gives the connection between the number of identical terms in at
least two expansions and the number of Newton Polygon stages. Theorem 6.2
gives an a priori bound on the number of stages which differs by at most a
factor of two from the optimal bound. Example 6.1 shows that in general
P(W,z) must be transformed to a new polynomial ?(W,z); it is not enough to
compute an initial segment of a unique expansion and use it as the initial
iterate for a normal iteration on the original polynomial P(W,z).

In the following algorithm, let A,

1,k(z) be the coefficient of W' in

o

i,k

Pk(W,z). £ Ai’k(z) £ 0, let ai,kz " be the lowest degree term in A (@
?
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Newton Polygon Process

N1.

N2.

N3.

(6.1)

N4
N5.

N6.

k«1, Pk(W,z) « P(W,z).

Plot the points fi = (i,&i k) on the xy plane for i such that
b} 2

k

Ai,k(z) % 0. Join fO,k to fn,k with a convex polygon arc each

of whose vertices is an f, and such that no fi lies below any

i,k Sk

line extending an arc segment.

If k = 1, choose any segment y + Y ¥ = Bk of the arc. If k > 1,
choose a segment with Y > 0. (Such a segment always exists.)
Lét 81 denote the set of indices i for which fi,k lies on the
chosen segment. Solve the polynomial equation '

iEgk

Let SN be any of the non-zero roots. (Such a non-zero solution
always exists.)
1f Cx is a simple zero, go to N6; else go to N5.
Pk+1(W,z) - z- -qézyk(w+ck),z), k <« k+1. Go to N2,
t « k. (Hence t represents the number of stages taken by the
‘Newton Polygon Process.) ]

P(W,z) « L Pt(z.YtW,z),

%(W,Z) A ﬁ(wszd) 3

where d is the smallest common denominator of « ,...,vt. (yl may
be zero, 1If vy = 0 we assume that Y1 has one as its denominator.)

Terminate the process.
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Lemma 6.1. After the Newton Polygon Process terminates, the following

properties hold:

(i) The coefficients of ?(W,z) are polynomials in z.

(ii) c, is a simple zero of the numerical polynomial P(W,0).
Proof. 1It is easy to verify (i). To prove (ii) we show that

- v

i
P(W,0) = Zaai,tw .
1€gt
For notational convenience, let % ¢ = % a; ¢ = 35 B =8 v, =Y, 8 =¢g
and let é denote the set complementary to g with respect to {U,l,...,n}.
Let

Qh n Qf0
Pt(w,z) = (anz + Qn(z))W + e +(aoz + Qo(z)),

where ord(Qi) > @ . Then

. n
~ — . C!'.+J'Y‘B . = .o .
P(W,z) = aW + , a.z?3 wis b 2Ry ut.
i L% L i
igg jcs i=0

Since B=ozi+ iy(a’j"‘j'\{, Vi €g, v eg,
PO,0) = P(,0) = ) aw,
1
icg
Theorem 6.1. After the Newton Polygon Process terminates, the following

properties hold:

(1) The general problem of computing an expansion $(z) of the algebraic
function corresponding to P(W,z) has been reduced to the following

regular problem: Computé the expansion S(z) starting from c
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for the algebraic function corresponding to P(W,2). Then

let
Ty, v :
B T 1 e Yy 1 .-.'\ft - -&-—
S(z) = [ %4 + z - §¢z%.
i=1
~t VI+...+Vi
(ii) 8(z) is the unique expansion with starting segment ); c.z
“i=1
\—j 'Y1+--q+'\{i
(iii)} There is more than one expansion which starts with /. c.z
i=1

" for every j < t. That is, there are at least two expansions

which coincide in their first t-1.terms.

Proof. By Lemma 6.1, we conclude that the problem of computing §(z) is regular.

(Note that the leading coefficient of @(W,z) may vanish at z = 0, See Remark

5.4.) (i) follows from P(W;z) = b(W,2%) and

t
-(BA+...4+8) - Vot oY, VoFeeoty
1 t 1 i 1 tw,z

c.z + z

PW,z) = z ’
=1
(ii) and (iii) hold since the Newton Polygon Process does not terminate

until c, is a simple zero.

-t AT
Since there is only one expansion which starts with ZJ c,z ,
i=1

we might expect that if this segment is taken as the initial iterate

for a normal iteration then the iteration on the original polynomial P(W,z)
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rather than on the transformed polynomial ?(W,z) will converge. The follow-

ing example shows this not to be the case; in general we must use the trans-

formed problem,

Example 6.1. This proBlem appears in Jung [1923, p. 29] although it is not

used to illustrate the point we wish to make here. Let

PW,z) = W2 - (2+z+23)W + 1+ z+ %zz + za.

The two expansions are

1
SI(Z) = 1+Ez+ 23/2+ ey SZ(Z) = 1+"2]*"z - 23/2 + ...

Suppose that we want to compute Sl(z) by the Newton-like iteration. If we

take W(O) =14+ %z + z?’/2 in
GOHD J @) pw® o) ,
P'(W(l),z)
we find W(l) =14+ %z - %25/2 + L. . W(l) differs from S1 even in the co-

3/2,

efficient of =z 1 Though there is only one expangion starting with W(O), namely,

31, the Wewtorrlike iteration starting from W(G) does not converge to Sl' [ ]

We illustrate the Newton Polygon transformation, the transformations of

Section 2 and the iterative process with another problem in .Jung [1923, p. 31].

Example 6.2. Find all the expansions of the algebraic function corresponding
to P(W,z) = -W3 + ZW + 22 around 2y = = The first transformation of Section
2 converts P{W,z) to -z2W3 + zW + 1, which is then converted by another

transformation to nw3 + zW + z. The Newton Polygon Process yields
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t=1, Bl =1, Yy =1/3, ¢, = 1, d =3 and P(W,z) = -W3 + zW + 1. Take

W(O) = 1. Then the Newton-like iteration (5.3) applied to P(W,z) gives
w =14 z/3, W@ =14 z/3 - 23/81.

Thus

S(z) = zl/Bé(zl/B) = 21/3 + 22/3/3 - z4/3/81 + ...

Let T(z) = S(z)/z = zﬂz/3 + z_1/3/3 - 21/3/81 + ... . Then an expansion of

the given problem is

1, _ 2/3 11/3 1 -1/3
T(z) =z + 32 - 312 + ...
The other two expansions are
e2/3+_e_ﬁ /3 & -1/3+
z 3 Z 81 z eeesy
2

22/3,81/3 8 -1/3
8z + 3Z - 37 % + e,

where 6 is the primitive third root of unity.

The following theorem gives an a priori bound on the number t of stages

in the Newton Polygon Process which differs by at most a factor of two from

the optimal bound.
Theorem 6.2.
(6.2) t <=ord(D + 1
i bl for which t = 1 ord(D).
Furthermore for all t there exist problems 5

Proof. The theorem is trivial if t = 1. We assume that t = 2. Then by
(iii) of Theorem 6.1, there are at least two series expansions S1 and S2

which agree in the first t - 1 son-gzere terms. Write
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a.
® T
N 1
Sl Sl’a‘z )
i=1 '
b,
© _=x
- d
5 2
= ) .
5, Lasz,b‘z >
. 1
i=1

where the {ai}, {bi] are strictly increasing non-negative integer sequences

such that none of the s
for i=1l,...,t-1.

cycle which contains S1

and the cycle which contains 8

5, .=
2,3

where

51

Note that we do not rule

cycle and that therefore

ja

and ai/dl = bi/dz for i=l,...,t-1, Sy 4

for 3=0,...,d,-1.

s
L,a;> "2,b,

Without loss of generality, assume d

vanish and s

l,a, = b/

Note that the

SZ,bi’ ai/d1

=d,.
1 d2

has the series:

has the series:

2
b,
- ib, q
T Jiz
L82.p. 5 2 s 10seeid,m 1
. 1
i=1
2T/=1 211
d d
2
=e t and §2 =e .

out the possibility that S1 and 82 are in the same

the cycles {s .} and {S .} are identical. Since
1,] 2,1

ZTWEij

4

i

, agree in the first t-1 terms

and S
P 2,3

Hence,
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b +1 a
ord(s, -8, ) 2 t:ll - Ei"l+1_ .
2 %o 2 1 b
Let
d -1
viz) = 1 S, . -5 .
oo Crs®% @)
Then

a
24, (5 + )
1 2
=
a _1 + 1.

Since the {ai} is a strictly increasing non-negative integer sequence,

a._y 2 t-2. Thus, ord(D) = t-1 which establishes (6.2)}. Let

t
S.(z) = Zdzj S (z) = 8. (z) - zt
1 ) 1
§=0
and

P(,2) = (4-5,(2)) (H-S, (2)).

By Theorem 6.1, the Newton Polygon Process has t stages. ord(D) = ord((Sl-Sz)z) = 21

which completes the proof. [ ]

Theorem 6.2 gives a computable a priori bound but requires the computa-

tion of ord(D). A very cheap bound is given by

Corollary 6.1.

t €<m(2n-1) + 1

where m = max (deg Ai)'
0<i=p

Proof. D(z) is a determinant of order ?n-1 whose elements are polynomials
of maximal degree m. Hence D(z) is a polynomial of degree at most m(2n-1).

Since D(z) cannot vanish identically, ord(D) < m{2n-1). |
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7. A SYMBOLIC MODE OF COMPUTATION

The Newton Polygon Process involves computing roots of polynomial equa-
tions (6.1). 1Instead of actually solving the equations, in this section we
carry the roots symbolically through their minimum polynomials. We assume
that the underlying field A is one where exact arithmetic can be performed such
as a finite field or the field Q of rational numbers. Then the expansions can
be computed symbolically with exact arithmetic. The following example, where

A is taken to be Q, will illustrate the idea,

Example 7.1.
3
PW,z) = W3 + (z+zz)W2 - 222W -2z .

We shall compute an expansion of the algebralc function corresponding to

P(W,z), using exact rational arithmetic. The first stage of the Newton

3 2 i .
Polygon Process yields Y1 =1, Bl = 3 and ¢y + ¢y - 2c1 - 2 =10, Since
ci + ci - 2c1 -2 = (cie2)(ci+1), ¢y = ME} -2 or -1, Suppose that we are

interested in the expansion starting with VE or -.2. Instead of using an
approximation to Qg or -ME, we carry ¢, symbolically through its minimal

2 .
polynomial Ml(x) = x =~ 2. That is,

7.1 c"i _ 2 =0.

Since the equation has only simple zeros, the Newton Polygon Process termi-

nates with £t = 1, and

P(W,z) = z_3P(zW,z)

2
W3 + (4+2)W - 2W - 2.

We use the Newton-like iteration (5.3) to compute S(z) such that P(5(2),z) = 0.
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(0)

let W (z) = cqe Then

3 2
c +(l+z)e,"-2¢,-2
W(l) (z) = cy - 1 1 1 (mod 22)

2
3c1+2(1+z)c1—2

Using (7.1), we obtain

0P (@) = e - 2.

Similarly all coefficients of zJ in W(l)(z) can be represented as linear

polynomials in ¢y with rational coefficients. By (il) of Theorem 6.1, a

solution to the given problem is

12
Z =72 4+ ...y

S(z) = zg(z) =cy 3

which represents both the numerical expansions starting with Rz and'-mﬁé. o

In general, when the Newton Polygon Process is performed, Cpo k=1,...,t,
can be carried symbolically through its minimum polynomial Mk(x) over
Q(cl,...,ck_l). Then all the coefficients of the expansion $(z) are in the
extension field Q(cl,...,ct). To simplify the computation, one can compute
from Mk(x) the minimum polynomial M(x) for c, where ¢ is a primitive element
of the extension field Q(CI""’ct)’ i.e., Q(c) = Q(cl,...,ct). Then the
coefficieﬁgi of the expansion S(z) can all be represented by polynomials of

the form ;qucl, where h = deg M and q; € Q. 5(z) can be computed entirely
with exac%=0arithmetic . TFurthermore, S$(z) give a simultaneous representation

of h numerical expansions; S(z) can be used to produce h numgrical

expansions by substituting zeros of M(x) for c in the coefficients of S(z).

(This implies that h = n.)
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8. ASYMPTOTIC COST ANALYSIS

In this section we analyze the cost of computing the first N terms

(including zero terms) of an expansion for large N. Since the Newton

Polygon Process is independent of N, by Theorem 6.1 we can without loss of

generality assume the problem is regular. Furthermore, since the asymptotic re-

sults will be the same for any normal iteration with order greater than one,
we shall assume that the iteration (5.3) is used. Our cost measure is the
number of operations used over the field A. TIf we carry zeros symbolically as
described in Section 7, then we work over an extension field A{c) rather
than A. TIf the minimum polynomial for ¢ is of degree h, thén operations
in A{c) are more expensive than in A by a factor of O(h) or O(hz).
Since h is independent of N, in our analysis we shall not be concerned with
whether or not zeros of polynomials are carried symbolically,

Let M(j) be the number of operations needed to multiply two jth degree
polynomials over the field A. Assume that M(j) satisfies the following mild

condition: there are &, B € (0,1) such that

(8.1) M(Tajl) = mM(T§D)

for all sufficiently large j. Observe that W(l)(z) is a polynomial of degree
(i+1)

at most 2 - 1, and that the computing W (z) by (5.3) takes O(nM(Zl-l))

operations. Hence the total cost of computing N terms in the expansion is

O(mMN) + M(MN/2T) + M(N/41) + ...)), which is O(nM(N)) by condition (8.1). (See

Brent and Kung [ 1976, Lemma 1.1].) We summarize the result of this section

in the following
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Theorem 8.1. The first N terms of an expansion of any algebraic function

can be computed in O(nM(N)) operations over the field A.
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9. EXAMPLES

We cheoose as our examples calculation of the Legendre polynomials
through their generating function, solution of an equation with transcen-
dental coefficients, and calculation of the expansion of a complete ellip-
tic integral. Although the first two examples are not covered by the theory
of this paper, they are covered by easy extensions of our results, Examples
9.1 and 9.3 are illustrations of the many applications of algebraic function
expansions.

We use the Newton-like iteration (5.3) in all three examples with the
notation:

(i)

= e Ve, 2 2 P (0,0 2 Zs @

(D W

i% o o
3Z ) 5i Pi/P T

Within each iteration step we exhibit enough terms so that W(l)(z) can be

computed to 2*-1 terms.

Example 9.1. Legendre Polynomials

The generating function for Legendre polynomials,

1 @
(1—2tz+z2) 2 Li(t)zl
i=0
satisfies
2.2
PW,z,t) = (1-2tz+z )W - 1.
Take W(O) = 1, Then
= = = 1) _
PO = =2¢tz, Pé =2, 60 = -tz, W( ) < 1+tz.
3
P = (136920 + @e-2th)z, P} = 2(1-t2), 8, = %(1-31;2)22 +30t-5t)2,

A 51(31:2'1) 2+ %(5t3'3t)z3'
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Hence the first four Legendre polynomials are
1, LD =t, L() = +3t2-1) and L,(£) = =(5t°-3t)
Lo(®) =1, L, (¢ s Ly 2 3 2 '

B. Neta, a student at CMU, computed the first 32 Legendre polynomials

by this iteration using MACSYMA:
This example is for illustration; this may not be the best way to compute

Legendre polynomials. |

Example 9.2

5 7

2
P(W,z) =W + (z=+DW + sin =z.
22z (0
S + ST T 7T + 2o« Take W = (., Then

Note that sin z = z - 3

P, =z, Pb =1, 5 = z, W(l) = -z,

3 3 3

AN I T N O R .

6

Example 9.3. A Complete Elliptic Integral
Define the integral by

i

£(t) = [ (1-¢% sin?
0

6y~ /244,
Let

PW,z) = (1-z)W2 -1, z=1t" sin” 9.

(0)

Take W = 1, Then

(2)

W is an initial segment of the algebraic function S(z) corresponding to

P(W,z). Since
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T
£(0) = [“s(t® sin’ e)de,
0
1 2 3 4 5 6
f(t) = ﬂo + fﬂlt + gﬂzt + TET%t + oaeny

where

T
N = [% sin’Teds.
%

Foxr this simple example the result can be obtained directly by a binomial

expansion but this cannot of course be done in general,
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10, EXTENSIONS

Our aim in this paper has been to show that algebraic functions form

an interesting and useful domain in which to do algorithmic and complexity

analysis and to exhibit fast algorithms for computing any expansion of an

algebraic function. In this initial paper we have restricted ourselves to

the "pure" case of algebraic functions where P(W,z) is a polynomial in W

with polynomial coefficients, We list some additional problems which we

hope to discuss in the future. For a number of these our results (especi-

ally on regular problems) apply with minor modifications; others will require

major new results,

1.

Let W be a scalar variable but take z to be a vector variable, Re=
sults similar to those in Section 5 should hold., We have seen this

case in Example 9.1.

Let the coefficients of P, Ai(z), be power series (rather than poly-
nomials). Results similar to those in Section 5 should hold. See

Example 9.2.

Let both W and z be vector variables. This is the fully multivari-
ate case, which, except for regular problems, is in general very

difficult.

The domain over which we have worked is mnot algebraically closed
since problems with polynomial coefficients lead to solutions repre-
sented by fractional power series. If the coefficients are frac-
tional power series, the domain is algebraically closed (Puiseux's
Theorem, see, e.g., Lefschetz [1953]) and this is therefore a
natural setting. The Newton-like iteratiomn is still valid on frac-

~

tional power series for regular problems.
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5. The field A need not be restricted to the complex number field.
It is of particular interest to extend all the results to finite

fields.

6. An important computational model is the "fully symbolic" one where
the coefficients of the expansion series are expressed as functions

of the input coefficients.

7. Perform complexity analysis which includes the cost due to the

"growth" of coefficients.
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