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Why a tutorial on triangular decompositions?

e The theory is mature:
- the objects are well understood,
- the interactions with other theories also,
- notions and terminologies are unifying.
e The algorithms are evolving very quickly:
- modular algorithms are available now,
- complexity estimates also,
- fast polynomial and matrix arithmetic start to be used.
e The implementation effort is growing
- triangular decompositions are available in major comwpaligebra systems,

- implementation techniques are a priority.
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Where are triangular decompositions used?

e Books and Papers, for instance:

- differential algebrgRitt, 1932), (Kolchin, 1973), (Boulier, Lazard, Ollivier
& Petitot, 1995), (Kondratieva, Levin, Mikhalev & Pankrati ev, 1999)
(Hubert, 2003) (Sit, 2002) (Golubisky, 2004) (Ovchinnikoy2004)

- difference polynomial systen{&ao & Luo, 2004)

- polynomial system&Chen & M?> , 2011)

- automatic theorem provinVu, 1984), (Chou, 1988)

- geometric computatio(Chen & Wang, 2004)

- primary decompositioShimoyama & Yokoyama, 1994)

- Isolating real root¢Rioboo, 1992), (Aubry, Roulllier & Safey El Din,
2001), (Boulier, Chen, Lemaire & M® , 2009)

- structured polynomial systenfBoulier, Lemaire & M ° , 2001), (Dahan,
Jin, M3 & Schost, 2006)



cryptology Schost & Gaudry, 2003

algebraic geometrgAlvandi, Chen, Marcus, M? , Schost & Vrbik,
2012-2014)

real algebraic geometiChen, Davenport, M° , Xia & Xiao, 2010)
symbolic-numeric computatior{sM ® , Reid, Scott & Wu, 2005)
theoretical physicé~oursov & M* , 2001)

classification problems in geometfifogan & M3, 2002)

e Software, for instance:

Diffalg by Boulier and Hubert in MPLE
Dynamic Evaluatiorby Duval and ®@mez Daz in AXIOM
RealClosurday Rioboo in AXIOM

RAG’lib by Safey El Din in MAPLE
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- Epsilonby Wang in MAPLE
- Discovererby Xia in MAPLE
- for primary decomposition in MAGMA andISGULAR

- Regul ar Chai ns by Alvandi, Chen, Lemaire, Mand Xie in MAPLE see
alsowwv. r egul ar chai ns. or g

- Regul ar Chai ns in AXIOM and ALDOR by M?*
- Elimino parallel implementation by Wu, Liao, Lin, and Wang in C

- Basic Polynomial Algebra Subprograrhg Chen, Covanov, NMXie & Xie in
C | kPl us.

e Related concepts

resultants

Grobner bases

geometric resolutions

comprehensive @bner bases.
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An overview of thistutorial

e Main objective: an introduction for non-experts.

e Prerequisites: some familiarity with Gobner bases would be useful, but not
necessary.

e Outline:
Day 1. the case of polynomial systems with finitely many solutions

Day 2: the general case: triangular sets, characteristic sets,athod, regular
chains, reduction to dimension zero

Day 3. theRegul ar Chal ns library in MAPLE and an overview of its solvers
Day 4: Applications to real algebraic geometry

Day 5. Applications to the study of dynamical systems



How triangular decompositions look like?

For the following input polynomial system:

F

\

i

> +y+z=1
r4+y?+z=1
r+y+22=1

\

One possible triangular decompositions of the solutior&ét is:

( (
z2=0 z =

\x:O \le

Another one is:

z =

_/\

L zt+y=1

' —y=0 U i

’

cy=1 U<gy=0 UJ y=0 U A

r=1 (22492, -1=0

y==z

\x:O Tr =z
( 2422 -3z=-1
2y + 22 =1
2+ 22 =1



An example in positive dimension

e Every prime idealP = (F’) in a polynomial ringK |z, ..., z,]| may be
representedby a triangular set T' encoding thegeneric zerosof P.

( ar + by —c ( gr + hy — 1
F=< det+ey—f =T =4q (hd—eg)y—id+ fg
| gz + hy — | (te = fh)a+ (ch —ib)d+ (fb—ce)g

e All the common zerosof every polynomial system can be decomposed into
finitely many triangular sets.

dr + ey — f gx + hy — 1
hy — i ha — b — i
V(P) = W(T)UW v sw ! (he—b9)y —iadtecg
(ite — fh)a + (—ib + ch) d hd — eg
g ie — fh
([ ax + by — c
xTr
hd i d by~
ow ] (Pd—egy—id+fo o (o) U
fb — ce
g
e — fh
be 7 \ te — fh

whereW (T') denotes the generic zeros’™®f We have ‘W (T') C V(T).
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Structured examples: implicitization, ranking conversions

eFOrR=x>y>z>s>tandR =t > s >z >y > z we have:

’

’

x — 3 st —z
convert(¢ y—s2—1 ,R,R) =  (zy+ax)s— 2
6 2.3 2,2 2 2
| 2z — st | 20 —x%y” —3xty” —3xy —«x
OFOIR = -+ > Vg > Ugy > v+ > Ugy > Uyy > Uy > Uy > Uy > Uy >V >U
andﬁ:-o-ux>uy>u>~->vm>vxy>vyy>vx>vy>vwehave:
r % 5
4uvy, — (Up Uy + Uy Uy U __ Vpg — 2V
convert( ¢ y — (o Uy + o Uy 0) R,R) = { i
u? —4u Vy Vg — 'Ugy + Vyy
2 4 9,2 o, 2
| Uy 2U | Uy 2vyy 2vy+1
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How to compute triangular decompositions?

e Consider again solving the systeifor x > y > z:
( 2 +y+z=1
F:Q z4+y?+z2=1
r+y+z22=1

\

2P+ (=1 4222y — 222+ 2+ 24 =0

e Eliminatingx leads to
2 +z—y—22=0

e Eliminatingy? and therny we can arrive to-(z) = 0 with
r(z) = 28 — 420 + 42° — 24,

e Factorizingr(z) leads toz*(2? + 22 — 1)(z — 1)? = 0 and thus t: = 0, z = 1
orz2 + 2z = 1. In each case, it is easy to conclude either by substitutioby
GCD computation ifQ[z]/(z? + 2z — 1))[y].

e Alternatively, one can directly perform GCD computation(@(z]/{r(2)))[y].

But this is unusual sinc®|[z]/(r(z)) is not a field! Let us see this now.
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Computing a polynomial GCD over a ring with zero-divisors (1)

e Let us consider again the polynomials

{ fi=v2+ (222 -1y — 222 + 2 + 24

o=yt tz—y—

e Let us compute their GCD ih|y] with L = Q[z]/(s(z)) where
s(z) = z(22 + 22 — 1)(z — 1) is the squarefree part of z). (Replacing(z) with
s(z) makes the story simpler.)

e \WWe proceedas if L were a fieldand run theEuclidean Algorithm in L[y]. Of
course, before dividing by an elementlofve check whether it is a zero-divisor.
We pretend we are not aware of the factorization(af).

fi| f2

e Dividing f; by f5 is no problem sincé; is monic. We obtain: with

fs |1
fa =22%y — 2% + 222 — 2.
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Computing a polynomial GCD over a ring with zero-divisors (ll)

e In order to dividef, by f5, we need to check whethar? divides zero irlL.
This is done by computinged(s(z), 222) in Q[z], which isz.

e Hences(z) writesz(z° + 2* — 3z + 1) and we split the computations into two
casesz = 0 andz® + 2% — 3z = 1.

o| Casez = 0.|Thenf; = 0 andf, = y? — y is the GCD.

o | Casez® + 22 — 32z = —1.|SinceS(z) is square-free2z? has an inverse in this
case, namely(z) = —(3/2)z? — 2z + 4.

e Thus, the polynomiafs = i(z) fs = y + (1/2)z% — (1/2) is monic. So, we can
2 | fo

compute .
0 [y—(1/2)2% — (1/2)

) .
| 2 —y if z=0

e Finally ged(f1, f2,L[y]) = ) .
2y+2°—1 if 2°42°-3z2=-1
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How those triangular sets look like? (1)

i i +(—1+22%)y—22"+2+2" =0
e Let us consider again the syst y )y
v +z—y—22=0

e Let a; anday be the roots of? + 2z — 1 = 0. After dropping multiplicities, we
Obtain(za y) = {(07 0)7 (07 1)7 (alv al)? (an 042), (17 O)}

A

.? @

YN
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How to pass from one triangular decomposition to another?

( ( (

z =10 z =10 z=1 22 4+22—-1=0
y=1 U yv=0 U y=0 U A Y =z
x =0 | z=1 L =0 \ =
4 CRT |
( z =10 (=1 (22492 1=0
¢  v¥»—y=0 U y=0 U A Y=z
| Tty = | T = \ r =2z
4 CRT |
( z = (z3+z2—3z:—1
S v —y=0 U A 2y + 22 =1
| z+y=1 \ 2r+ 2% =1




From a lexicographical Grobner basis to a triangular
decomposition (1)

e Let us consider again (last time) the polynomials

fi=y?+ (222 -1y — 222 + 2 + 2*
fo=y?+2—y—2?

e |t is natural to ask how we could obtain a triangular decontprsfrom the
reduced lexicographical @bner basis of f1, fo} for y > 2. This basis is:

( gy = 2% —4z* + 423 — 22

2

/"

go =22°y + 24 — 2

| 3=y —y -2+

e We initializeT := {g; }. We would add g5 into T provided thalc(g-, y) is a
unit.
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From a lexicographical Grobner basis to a triangular
decomposition (I1)

e So, we computgcd (222, g1, Q[z]) = 2z2. This shows
g1 = 2?%(2* — 42 + 4z — 1) and splits the computations into two cases.

e | Casez? = 0.|In this caseyy vanishesandgs = y? — y + z, leading to
TV = {2%,y* —y + 2}

o | Casex? — 422 + 42 — 1.|In this casdc(gs, y) has2z® + (1/2)22 — 8z + 6 for
inverse. Multiplying g, by this inverse leads t§, = v + (1/2)22 — (1/2). Then,

we observe thatg?’ ‘ 72 leading to a second component

0 |y—(1/2)2* — (1/2)
T? :={z* — 422 + 42— 1,2y + 122 — 1}.

e For more details(Gianni, 1987), (Kalkbrener, 1987), (Lazard, 1992)

18



Some notations before we start the theory (I)

NOTATION. Throughout the talk, we consider a fidkdand an ordered set
X =2 <--- <z, of nvariables. Typicallyk will be

- a finite field, such a¥Z /pZ for a primep, or
- the fieldQ of rational numbers, or
- afield of rational functions overZ/pZ or Q.

We will denote byK the algebraic closureof K.

NOTATION. We denote bK|x1, ..., z,] the ring of the polynomials with
coefficients inK and variables inX. For F' C K|z, ..., x,], we write (F') and
\/ (F) for the ideal generated by in K|x4, ..., z,] and its radical, respectively.

NOTATION. For F' C K|z, ..., z,], we are interested in

V(F)={CeK"|(VfeF)f() =0},

the zero-setof F or algebraic variety of Fin K .

REMARK. In some circumstancé& " will be denotedA”(K), especially when
we consider several at the same time,q



Some notations before we start the theory (Il)

NOTATION. Let: andj be integers such that< i < j < n and letV C A™(K)
be a variety oveK. We denote byrf the natural projection map from’ (K) to
AY(K), which sendgx1, ..., z;) to (z1,...,x;). Moreover, we define
V; = 7(V). Often, we will restrictr! from V; to V;.

NOTATION. The algebraic varieties i defined by polynomial sets of
Klz1,...,x,] form the closed setof a topology, calledariski Topology. For a
subsef’ c K, we denote by the closure of¥ for this topology, that is, the
intersection of thd/(F') containingWW, for all F' C K|z, ..., z,].

NOTATION. ForW ¢ K, we denote by (W) the ideal ofK[z1, . . ., z,]
generated by the polynomials vanishing at every poirifof

REMARK. WhenK = K andW = V(F), for someF C K[z1,...,z,], recall
the Hilbert Theorem of Zeros:
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Lazard triangular sets

DEFINITION. (Lazard, 1992)A subset

T ={1,...T,} C Klz; <--<uax,]

Is aLazard triangular saffor i =1---n

T, = 1X?i —i—adi_leli_l + -+ a1 Xj+ ap
with
Ad,—1y+++,01,00 € k[iBl, e ,ZCi_l].
reduced w.r.{Ty,...,T;_1) in the sense of @bner bases.

THEOREM. A family T of n polynomials inK|z; < --- < z,] IS a
Lazard triangular set if and only it is the
reduced lexicographical Giobner basisof a zero-dimensionalideal.
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How those triangular sets look like? (II)

NOTATION. LetT = {T1,...T,} C K|xy,...,x,] be a Lazard triangular set.

Let V' be its variety inA™(K). Letd, = deg(T1,x1),...,d, = deg(T,,z,).

NOTATION. Forl < i < j < n, recall that

J .
.

(Il,...,ZCj) — (561,...,162')
whereV; = 7' (V') andV; = 77 (V).

PROPOSITION For a pointM € V; thefiber (i.e. the pre-image)r’)~' (M) has
cardinalityd;, - - - d;, that is

()~ (M)| = digr -+ dy.

1
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Equiprojectable varieties

DEFINITION. Let7 andj be integers such that< : < 5 < n and let
V C AV(K) be a variety oveK. The setl/ is said

(1) equiprojectable onV;, its projection ond!(K), if there exists an integer
such that for every/ € V; the cardinality of(x7 )~ (V) is c.
(2) equiprojectableif V' is equiprojectable oiry, ..., V;_;.

THEOREM. (Aubry & Valibouze, 2000) AssumeK is perfect and let
V c A"(K) be finite. Assume that there exisfsC K|z, ..., z,] such that
V = V(F). Then, the following conditions are equivalent:

(1) V is equiprojectable,

(2) There exists a Lazard Triangular gétC K|x1, ..., z,} whose zero-set in
A"(K) is exactlyV.

PROOF > For proving(1) = (2) one can use thenterpolation formulas of
(Dahan & Schost, 2004}o construct a Lazard triangular setfiz, . .., z,]. To
conclude, one uses the hypothdSiperfect,V = V (F') together with the Hilbert
Theorem of Zeros< 23



The interpolation formulas: sketch (1)

o LetV C A™(K) be (finite and) equiprojectable. LBt be a field, with
K C K C K such that every point df has its coordinates K.

e \We havely = Haévl (r1 — «). Let1 < ¢ < n. We give interpolation formulas
for Ty from the coordinates (iiK) of the points ofl,, 1, for1 < /¢ < n.

oeleta = (ai,...,ap) € Vy. We define the varieties
Vo} :{ 5:(51,---,5£,5£+1)€W+1 | 517&611}
Vo? :{ /6:(0417/627'“7657654—1) e‘/ﬁ—l—l | /62 %QQ}
Vof — { 6 — (ala . '704f—17/6f7/6f—|—1) < ‘/E—I—l | /Bf # Oég}
V(f—i_l — { /6 — (ala .- .,()ég,/Bg+1) S ‘/E—I—l }
Thesetd/1, V2 V3 ... VE VEFL form a partition ofV, ;.

e The intermediate goal is to builfl, s11 = T;(a1, ..., ap,xe41) € Klxpq1].
24



The interpolation formulas: sketch (Il)

e \We consider also the projections

O m (V) = {(B1) eWr | B # o}
o= mti (V3 = {(a1,B2) € Vo | B2 # ao}
Uf; — 7T§+1(V(f) {(0417---7046—1756) ~ ‘/E ‘ Bﬁ %OQ}

e Forl <i </, definee, ; := Hﬂew (x; — 6;) € Klx;] and
E, = ngigﬁ Ca,i € K[ZC;[, .. .,ng].

e Then, we have:

Ta,ﬁ—l—l HBEVO€+1 (.CUg_|_1 — Bé—i—l)
EaTa,B—i-l
Tota 20€Ve TE.(a)

e Related work:(Abbot, Bigatti, Kreuzer & Robbiano, 1999), ...
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Direct product of fields, the D5 Principle (1)

PROPOSITION Let f € K[z] be a non-constant anslquare-freeunivariate
polynomial. TherlL = K|z]/(f) is a direct product of fields (DPF).

PROOF > The factors off are pairwise coprime. Then, apply the
Chinese Remaindering Theorem(If f = f; fo then

L~ Klz]/(f1) x Klz]/{f2). <

PRINCIPLE. (Della Dora, Dicrescenzo & Duval, 1985})f L. is a DPF, then one
can compute witlL as if it were a field: it suffices to split the computations into
cases whenever aero-divisor is met.

PROPOSITION LetlL be a DPF and € L[x| be a non-constant monic
polynomial such thaf and its derivative generalgx]|, that is,(f, f') = L[x].
ThenL[z]/(f) is another DPF.

PROOF > It is convenient to establish the following more generabtieen: A
Noetherian ring is isomorphic with a direct product of fielfland only if every
non-zero element is either a unit or a non-nilpotent zemasdir. <

26



Direct product of fields, the D5 Principle (I1)

PROPOSITION LetT C K|zq,...,z,] be a Lazard triangular set such tRab
Is radical. Then, we have

o Klxy,...,z,]/(T) is a DPF,
o if Kis perfectthenK[xy,...,x,]/(T) is a DPF.

REMARK. Recall the trap! ConsiderF = Z/pZ(t), for a primep. Consider the
polynomial f = 2P — t € F[z] andF an algebraic closure d.

Sincef is not constant, it has a roote F and we have
f:gjp—t:xp—Ozp:(ZC—Oé)p (1)
in F[z], which is clearly not square-free. Howevgis irreducible, and thus

squarefree, iff|z].
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Polynomial GCDs over DPF, quasi-inverses (1)

DEFINITION. (M?® & Rioboo, 1995)Let L be a DPF. The polynomial € L[y]
Is aGCD of the polynomialsf, g € L[y] if the ideals(f, g) and(h) are equal.

REMARK. Another trap! Even if f, g are bothmonic, there

may not exist a monicpolynomialh in L|y| such that f, g) = (h) holds.
Consider for instanc¢ = y + “T“ (assuming tha is invertible inl.) and
g =y + 1 wherea € L satisfiesa® = a, a # 0 anda # 1.

REMARK. In practice, polynomial GCDs over DPF are computed via the D5
Principle. Moreover, only monic GCDs are useful. So, we gairee:

DEFINITION. LetL be aDPF and’, g € L|y]. AGCD of f,ginL[y| is a
sequence of pair§h;,L;), 1 < i < s) such that

e [, isaDPF, foralll <i: < sandthe direct product df;,...,L; s
Isomorphic tal,

e h; is anull or monic polynomial ifi,;[y], forall 1 < i < s,
e h;is a GCD (in the above sense) of the projectiong,afto IL;[y], for all

1 <71 <s.
28



Polynomial GCDs over DPF, quasi-inverses (I1)

DEFINITION. LetlL be a DPF and lef € L. A quasi-inverseof f is a sequence
of pairs((g;,1L;), 1 < i < s) such that

e [, isaDPF, foralll <i: < sandthedirect product df;,...,L;Is
Isomorphic toL

e g;clL;, foralll <1< s,

e let f; be the projection of toL;; eitherf; = g, = 0 or f;g; = 1 hold, for all
1 <7< s.

PROPOSITION LetT C K|zq,...,z,] be a Lazard triangular set such tRay
Is radical. We defindl = K[z, ..., z,]/(T).

(1) Forall f € K|zy,...,z,] (reduced w.r.tT") one can compute a
guasi-inversein L of f (regarded as an elementlbf.

(1) Forall f,g € LL|y] one can compute &CD of f andg in LL|y].

29



Equiprojectable decomposition

REMARK. Not every variety is equiprojectable, for instance
V' ={(0,1),(0,0),(1,0)}.

DEFINITION. LetV c A™(K) be finite. Consider the projection
7.V i— K" which forgetsr,,. To everyx € V we associate

N(x) = #n~ ' (7 (x)).

We writeV = Cy U---UCywhereC; ={x €V | N(x)=1}. This splitting
process is applied recursively to all variet@s, . . ., Cj.

In the end, we obtain a family of pairwise disjoint, equigcipble varieties,
whose reunion equalg. This is theequiprojectable decompositionof V.

PROPOSITION Let V(F) c A™(K) be finite withE' C K[z, ..., z,]. There
exist Lazard triangular sef!, ..., 7% C K[z1,...,z,] such that

VIF)=V(THu - -uV(T*) and i #j = V(THNV(TY) =

They form atriangular decomposition of V' (F').
30



Equiprojectable variety definition (1/3)

31



Equiprojectable variety definition (2/3)

32



Equiprojectable variety definition (3/3)

33



Equiprojectable decomposition definition (1/3)

34



Equiprojectable decomposition definition (2/3)
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Equiprojectable decomposition definition (3/3)
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From triangular to equiprojectable decomposition

NOTATION. Let V' (F') Cc A™(K) be finite withF' C K[z, ...,z,]. Let A be a
triangular decomposition df (F').

PrROPOSITION We compute fromA another triangular decomposition
{Tt,..., T4} of V suchthat/ (T?),...,V(T?) is the
equiprojectable decompositionof V.

PROOF > We proceed into two steps:

e split: reducing what we caliritical pairs by means ofGCD computations
modulo Lazard triangular sets,

e merge reducing what we cabolvable pairsby means of CRT
computations modulo Lazard triangular sets.

<

REMARK. Among all possible triangular decompositionsiofF’), the

equiprojectable decomposition is@nonical choice it depends only on the
variable order and/ (F').
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Example: split + merge modulo 7

D
c©

Bk

|

Cy =y + 6yz® + 2y + x
C1 = x° + 6x% + 52 + 2

38
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Example: split+merge modulo 7

Co =y + 6yz® + 2y + Dy =y+6
o| 2=y byt 2yt ) Do =y

Y

Ci =z +6x%+5x+2 D =x2+6

| SplitC:GCD |

Cy =y° +x Cll =4y +y+1 Dy =1y +6
gl €2 =Y gl G2 =Vt D 2 =Y

Y

Cy =z2+5 Cl!' = +6 ’ D, =246
D D
c® E O]
m . F
.- . S&“t .-\L



Example: split+merge modulo 7

o Coy = y? + 6yz? + 2y + = Dy =y+6
Cy =x° + 622 + 5z + 2 Dy =x+6
1 SplitC:GCD |
s Co' =y* +ux Cy =y’ +y+1 Dy =y+6
Oy =z2+5 Cl=xz+6 Di=z+6
4 Merge Fand D : CRT |
Ch=vy>+2x . Go =1y° +6
Cr=x°+5 Gi=x2+6
D D G
c® O E |[°
- s 3
’ e Split m Merge ;\L
o s
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Specialization properties: sketch

Oversimplified case:Assume all pointd/ (F') are inQ". Letp € Z prime. if

1. p divides no denominator of the coordinatesd; (mod p is well defined)

2. the cardinality of none of the projectionséfdecreases maogt
then the equiprojectable decomposition specializes pa@®low, is abad case

| Py modulo 5

> 7
General case:Undersimilar assumptions, every coordinate of every point/of
lies in a direct sunZ, @ - - - ® Z, wherezZ, is the ring ofp-adic integers.

THEOREM.(Dahan, M? , Schost, Wu & Xie, 2005)Let i the maximum length
of a coefficient inf’, andd the maximum degree IR'. There existsA € N s. t.:

(1) h(A) < 2n2d*"T1(3h + Tlog(n + 1) + 5nlogd + 10).

(1) If p fA, then the equiprojectable glecomposition specializes el p.



A probabillistic algorithm

Random choice of two primesp; and p-

/

Triangular decompositiomod pq

V 7 L

3

Equiprojectable decompositiamod p1

V vV

4 Y A \

->

Hensel lifting
Triangular setanodp; 2, p1 4, p12, ...

A A A

4 A

\

Triangular decompositiomod po

A

L’

3

Equiprojectable decompositianod po

oV

Not

e
lited

o | ? ? ?

?

1

enough ? B 4 4 }

Is each triangular set igreen

Rational reconstruction

FAILS SUCCEEDS

|

Triangular sets ove (good ones ?)

Reduction modul®o

—YES ——
equals to one of theedones ?
A A A
Y
Algorithm
succeeds Wz Wz %z %z

A A

v

\4

v

42




Generalizing Lazard triangular sets

REMARK. LetT ={Ty,...,1T,} C K|x1,...,x,] be a Lazard triangular set.
LetZ := (T'). We have shown that givenc K|z, ..., z,],

o one can decide whethere 7. Indeed!’ is a Gibbner basis of .

o assumind radical, one can decide whether! mod Z exists. Indeed
Klx1,...,2,]/Z is a DPF.

We aim at:
e first, relaxing the hypothesis(7;, x;) = 1, forall 1 <i < n,
e second, relaxing theiss many polynomials as variablegonstraint.

while preserving atriangular shape together with the above
algorithmic properties.

43



Zero-dimensional regular chains

DEFINITION. AsubsetC = {C4,...,C,} C K[z <---<zx,]isa
zero-dimensional regular chainif forall 7 =1 - - - n we have

(1) CZ'EK[le,...,$7;],
(3) h; :=1c(Cj, x;) is invertible modulo the idealCy, ..., C;_1).

PROPOSITION LetC C K]z, ..., x;] be azero-dimensional regular chain
There exists a Lazard triangular getC K|z, ..., z;] such thatC) = (T).

PROOF > By induction onn.

- Forn = 1 we haveT} = 1¢(C;) ™' C; and the claim follows clearly.

- Forn > 1 we compute?zn the inverse oh,, modulo(Ty,...,T,_1) and
observe

~

<T17 IR 7Tn—17hn0n> — <T17 SR 7Tn—170n>-
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The Dahan-Schost Transform (1)

PROPOSITION Consider" = {1y, ...,T,} a Lazard triangular set. Assurfie
generates a radical ideal. LB = 1 andN; = T7. For2 < ¢ < n, define

D, = 1§i§£_1g—2 mod (T1,...,Ty_1)
Ng — Dng mod <T1,...,Tg_1>

ThenN = {Ny,..., N, } is a zero-dimensional regular chain with) = (V).

REMARK. The results o{Dahan & Schost, 2004)essentially” show that the
height (or “size”) of each coefficient itV is upper bounded by

e the height ofV(T) if K = Q, that is the minimum size of a data set encoding
V(T),

e the degree oV (TV) if K is a fieldk(¢4, ..., t,,) of rational functions and™
IsT regarded irk[ty,...,tm, T1,..., Ty

See the authors’ article for precise statements.
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The Dahan-Schost Transform (I1)

e Consider the systerfd (Barry Trager).

—2’4+y° —3y—1=5y*—3=—-200+y—2=0

We solve it forz < y < =.
e VV(F) is equiprojectable and its Lazard triangular set is

11474127946569256007468861967138822599454632253404776870051199476222619269004890144761853439484¢€
177126050500820286210285405170218983414450704192140091221285435794696093319533564185839650189693
69934941672556438770604195551612193972977183106616813730136104734331616752952150977397654681986%
469803305737200436962857230940384594351690145609608094579328266988168648539093657866617523596721
362457794998087226523064237197118238681455387434685379217170814307753153223785029557758914206492
18255884098314412925702860168538437329764477112909212012826635978732250409563922069057411466877C
151384178460667251183582226588998788962467225266512277813388396930460206274093549761989465144274
443943358739034775586223820376199033996055435130191939848508110344015397674352445829758618270875
239889463831973885970439654459159240773157947028995584430781544269432684180568707791767576191787
273833966279899712882771296735352080757871215616119541262433845931685356908075413015471945211962
152371339486589977786933953445963421265232316881028589410282951401496074779560518480664573334972
485639134741063277706156095111089627563494088702934461198572429832808992812870412765974147039531
182770901475269211462030828375934181004032581754339209581456763239413822566355167569080400536438&
30919129613095072997366859536802112563524969324865875138127923901717040322453163109045163040345¢
683868839664164549094509086861836658249042063767397085327986947101834888709181774954667584759337
748156823800707525930652056310913558181154201465607063798861710733037765053357306037655291256264
154608045527569292338754337973797843824713701855230758768236174292780150592090630056630234512064
124695385819578642285275287975402015668994502200477065094640515598601115130175167063705343665239
661526598571882453204248880242229677381842937378916991769765942931876746884848648814238710335767
573598714920124956474610718803150703376812978417179178775576117319500000077857129232958889104193

23978710864928798728642475560748245486469078682784118469697628613338605757381772209899785932248C
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573706397328462800373443098356941129972731612670238843502559973811130963450244507238092671974233
177126050500820286210285405170218983414450704192140091221285435794696093319533564185839650189693
699349416725564387706041955516121939729771831066168137301361047343316167529521509773976546819862
469803305737200436962857230940384594351690145609608094579328266988168648539093657866617523596721
362457794998087226523064237197118238681455387434685379217170814307753153223785029557758914206492
18255884098314412925702860168538437329764477112909212012826635978732250409563922069057411466877C
151384178460667251183582226588998788962467225266512277813388396930460206274093549761989465144274
443943358739034775586223820376199033996055435130191939848508110344015397674352445829758618270875
239889463831973885970439654459159240773157947028995584430781544269432684180568707791767576191787
273833966279899712882771296735352080757871215616119541262433845931685356908075413015471945211962
152371339486589977786933953445963421265232316881028589410282951401496074779560518480664573334972
485639134741063277706156095111089627563494088702934461198572429832808992812870412765974147039531
182770901475269211462030828375934181004032581754339209581456763239413822566355167569080400536438&
309191296130950729973668595368021125635249693248658751381279239017170403224531631090451630403456€
683868839664164549094509086861836658249042063767397085327986947101834888709181774954667584759337
748156823800707525930652056310913558181154201465607063798861710733037765053357306037655291256264
154608045527569292338754337973797843824713701855230758768236174292780150592090630056630234512064
12469538581957864228527528797540201566899450220047706509464051559860111513017516706370534366523¢
661526598571882453204248880242229677381842937378916991769765942931876746884848648814238710335767
107682408337843898832379553790426595918634253059664726983856491630963372387378005133782870040125
23978710864928798728642475560748245486469078682784118469697628613338605757381772209899785932248C

o 3125220 _ 9375216 _ 4000000000021° — 2015999988750212 — 1560000000000211 +
192000000000000000210 — 1216512535680000675028 — 1474560223200000000027 —
652800000000000000028 — 4096000000000000000000002° — 169869086392333478399979752% —
1415576715264030240000000023 — 589823873280000000000000022 — 12288000000000000000000002 —
6195303619231982878732441600243

e Applying the transformation of Dahan and Schost leads t@ LHaracters.

o (20219 + (—48215) + (—19200000021%) + (—(38707199784/5)211) + (—5491200000210) +
61440000000000029 + (—(778568022835200432/25)27) + (—3303014899968000025) +
(—125337600000000002°) + (—6553600000000000000002%) + (—(2717905382277335654399676/125)23) +
(—1358953646653469030400022) + (—37748727889920000000002) — 393216000000000000000) = +
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320000021° + 161280000212 + 124800000211 + (—30720000000000219) + 194641962854400028 +
2359296178560000z7 4+ 104448000000000028 4+ 9830400000000000000025 +
40768598782772278272002% 4+ 339738482442242419200023 4 141557739724800000000022 +
2949120000000000000002 4+ 1982496995079656780596195328

o (20219 4 (—48215) + (—19200000021%) + (—(38707199784/5)211) + (—5491200000210) +
61440000000000029 + (—(778568022835200432/25)27) + (—3303014899968000025) +
(—125337600000000002°) + (—6553600000000000000002%) + (—(2717905382277335654399676/125)25) +
(—1358953646653469030400022) + (—37748727889920000000002) — 393216000000000000000)y +
(—12216) + (—(9676799856/5)212) + (—1996800000211) + (—(194642219980800648/25)28) +
(—14155781713920000z") + (—835584000000000025) 4+ (—(679471833416273049598704/125)=z%) +
(—905967682191476121600025) + (—566230715596800000000022) + (—15728640000000000000002) +
(—2038432221757477324800972/625)

o 220+ (—3216) + (—1280000021%) + (—(3225599982/5)212) + (—499200000211) + 61440000000000210 +
(—(97321002854400054/25)28) + (—471859271424000027) + (—20889600000000002%) +
(—1310720000000000000002°) + (—(679476345569333913599919/125)2%) +
(—452984548884489676800025) + (—188743639449600000000022) + (—3932160000000000000002) +
(—6195303619231982878732441600243/3125)

e One can do better! Here’s the regular chain produced bythexngul ari ze
algorithm of theRegul ar Chai ns library, counting 963 characters.

o 20x — 1y + =

[ ]
((4375z12 + 5280001162528 4 3200000000027 + 1105919020800029252% 4+ 61439980800000000z5 4+ 12800000(

1875213 — 960001012529 + 200000000028 — 73727147520045452° 4+ 307200024000000002% +
1280000000000000023 — 221184034560001352 4 23592963686400144000000

o 3125220 _ 9375216 _ 4000000000021° — 2015999988750212 — 1560000000000211 +
192000000000000000210 — 1216512535680000675028 — 1474560223200000000027 —
65280000000000000002% — 4096000000000000000000002° — 1698690863923334783999797524 —
1415576715264030240000000023 — 589823873280000000000000022 — 12288000000000000000000002 —
6195303619231982878732441600243
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Grobner bases (I)

NOTATION. Fix < aterm order on\/ = {z%* ...2» | i; > 0}, i.e., a total order
on M satisfyingl < v andu <v = uw < vw forall u,v,w € M.

For f € Klzq,...,2,], f # 0, theleading (= greatest) monomiaw.r.t. <in f is
denotedIm f |and its coefficient irf is theleading coefficientof f, denotedc f.

For FF C K[ X]\ {0}, wewrite|lm FF ={lm f | f € F'}.

DEFINITION. f € K[X]isreducedw.r.t. g € K[ X], g # 0if lm g does not
divide any monomial iry.

NOTATION. If fis not reduced w.r.t. one of the polynomials. . ., b; € K[X],
then the operatioReduce(f, {b1,...,br})

(1) computes polynomials g1, ..., qr € K[X] such that
f=qb1+ -+ qibr +r holds and- is reduced w.r.t. abb,, ..., b, € K[ X],

(2) if r is not zero, then replacesby r/(Ic f),

(3) and returng.
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Grobner bases (1)

NOTATION. For A, B finite subsets oK |X] \ {0} the collection of the
Reduce(a, B), fora € A, is denoted byReduce(A, B).

DEFINITION. A subsetB C K[X] \ {0} is auto-reducedif for all b € B the
polynomialb is reduced w.r.tB \ {b} andlcb = 1.

PrROPOSITION (Dickson’s Lemma) Every auto-reduced set is finite.

DEFINITION. For A, B C F auto-reduced sets, we write < B whenever

ImB C ImA| or [min(lmA \ ImB) < min(ImB \ ImA)].

DEFINITION. For anideall C K|z, ..., x,], a minimal auto-reduced subset
B C I is called areduced Grobner basisof 7.

PROPOSITION EveryidealZ C K|z1,...,z,] admits a reduced @bner basis;
moreover an auto-reduced subsetC 7 is a reduced Gibner basis of iff we
have for allf € K|z, ..., x,]

feZI <= Reduce(f,B)=0.
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Buchberger’s Algorithm for computing Gr obner bases

Input: F C K[X] and aterm ordex.
Output: G areduced Gibner basis w.r.t< of the ideal( F') generated by

repeat
(S) B :=MinimalAutoreducedSubset(F, <)
(R) A :=S_Polynomials(B)U F;
R = Reduce(A, B, <)
(U R=R\ {0}; F:==FUR
until R =0
return B

NOTATION. For f, g € K| X]{0}, let L = lem(Im f, Img); then

S(f,g) ‘= 1mL§ff_ 1mL§gg

andS_Polynomials(F’) returns theS( f, g) for all pairs{f,g} C F.
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A recursive vision of polynomials

DEFINITION. Let f, g € K[X] with g £ K.

mvar(g): the greatest variable ipis theleaderor main variable of g,
Init(g): the leading coefficient of w.r.t. mvarg) is theinitial of g,
mdedg): the degree of w.r.t. mvarg),

rank(g) = v? wherev = mvarg) andd = mdedg),

pdivide(f,g) = (q,r) with ¢,r € K|X], deg(r,vy) < dg andhi f = qg +r
whereh, = init(g), e = max(deg(f,v) —d, + 1,0), v, = mvar(g) and
dg = mdedg),

prem(f,g) = rif pdivide(f,g) = (¢,7). f € K[X] is said(pseudo-)reduced
w.rt. g € K[X] ¢ Kif deg(f, mvarg)) < mdedg).

EXAMPLE.

Assumen > 3. If p = z125 — 2723 + 1, then we have mvép) = x3,
mdeqp) = 2, init(p) = z1 and rankp) = 3.
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Triangular sets and auto-reduced sets

DEFINITION. A finite subsetB C K| X ]\ K is

- atriangular set ifforall f,g € B we havef # ¢ = mvar(f) # mvar(g),
- auto-(pseudo-)reduced if all b € B is pseudo-reduced w.r.B \ {b}.

PROPOSITION Every auto-reduced set is finite and is a triangular set.

NOTATION. Let f € K[X]andB C K| X]\ K an auto-reduced set. B = o we
write prem( f, B) = f. Otherwise leb € B with largest main variable; we write
prem(f, B) = prem(prem(f,b), B\ {b}). For A C K[.X] write
prem A, B) = {prema, B) |a € A}.

ExXAMPLE. For instance, withly = {z1(x1 — 1), 2129 — 1} and
p = x5 + x129 + 2%, We have

premp, T) = premprem(p, T..), Ty, ) = prema} + x5 + 1, T,,) = 2z + 1.

where T, = z1(x1 — 1) and T}, = x125 — 1.
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The saturated ideal of a triangular set (I)

DEFINITION. LetT" C K[X] be a triangular set. The set

Sa(T) = {f € K|X] | FeeN)hy fe(T)}

IS thesaturated idealof T'. (Clearly Sat(7") is an ideal)

PROPOSITION LetT C K|X] be a triangular set anflc K[.X]. We have

prem f,T) =0 = f e Sa(T).

REMARK. The converse is falseConsidem > 2 and

T = {ZCl(ib’l — 1),561162 — 1}
Considerp = (1 — 1)(x122 — 1) andg = —(x1 — 1)z122. We have:

prem(p, T') = prem(q,T") = 0.

However, we have + ¢ = 1 — xq, prem(p + q,T') # 0 butp + g € Sa(T), since
Sa(T) is an ideal. Note that S@f') = (x1 — 1,22 — 1).
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The saturated ideal of a triangular set (1)

e Consideragainfoe >y >a>b>c>d>e>f>g>h>1

( (

ar + by —c gr + hy —1
F=q de+ey—f and T'=4 (hd—eg)y—id+ fg
| gx + hy — | (te— fh)a+ (ch —ib)d+ (fb—ce)g

e Using Gibbner basis computations, one can check the following tassifor
this example:

Sa(T) = (F).

Sa('T) is an ideal stricly larger tha(i").

Infact(T") c Sa(T) N {g,h,1),

and none of S&t") or (g, h, ¢) contains the other.
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Relations between Gbbner bases and regular chains

( (

ax + by —c gr + hy —1
(P)=4 dr+ey—f and T =19 (hd—eg)y—id+ fg
| gz + hy — i | (te = fh)a+ (ch —ib)d+ (fb—ce)g
dr + ey — f gr + hy — 1
V(P) = W(T)UW h'y_i ‘ swl (ha—bg)y—iatecg
(ie — fh)a + (—itb+ ch)d hd — eg
g ie — fh
([ ax + by — c
" hy — 1
UW (hd —eg)y —id+ fg U W p O
fb — ce
. g
ie — fh | ie — fh
Lex base (P):
(
xa+ yb —c xd+ye — f xg + yh —1
{ yae —ydb— af + dc yah —ygb — ai + gc  |ydh —yge —di + gf
aei — ahf — dbi + dhc+ gbf — gec
\

e For more details se@ubry, Lazard & M ° | 1997)
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The quasi-component of a triangular set

DEFINITION. LetT C K[X] be atriangular set. Let hr be the product of the

Initials of T'. The sef

W(T)=V(T)\V({hr})

IS thequasi-componentof T'.

REMARK. Clearly W (T") may not be variety. Consider= 2 and7 = {x1x2}.
We havehr = z; andW (T') is the linezs, = 0 minus the point0, 0).

Observe that S&t") = (z2).

PROPOSITION For any triangular set T' C K[ X| we have

W(T)=V(Sa(T)).

REMARK. Consider

T = {ZC% — 1, :Clac% —2xox3 + 1, (xoxs — 1)xy + :c%}

We havelV (T') = @

= V(T).
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Characteristic sets ()

NOTATION. If f,g ¢ K, we write ranK f) < rank(g) if mvar(f) < mvar(g) or,
mvar( f) = mvarg) and mdegf) < mdedg). For F' C K[X] \ K, we write

rank(F') = {rank(f) | f € F'}.

DEFINITION. For A, B auto-reduced sets, we write < B whenever

rank(B) C rank(A)] or [min(rank(A) \ rank(B)) < min(rank(B) \ rank(A))].

DEFINITION. For an ideall C K[.X], a minimal auto-pseudo-reduced subset
B C I is called aRitt (or Kolchin) characteristic set of Z.

PROPOSITION Every idealZ C K|[X]| admits aRitt characteristic set; an
auto-reduced C 7 is a Ritt characteristic set af iff prem(f, B) = 0 for all
fel.
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Characteristic sets (ll)

DEFINITION. For a setF' C K[X], an auto-pseudo-reduced subBeC F' such
that premi £, B) C K is called aNu characteristic setof F.

PROPOSITION If B C F'is a Wu characteristic setof F' C K[.X], then

e If prem(F, B) contains a non-zero constant thBnl') = &,
e If prem(F, B) = {0} then

V(F)=w(B)uU | V(F U {init(d)}).
beB

PROOF > Indeed, prerqf, B) = 0 implies that there exists a producbf the
initials of B such that.f € (B). HenceWW (B) C V(F'). Thus any € V (F)
either belongs tdV (B) or cancels one of the initials @. <

THEOREM. (Wu, 1987)For anyF' C K[X], one can compute finitely many
triangular setg™, ..., T° such that

V(F)=W(TH U --- UW(T?).
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Wu’'s Method

Input: F' C K[X] and a variable ordering.
Output: C' a Wu characteristic set df.

repeat
(S) B :=MinimalAutoreducedSubset(F, <)
(R) A:=F \ B;
R :=prem A, B)
(U R=R\ {0}; F:=FUR
until R =0
return B

e Repeated calls to this procedure computes a decomposttigi/o).
e Cannot detect whether a quasi-component is empty.

= This leads to the theory ofegular chains. (Kalkbrener, 1991) and(Yang &
Zhang, 1991)
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Reqular chains

DEFINITION. LetZ be a proper ideal dK[.X]. We say that a polynomial
p € K[X] isregular moduloZ if for every prime idealP associated witll we

havep ¢ P, equivalently, this means thats neither null modul@, nor a
zero-divisor moduld@.

DEFINITION. LetT = {Ty,...,Ts} be atriangular set where polynomials are
sorted by increasing main variables.

The triangular set’ is aregular chain if for all : = 2 - - - s the initial of T; is
regular modulo the saturated idealof 17, ...T;_1.

PROPOSITION If T'is a regular chain then S4t) is a proper ideal oK |X| and,
thus, W (T') # @.
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Reduction to dimension zero (l)

THEOREM.(Chou & Gao, 1991), (Kalkbrener, 1991), (Aubry, 1999), (Bolier,
Lemaire & M °, 2006)Let T' = {Ty.1,...,T,} be atriangular set. Assume that
mvarT;) = z; foralld + 1 < i < n and assume S@t) is a proper ideal oK[X].
Then, every prime idedP associated with Sgf’) has dimensio and satisfies

PAKzi,. .., zd = (0).

COROLLARY. With T' as above. Consider the localization by
Klz1,...,z4] \ {0}; in other words, we map our polynomials frd§jz1, . . ., z,]
to K(x1,...,zq)|[Tge1,---,Tnl.

Let T, be the image of . Letp € K[z, ...,x,]| andpy its image in
K(z1,...,2q)[xq21,--.,xn]. ASSUMEY NON-zero modulo S&T"). Then, the
following conditions are equivalent:

(1) pisregularw.r.t. Saf’),
(2) po is invertible w.r.t. Satly).

In particular?’ is a regular chain ifffj is a (zero-dimensional) regular chain.
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Reduction to dimension zero (1)

REMARK. Consequently, we can generalize to positive dimension our
computations ofpolynomial GCDs defined previously over zero-dimensional
regular chains. (Indeed, Itis also possible to relax theltmm Sat7}) radical.)

NOTATION. Let T is a regular chain anfi C K| X | be a polynomial set. We
denote byZ(F, T') the intersectioV (F)NW (T), that is the set of the zeros 6t
that are contained in the quasi-compon8ntl). If F' = {p}, we write Z(p, T')
for Z(F,T).

PROPOSITION LetT be aregular chain. If is regular modulo S&t’), then
Z(p,T) is either empty or it is contained in a variety of dimensiaictly less
than the dimension afv’ (7).
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Regular chains and characteristic sets

THEOREM.(Aubry, Lazard & M ?,1997)Let C c K[X] be an
auto-(pseudo-)reduced set. Then, we have

Sa(C) = {p | premp,C) =0}
0

C' regular chain

0

C' characteristic set of Sa{C')
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Incremental triangular decompositions: a geometrical appoach

(.2
r“+y+z=1
+y+z=1
r+y’+z=1
|z +y+27=1
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iViya |2 avAVAY
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Incremental Solving

o LetF C Klxy,...,xn], f €Ky, ... z,], T, T™ ..., T¢ C Klxy, ..., 2]
reg. chains. Assume we haselvedF asV (F) =W (T*)U---UW(T¢).

e Assume that we have an operation
(f,T) —> Intersectf,T) = (C4,...,Cy) such that

V() nW(T) € uW(C;) C V(f)nW(T).
Then solvingE' U f reduces to Intersecf, 1) for all 7.

— the core routine operates orell behaved objects

— the decomposition can be reduced to regular GCD computatilmnving
modular methods and fast arithmetic
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Incremental Solving

o LetF C Klxy,...,xn], f €Ky, ... z,], T, T™ ..., T¢ C Klxy, ..., 2]
reg. chains. Assume we haselvedF asV (F) = W (T%) U--- UW(T*).

e Assume that we have an operation
(f,T) —> Intersectf,T) = (C4, . ..,Cy) such that

V(f)nW(T) € UW(C;) € V(f)nW(T).
Then solvingF U f reduces to Intersect, 7°) for all ;.

— the core routine operates orell behaved objects

—> the decomposition can be reduced to regular GCD computatilanving
modular methods and fast arithmetic

REMARK. (D. Lazard 91) proposes the principle. ¢M00) gives a complete
Incremental algorithm which, in addition, generates conguas bydecreasing
order of dimension
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The notion of a Regular GCD

o LetP,Q,GeKlr; < - <uxy]lylandT C K|xy < --- < x,] reg. chain.
G is aregular GCDof P, QQ modulo satT’) if

(7) 1c(G,y) is a regular modulo séi’),
(1) G € (P, Q) modulo satT),
(4i1) deg,(G) >0 = prem,(P,G),prem, (Q,G) € salT).

e IfbothT"U P andT U (@ are regular chains andd@ is a GCD ofP, ()
modulo safT") with deg, (G) > 0 then we have

WTupr)nv(@c WITUG)U
W({T'UP) N V(Q,hg) € W(TUP) N V(Q).

One can computé&, ..., 7T¢ andG,. .., G. such thatG; is a reg. GCD of
P, mod satT;) and/sal(T) = N5_qy/sal(T").
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Regularity test

e Regularity test is a fundamental operation:
Regularize(p,Z) +— (I1,...,T.)
such that:

VI =nN_,\/I; and p € Z; or p regular moduldZ;

e Regularity test reduces tegular GCD computation.
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Related work

This notion of a regular GCD was proposed in { N000)

In previous work (Kalkbrener 1993) and (Rioboo &*ML995), other regular
GCDs modulo regular chains were introduced, but with litrotzs.

In other work (Wang 2000), (Yang etc. 1995) and (Jean DelleaDGlaire
Dicrescenzo, Dominique Duval 85), related techniques seel tio construct
triangular decompositions.

Regular GCDs modulo regular chains generalize GCDs ovezroof field
extentions for which specialized algorithms are availafgsilen Hoeij and
Monagan 2002 & 2004).

Asymptotically fast algorithms (when g4t) is zero-dimensional and radical)
appear in (Xavier Dahan, Eric Schost, Yuzhen Xie, 2006) and (Xin Li,
M3, Wei Pan, 2009).
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