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Introduction

The Rosenfeld-Gröbner algorithm [1] is a central tool
in constructive differential algebra [2,3]. It computes
a regular decomposition of a radical differential ideal
I , i.e., represents I as an intersection of ideals speci-
fied by regular systems [1] of differential polynomials.
This decomposition allows to solve the membership
problem for I .

No complexity estimates are known for the
Rosenfeld-Gröbner algorithm. A first natural step to-
wards estimating the complexity is obtaining a bound
on the orders of derivatives in the polynomials com-
puted by the Rosenfeld-Gröbner algorithm. For the
particular cases of linear systems and systems with
two polynomials in two differential indeterminates,
relevant bounds are in the works of Jacobi, Ritt [2],
Cohn [4], Lando, and Tomasovic. We prove a

bound, which holds for all systems of or-

dinary differential polynomials in n differ-

ential indeterminates.

The performance of Rosenfeld-Gröbner significantly
depends on the ranking on derivatives. Usually,
elimination rankings yield more expensive compu-
tations than orderly rankings. So, the problem of
efficient transformation of a regular decomposition
of a radical differential ideal from one ranking to an-
other arises.

For a prime differential ideal, the problem reduces to
the transformation of its characteristic set [5,6,7].
We propose a different approach: an algorithm
that transforms the characteristic set alge-
braically, taking advantage of the existing efficient
techniques for the algebraic case. We have also gen-
eralized this approach to address the problem of al-
gebraic transformation of a characteristic decomposi-
tion [8] of a radical differential ideal from one ranking
to another (omitted in this poster).

Basic concepts

We treat the ordinary case, i.e.:

•k differential field of characteristic zero with
derivation δ : k → k

•Y = {y1, . . . , yn} set of differential indeterminates

•ΘY = {δiyj | i ≥ 0, 1 ≤ j ≤ n} set of derivatives

•k{Y } = k[ΘY ] the ring of differential polynomials
over k in n differential indeterminates

•Ranking ≤ on derivatives ΘY

•For a differential polynomial f :

– lv f ∈ Y leading variable of f

– ld f = θ lv f ∈ ΘY leader of f

– rk f = (ld f)d rank of f

– if initial of f , sf separant of f , Hf = {if , sf}

For a set of differential polynomials A:
lv A, ld A, etc., denote the set of leading variables,
the set of leaders, etc., of the elements of A

•Pseudo-reduction relations:

– f is algebraically reduced w.r.t. A, if no element
of rk A divides a monomial in f

– f is differentially reduced w.r.t. A, if f is alge-
braically reduced w.r.t. ΘA

•Algebraically and differentially autoreduced sets

•Characteristic set of F (algebraic or differential):
an autoreduced set A ⊂ F such that no f ∈ F is
reduced w.r.t. A. When the differential character-
istic set of F is unique, we denote it difchar F

• Saturated ideals:

–H∞ set of all finite products of elements of H

– I : H∞ = {f | ∃h ∈ H∞ hf ∈ I}

•Pseudo-remainders of f w.r.t. A:

– algrem(f, A) algebraic pseudo-remainder

– d-rem(f,A) differential pseudo-remainder

– d-rem(f,A) = algrem(f, ΘA)

•Regular system (A, H) and ideal [A] : H∞:

–A is autoreduced

–H is reduced w.r.t A and contains HA.

The original Rosenfeld-Gröbner algorithm [1]
adapted for the ordinary case:

Algorithm Rosenfeld-Gröbner(F0, H0)
Input: finite sets of differential polynomials F0, H0

and a differential ranking
Output: a finite set T of regular systems such that

{F0} : H∞
0 =

⋂

(A,H)∈T

[A] : H∞

T := ∅, U := {(F0, H0)}
while U 6= ∅ do

| Take and remove any (F,H) ∈ U

| C := characteristic set of F

| F̄ := d-rem(F \ C,C) \ {0}
| H̄ := d-rem(H,C) ∪ HC

| if F̄ ∩ k = ∅ and 0 6∈ H̄ then

| | if F̄ = ∅ then T := T ∪ {(C, H̄)}
| | else U := U ∪ {(F̄ ∪ C, H̄)}
| U := U ∪ {(F ∪ {h}, H) | h ∈ HC, h 6∈ k ∪ H}
return T

Bound for the
Rosenfeld-Gröbner algorithm

We modify Rosenfeld-Gröbner (based on [8]) to sat-
isfy the following bound. For a differential indeter-
minate y ∈ Y , let my(F ) be the maximal order
of derivatives of y occurring in F . Let M(F ) =∑

y∈Y my(F ). Then at any intermediate stage of the
algorithm

M(T ∪ U) 6 (n − 1)! · M(F0 ∪ H0). (1)

Algorithm RGBound(F0, H0)
T := ∅, U := {(F0, ∅, H0)}
while U 6= ∅ do

| Take and remove any (F,C, H) ∈ U

| f := an element of F of the least rank
| D := {g ∈ C | lv g = lv f}
| G := F ∪ D \ {f}
| C̄ := C \ D ∪ {f}
| B :=Prolongation(C̄, {my(G ∪ C̄ ∪ H) | y ∈ Y })
| if B 6= {1} then

| | F̄ := algrem(G,B) \ {0}
| | H̄ := algrem(H,B) ∪ HB

| | if F̄ ∩ k = ∅ and 0 6∈ H̄ then

| | | if F̄ = ∅ then T := T ∪ {(difcharB, H̄)}
| | | else U := U ∪ {(F̄ , difcharB, H̄)}
| U := U ∪ {(F ∪ {h}, H) | h ∈ Hf , h 6∈ k ∪ H}
return T

Main changes:

• In the original algorithm, set C was autoreduced;
in Algorithm RGBound, we can only claim that the
leading variables of its elements are distinct. As
a result, when new pseudo-remainders are replac-
ing old elements of C, no indeterminates disappear
from lv C, i.e., lv C̄ ⊇ lv C.

• d-rem(F \C,C) is replaced by algrem(G,B). Here
G plays the role of F \ C, while B is a differen-

tiated and autoreduced set C computed by Algo-
rithm Prolongation in such a way that:

– it can be used in algrem as C in d-rem

– the orders of derivatives of non-leading variables
y ∈ Y \ lv C̄ occurring in B satisfy

my(B) ≤ my(C̄)+
∑

z∈lv C̄

[mz(G∪C̄∪H)−mz(ld C̄)].

This inequality is the key for proving bound (1).

Algebraic transformation of
characteristic sets

1. Given a characteristic set C of a prime differential
ideal I w.r.t. a ranking ≤.

2. The orders of derivatives occurring in the canon-
ical characteristic set [9] D of I w.r.t. any other
ranking ≤′ do not exceed the bound

M := |C| · max
f∈C

ord f.

3. Algebraic ideal Ī = I ∩ k{Y }M , where k{Y }M

is the subring of differential polynomials of order
≤ M w.r.t. lv C, contains D.

4. Compute an algebraic characteristic set of Ī w.r.t. ≤:

A := {algrem(f, ΘC\{f}) | f ∈ ΘC, ord ld f ≤ M}.

5. Given A, compute the canonical algebraic charac-
teristic set B of Ī w.r.t. ≤′, applying one of the
existing efficient algebraic algorithms, e.g. [10,11].

6. difcharB is the canonical characteristic set of I

w.r.t. ≤′.
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