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An introductory example

Z = Integer

(1)

Integer

Q := Fraction Z

(2)

Fraction Integer

P := Polynomial Q

(3)

Polynomial Fraction Integer

K := Fraction P

(4)

Fraction Polynomial Fraction Integer

Type:
Time;

Type:
Time;

Type:
Time:

Type:
Time:

Domain
0 sec

Domain
0 sec

Domain
0 sec

Domain
0 sec



M := SquareMatrix(4, K)
(5) SquareMatrix(4,Fraction Polynomial Fraction

guaternion(a: K, b: K, c: K, d: K): ==
matrix ([d , a, b, ],
[a, d, -c, Db
[b, ¢, d, -a]
[c., b, a, d])

Integer
Type: Domain
Time: 0 sec

Function declaration quaternion : (Fraction Polynomial
Fraction Integer,Fraction Polynomial Fraction Integer,
Fraction Polynomial Fraction Integer,Fraction Polynomia
Fraction Integer) -> SquareMatrix(4,Fraction Polynomial
Fraction Integer) has been added to workspace.



g := quaternion(1,2,3,x/y)
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recip(q)
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Type: Union(SquareMatrix(4,Fraction Polynomial Fractio
Time: 0.05 (EV) + 0.02 (OT) + 0.01 (GC) = 0.08 sec
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guaternion(1,2,3,q)
Cannot convert from type SquareMatrix(4,Fraction
Polynomial Fraction Integer) to Fraction Polynomial
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A brief history

e TheScratchpad projects were developed since 19711BW under the
direction ofRichard Jenks.

e Scratchpad 2 was considered as a research platform for developing new
iIdeas in computational mathematics.

e From 1991 ALDOR, an extension language fBcratchpad 2 was
developed under the lead 8fephen Watt.

e In 1990s, theéScratchpad 2  project was renamed #XIOM . It was sold to
the Numerical Algorithms Group (NAG) and became a commercial system.

e AXIOM was withdrawn from the market in October, 2001.
e NAG agreed to releas&XIOM andALDOR asfree software

e Today, the efforts of thed XIOM community are coordinated biym Daly.
Those aroun@LDOR are organized &DRCCA
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More recently

e Released undévliodified BSD Licensen Sept. 2002.

e GNU Common Lisp porfrom Codemist Common Lisp
e Literate rewrite Algebra code released in Sept. 2003
e Electronic Bookreleased in April 2004

e Graphicsreleased in Sept. 2004

e Browserreleased in Dec. 2004

e Feature completeelease in Feb. 2005

e Introducingfast arithmetic and parallelism AXIOM/A LDOR (Yuzhen Xie,
Xin Li and Akpodigha Filatei)



A few data

e Approximately3.6 million lines of source, including documentation.
e The whole system takes abdihoursto build on a 1Ghz machine.

e Free and Open Source software maintained on several servers
- savannah by courtesy of thé&ree Software Foundation
- sourceforge by courtesy of th®©pen Source Technology Group

- axiom-developer.org by Tim Daly, with support from th€enter for

Algorithms and Interactive Scientific Software (CAIS&)Xhe City College of
New York.

e AXIOM has82 registered developeasnd 22 of them have write access to the
source code.

e Direct contributions, ove85 years of approximately 164 people.
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AXIOM : Genericity

Being able to implement mechanisms for producing new algelstructures from
existing ones:

1) R=7Z,
(2) n — Z/nZz,
(3) (R, X) — R[X],
(4) (R,p) — R/pR
(5) R +— Fr(R),
(6) (R1,R2) — Ry X Rs.
Including conditional statements like:
e If Ris commutative, the®|X] is commutative.

e If Ris an integral domain, thekr(R) is a field.

15



)Y perepmm—'s

Y ep——_

[Pgfivordereary

atyoraerearyp} (sacuverypd (soceanimegescryp} [ieetod

o~

Cupurype) [opsemanmeneryy

R g

neger

[eopyaviese [pmasrucreryee]

Boundedrntepaasctuy

v

[ranerypeti)

undedFrveLinearSucreTy:

[prarrypecre) sype

oo o) (] Y ) Yy
N [
) N (L o & [woue Ry
oo
e
(T—
e —— S
o L Frmicoue [ —
ooy [Srasrt  (imeavaiar)
) e conoens
fonogenetcl A meteTypg & fFreelgebralRE) - | PolynomialR
B oriagarson
Far s
oz - . — N e
e
Facuncangry ] b
ey
e
oSt
i ) I5 Y
t } t }

e

16

Gedbomai)

geanopda)

Fiod

scExenson® )

[Prmersocareger

e

eneralExponentCategry

— horocensiczdo

g

=

ecProduciCatogory@m)T)

InegerExpenentecirCaegon)

e

e —

rmerila

malPriereaCaeugy

[rscnierfepeesshrenvecircareaod v

[——



AXIOM : A laboratory for the mathematician
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AXIOM : Free and open source
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Literate programming

e A literate program should combine tk&planatiorof the codewith the actual
code

e Programming becomes a task of writing for other people rathe than the
machine.

e Literate programming was made famousKxyuthwho originally createdWeb
for Pascal programs.

e Norman Ramsey (Harvard) createdwebwhich islanguage independent.
e Axiom uses noweb to makevery file into a literate program.

e As a result all files in Axiom are meant to be document.

e Weaveis a command

- to extract the latex source code,

- which can help preparing a technical report.
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AXIOM : a multiple-level programming environment

Spad

Lisp

Y

Y

Assembly code
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The SPADlanguage

ResidueRing(F,Expon,VarSet,FPol,LFPol) : Dom == Body
where
F . Field
Expon . OrderedAbelianMonoidSup
VarSet : OrderedSet
FPol . PolynomialCategory(F, Expon, VarSet)
LFPol . List FPol
Dom == Join(CommutativeRing, Algebra F) with
reduce : FPol > $
++ reduce(f) produces the equivalence class of f in the resid
coerce . FPol > $
++ coerce(f) produces the equivalence class of f in the resid
lift ; $ -> FPol

++ lift(x) return the canonical representative of the equiv
Body == add
--representation

Rep:= FPol

Import GroebnerPackage(F,Expon,VarSet,FPol)
21



relations:= groebner(LFPol)
relations = [1] => error "the residue ring is the zero ring"
--declarations

X,y: $
--definitions
0 == 0%$Rep
1 == 1%$Rep
reduce(f : FPol) : $ == normalForm(f,relations)
coerce(f . FPol) : $ == normalForm(f,relations)
it x == x :: Rep :: FPol
X +y ==X +$Rep y
-X == -$Rep X
x*y == normalForm(lift(x *$Rep y),relations)
(n : Integer) * X == n *$Rep x
(@ : F) * x == a *$Rep x
X =y == X =$Rep vy
characteristic() == characteristic()$F
coerce(x) : OutputForm == coerce(X)$Rep

22



A multiple-level programming environment (1)

Statically typed
OO flavor o Spad

Generic progr.

Dynamic. typed _
Functional progr Common Lisp

Close to machin
Machine access

Interoperability |e=— C

with other libs .
Architecture

specific featureg-=— Assembly code
Register alloc..
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A multiple-level programming environment (Il)

Statically typed

OO flavor
Generic progr.

Spad

High—level
' and abstract

Dynamic. typed
Functional progr
Close to machin

Y

algorithms

Common Lisp

A

Machine access
Interoperability
with other libs

Y

Complex d.-str,
Specialized
algorithms

C

A

Architecture
specific featureq

Y

Fundamental
data—structures
Specialized
algorithms

Register alloc.

Assembly code

A
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A few words on ALDOR

e Some expertise is required in order to interface AXIOM witkeenal packages.

e Developing stand-alone binaries (e.g. servers in a digeparallel
application) is not purpose of AXIOM.

e ALDOR was initially developed to extend AXIOM vialep and solve these
difficulties.

e ALDOR has also its own libraries:
- aldorlib andalgebra general purpose libraries for computer algebra,

- sumit for manipulating and solving linear ordinary differentaaid
difference equations and systems

- BasicMath initiated atNAGIn the 1990’s and developed today@RCCA
BasicMath supports aarallel symbolic polynomial system solver

- Calix for involutive bases in commutative and non-commutative
polynomial rings.

- etc.
25



Fast vs standard arithmetic
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We care about a factor of 2
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Standard EEA ir¥ /pZ|x| for a 27-bit prime: generic vs specialized code inD®R.
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C-level vsALDOR implementations
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Time [sec]

With AXIOM
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Conclusions and future work

e The AXIOM/ALDOR language remains a beautiful tool for implementing
abstract and generic mathematical algorithms.

e An active community of people has turned AXIOM into a free apen
computer algebra system.

e AXIOM and ALDOR appear today as platforms for high-performance
computing.
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