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Motivations

1. Data dependence analysis and scheduling of for-loop nests of
computer programs,
2. support for decision problems in Presburger arithmetic,

3. manipulation of Z-polyhedra.
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Procedure 1: IntegerNormalize(Ax < b):
Solve the equation systems and remove the redundant inequalities;
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IntegerSolve(K) relies on three sub-procedures.

Procedure 1: IntegerNormalize(Ax < b):
Solve the equation systems and remove the redundant inequalities;

Procedure 2: DarkShadow(Mt < v)
Any integer point in the dark shadow can be lifted to an integer point of
the original polyhedron (represented by (Mt < v))

Procedure 3: GreyShadow(Mt < v)

Output the grey shadow parts of polyhedron represented by Mt < v, each
integer point in every grey shadow part corresponding to one integer
point satisfying Mt < v and the number of variables to be dealt with is
less than the length of t.
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Lemma
Let fy m k be the number of k-dimensional faces of K. Then, we have

m
fd.mk < .
wmi<(,",)
d

Therefore, we have fy mo + fam1+ -+ fagmda-1 < m°.
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Proposition
A,kx = b/k, IntegerNormalize Mt <
_— < Vv
A/\/kX < II)/\/k
IM, V] < (k+1) LK1,
Notation

Given a linear program with total bit size H and with d variables
LP(d, H): the number of bit operations required for solving it.
Karmarkar's algorithm: LP(d, H) € O(d®*®H? -log H - log log H).

Proposition
Given a polyhedron K in RY, which is defined by m inequalities and with

coefficient maximum bit size h, one can perform Fourier-Motzkin
elimination within O(d* m®@ LP(d,29hd?m?)) bit operations.



Complexity of our algorithm

Hypothesis

During the execution of the function call IntegerSolve(K), for any
polyhedral set K', input of a recursive call, each facet of the dark shadow
of K’ is parallel to some facet of the real shadow of K.
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S
7\ » number of pathes T:
D G 2 3 3
/N Y T<m? ¢ 13
D G D G . : .
IV IY UV Y » coefficient bound M in any node in a path:
l:& [ A A l:y v < d3d2d4d3L6d3
DG DG
Theorem

Under our Hypothesis, the function call IntegerSolve(K) runs within
O(m*® d*’ 1“9 LP(d, m¥d*(log d + log L))) bit operations.
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Experiments

IntegerSolve is implemented in the Polyhedra library and available from

www.regularchains.org

Example m d L mo Lo ?Hyp ty tp
Tetrahedron 4 3 1 1 1 yes 0.695 0.697
TruncatedTetrahedron 8 3 1 1 1 yes 1.461 1.468
Presburger 4 3 4 5 2 12 yes 0.706 0.871
Presburger 6 4 5 89 6 35 yes 0.893 0.746
Bounded 7 8 3 19 3 190 no 138.448  239.637
Bounded 8 4 3 25 5 67 yes 6.462 3.821
Bounded 9 6 3 18 6 74 no 23.574 16.763
Unbounded 2 3 4 10 61 2255  no 0.547 0.600
Unbounded 5 5 4 8 1 8 no 1.321 1.319
Unbounded 6 10 4 8 1 8 no 1.494 1.479
P91 12 3 96 5 96 no 19.318 15.458
Sys1 6 3 15 2 67 yes 2.413 1.915
Syss3 8 3 1 1 1 yes 1.481 1.479
Automatic 8 2 999 1 999 yes 0.552 0.549
Automatic2 6 4 1 1 2 yes 1.115 1.113

Table: Implementation
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Application

Solve integer programming:

minjey (X1, ..., Xd)
Ax < b,
xeZd
Example
Problem:

minlex(x?n X2, Xl)
3x1 = 2x +x3 <7

—2X1 + 2X2 -Xx3 < 12
—4x1+x2+3x3 <15
-xp < -25

X1,X2,X3 € Z



Application

Example
3x1 —=2x+x3 <7
—2x1 +2xp — x3 <12
Input: Ki: ,assume x; > X > X3.
—4x1 +xp+3x3 <15
—xp < =25

Output: K}, K2, K3, K}, K? given by:

3x1 —2x2 +x3 <7

—2x1 +2x0 — x3 <12

X1 = 19
—4x; +x2 +3x3 <15 x1 =15 x1 =18 x1 =14
x> =50+t
2xy —x3 <48 X2:277 x2=33,1{x=25,
x3 =50 + 2t
—5x> + 13x3 < 67 x3 =16 x3 =18 x3 =15
-25 <t < -16.

—-x3 < =25
2<x3<17




Application

min(xs, x2, X1 )
K1 ﬁZ3

-

min(xz, X2, x1) min(xs, x2, x1) min(x3,x2,x1) min(xs,x2,x1) min(xz, X2, X1)
KinzZ? K?n7Z? K3nzZ? K¢nz? KPnZ

l | | l l

(2,-8,-4)  (16,27,15)  (18,33,18)  (15,25,14)  (0,25,19)

|

(0,25,19)
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Works in progress

» A CilkPlus version of the Polyhedra library

» Parametric integer programming (PIP) in support of automatic
parallelization.
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