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Problem

Goal
Factorize F(X, Y) € C[X, Y] into linear factors in X over C({Y*)):

FIX,Y) = (X =xa(Y)(X = x2(Y)) - (X = xa(Y))
where each x;(Y) is a Puiseux series.

Puiseux Series
Series of the form

o0
xXi(Y) = aykd
k=a;

where

e ¢, €C e 3, €7 o d; € Zwo



An example

FIX,Y)=Y2X+Y2-vYX3—yYX2+Y-X2

e xa(Y) ==~ e x2(Y)=Y e x3(Y)=-Y




Another example

(- P PowerSeries([y, z]):
U= UnivariatePolynomialOverFowerSeries([ v, z], x) -
poly =y x° 4+ (=2 -y +z+ 1)x+ ¥
F - ExtendedHenszelConstruction(poly, [0, 0], 2);

“Rootof(_Z% + v) + Rootof(_Z2 + y) y — % RootOf(_Z2 + ) z+ %yz
¥ =

y
Rootof(_Z% + v) — RootOf(_Z% + ) v+ % Rootof(_Z% + v) z+ % 32

¥




Previous works (1/2)

@ Extended Hensel Construction (EHC):
e Introduction: F. Kako and T. Sasaki, 1999
e Extensions:
e M. lwami, 2003,
e D. Inaba, 2005,
e D. Inaba and T. Sasaki 2007,
e D. Inaba and T. Sasaki 2016.

® Newton-Puiseux:

e H. T. Kung and J. F. Traub, 1978,
e D. V. Chudnovsky and G. V. Chudnovsky, 1986
e A. Poteaux and M. Rybowicz, 2015.



Previous works (2/2)

e The Extended Hensel Construction (EHC) compute all branches
concurrently

e while approaches based on Newton-Puiseux computes one branch
after another.

For F(X,Y)=-X3+YX+VY:
® the EHC produces
© xu(Y):=Yi+3Yi+0(Y),
@ ra(¥) = Ly v 1 (-
0 (V)= (B v+ %(‘*m
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Previous works (2/2)

e The Extended Hensel Construction (EHC) compute all branches
concurrently

e while approaches based on Newton-Puiseux computes one branch
after another.

For F(X,Y)=-X3+YX+VY:
@® the EHC produces
® xi(Y):=Yi+1Yit0(),
@ oY) = 2 Vi L(E5) vit oY),
© xs(Y) = (52 Vi + S () i+ oY),
® Whereas Kung-Traub’s method (based on Newton-Puiseux)
computes

O «u(Y):=Yi+1vYitoy),
a(Y)=0Yi+ £ viLoy),
x3(Y) =0 Y3i+2Y5+0(Y),

for € C such that 3 =1,6% #£ 1,0 # 1, since F(X,Y) is a
Weierstrass polynomial.



Our contributions

@ We show that the EHC requires only linear algebra and
univariate polynomial arithmetic

® We derive complexity estimates for the EHC

© We obtain a competitive implementation against the original
EHC and Kung-Traub's method

O We apply the EHC to the problem of computing real limit
points of quasi-components of regular chains.



Application (1/2)
One immediate application of Extended Hensel Construction is
finding the limit of a multivariate rational function i.e. for a
rational function g = % where P; and P, € F[Xy,...X;,], we can

ask whether

li X1,.... X
(Xl,.,.,Xn)IE(xl,.,.,xn)q( 1 Xn)

exists and what it converges to.

a0t

< 10°

<107 |
<r-




Application (2/2)

> R := PolynomialRing([x, . z]) :
L rc= Chain([yN(3)-2* yA(3) + ¥/ (2) + ZA(5), zM(4) * X+ yA(3) -y~ (2) ], Empty(R), R) :
> LimitPoints(rc, R, coefficient = complex); Display (%, R);

[ regular_chain, regular_chain]

x=0 x=0
y=0 q4y—1=0
z=0 z=0

[> LimitPoints(rc, R, coefficient = real); Display(%, R);
[ regular_semi_algebraic_system]
x=0
y—1=0
z=0

[> RegularChainBranches(rc, R, [z]);

“z:Tz,y:%Ts (-7° +2 RootOf (L2 + 1)), x= —% 72 (-7 + 6 TV Rootof(_Z2 + 1) + 10 T1°+8)], [z:Tz,y: —%

+2RoolOf(_ZZ+1)),x:éT2 (7% + 6 T'° Rootof (L7 + 1) — 10 T1°—3)}, [z=Ty=T"+1,x=-T(T90+27°+"
[> RegularChainBranches(rc, R, [ z], coefficient = real);
lz=Ty=T"+1.x=-T(T+27°+1)]]

~ !
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Newton Polynomial

e Let F(x,y) € C[x, y] be square-free, monic in x and let d := deg,(F).
e The “south-west-most” terms ¢ x®y® of F(x,y) satisfy an equation
of the form e./d + ¢,/6 =1, with § € Q and form the Newton
polynomial F(O(x, y) which is homogeneous (x, y*/?) of degree d.
o Let §,d € 270 such that: §/d = 6/d, ged(()d,d)=1.
Flxy) = 6(70ay)- 6%0xy)
where the G{”(X, Y) := (X — (;Y/9)™ are the initial factors.
e We define the ideal

Sk = (XIY(k+0/d xd=1y(kt8)/d  xOy(ktdd)/dy (1)

fork=1,2,....

ey F=2a%—z2y? —zy® + ¢




Algorithm

Algorithm 1: EHC_Lift(F, k)

begin
Compute the Newton polynomial F(®©) and 5, d:
Compute G,-(O) =(X-=¢GY)™, with1<i<r,
Compute the Yun-Moses polynomial Wi(e) fori=1,---,r and
£=0,....,d -1,
for j=1,....k do
Compute AFU(X, Y) := F(X,Y) I, 6V 7Y
mod Sj.1;
Compute AG,U) = 2";01 W,-(Z)fé(j), fori=1,---,r;
Let 69 =6V 4+ AGY fori=1,--- ,r;

return Gl(k), ceey G,(k);




Algorithm

Algorithm 2: EHC_Lift(F, k)

begin

Compute the Newton polynomial F(® and 4, d:
Compute GI-(O) =(X-=¢GY)™, with1<i<r
Compute the Yun-Moses polynomial Wi(e) fori=1,---r
and /=0,---,d —1;

forj=1,...,k do
Compute

AFO(X,Y) = F(X,Y) = T[—; GV mod 5,1 ;
Compute AG( - =3 ! V\/I-([)Q(j), fori=1,---,r;
Let G(J) G(J 1)—|—AG()fori:1,---,r;

¢ ... 6,

return




Algorithm

Algorithm 3: EHC_LIiftF, k

begin
Compute the Newton polynomial F© and 4, d:
Compute ¢ — (X =¢Y)™, with1<i<r;

i

»

Compute the Yun-Moses polynomial |/|/I.(£) fori=1,---
and £ =0,---,d —1;
for j=1,....k do
Compute AFU(X, Y) := F(X,Y) — [T, GV 7Y
mod 5;1;
Compute AGI.U) — Zg’;ol W,.(k)fé(j), fori=1---,r;

Let GV =GV +AGY fori=1,--,r;

return Gl(k), cee G,(k);
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Yun-Moses Polynomials (1/3)

Assume G1(X,Y),..., G(X,Y) are homogeneous polynomials.
Regarding them as polynomials of C(Y')[X], further assume

ged((Gi, Gj)) =1 for i # J,

Let d :=deg(Gi(X,Y) ... G/(X,Y)). Then, for each
¢e€{0,...,d — 1}, there exists a unique set of polynomials
(WOX,Y)eCV)X] | i=1,...,r} satisfying

Wl(é) <G1 Gl Gr> Lo Wr(é) (Gl Gr Gr> _ ngd_g7

where degy (W,-(e)(X, Y)) <degx (Gi(X,Y)), i=1,...,r.



Yun-Moses Polynomials (2/3)

Key observation
Let us fix 7 := A. Writing W)EZ) = 21'720_1 wy j(Y)X/, we have
m,\—l

0
ﬁ (XJ'FEO;>
= OXH G\

where ¢, is a root of F(O(X, 1) and my is its multiplicity

Iz N
O 0 (Xéyd—Z)

A. pum— — 9 .
X=, ¥ o OXH X=0\Y

Consequences

e This is a system of linear equations W)\)()(\E) = Bg\g).

e The matrix W, is a Wronskian matrix.



Yun-Moses Polynomials (3/3)

The inverse of W, is W/\_l = MyM; where My and M, are square
matrices of order m,, defined as follows. The matrix My writes
My = My(m,—1) - - - M11 Mg such that, for j =0,---,my — 1, we have

10 --- 0 0 0 ... 07
01 -.- 0 0 0 ... 0
0 0 1 0 0 0
Myj=10 o0 0 7 0
0 0o (£ 0

(00 -~ 0 (mxj—l)M 0 - 1|

Hence, the matrix My; differs from the identity matrix only in its
(j + 1)-th column. The matrix M, is an upper triangular matrix

M, = [/Vj,k] with Yk = (—1)j+k (kl:j)C§_j?k7j ifj < k and Yjk = 0if
J >k, forjke{0,1,....,my —1}.



Matrix M;

N i

Matrix M,

Matrix Wit = Mo My

X B




Complexity Result:

Theorem 1:
One can compute all the Yun-Moses polynomials W,-(Z)
(0<¢<d-1,1<i<r), within

e O(d®) operations in C, or

e O(d*M(d)) operations in the field of coefficients of F(X, Y).
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Algorithm

Algorithm 4: EHC_LIiftF, k

begin
Compute the Newton polynomial F(©) and 8,(7;
Compute ¢ = (X=¢GY)™, with1<i<r;

i
Compute the Yun-Moses polynomial WI.U) fori=1,---,r and
£=0,---,d—-1;
forj=1,... k do
Compute
AFO(X,Y) = F(X,Y) = T[—; GV mod 5,1 ;

Compute AGI.U) = Zgrol W.(()fé(j), fori=1,---.,r;

1

Let 6V = GY ™Y + AGY fori=1,--- 1,

1

return Gl(k), e G,(k);




Computing AFU(X,Y)
Goal

AFO(X,Y) = F(X,Y) = TI—, GV mod 5,

Oobservation

e U= (0)+AG(1)+ +AG,U*2)

o Gl_(J 1. G(O) + AG(l) + AGI'(J_2) + AG,.(Fl)
Hence, we aim at recycling terms in the product I Gi(j_l)
mod S; 11 computed from previous iterations.

Notations
© P =112, 6™ mod Spis
(2] Pk+1 HJ G,-(k) mod Syqq1, for j=3,...,r

We want

P;(Jrl = H;:l G,(k) mod §k+2



Computing AFU(X,Y)
Initially define: P1 G(O) Gj(o) mod S, for j=2,---,r. and
recursively compute

PYTE = P H(AIAS+ AR A YR (AT AS 4 -+ AKA) YFFL = H G!
Now for j = 3,...,r, define
PJ-" = Pf_lGj(k_l) mod  Sky1
and assume q’f“ is recursively given by
qu+1 P 1 Kt OAk ’-‘fllA? with gkt = AkAY + ASAK. (2)

where pjlfjll’o is the coefficient of Y© in Pfjll. We can compute

Pk+1 Pk+qk+1 2 <pjk+11 1AJ1; . pjk+11 SEIN ) vkl _ H G k)



Computing AFU(X,Y)

e @)—r—rr—rt— s
Pl P2 P2—— P2 P2
P} P} —— P} —— P} — P}
P! Pt —— Pt —— Pt — P}
Pt PE PE PE PE



Computing AFU(X,Y)

s @—@)— 71— —
A @)—r—r—r—n
Pl— > P} — > P} — > P} — P}
Pl —— Pt —— Pt —— P} — P2
Pt P P P PE



Co
m
puti
ing AFU
)
X
,Y)

v @

P
T

P
j

P3
P2
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4 Pg
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Py
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4
5
Pe
Py
P5
6
P



Computing A,:(J')(X7 Y)

v @-@—-@—-@—~
w @-@-@— —=
PLGL @ @ ! | Pf
e @ Pt Pé Pé Pé
PE PS PS pe .




Computing AFU)(X, Y)

v Q@G

2
" GéO) @ P3
(0) I Pz
PiG, 34
; 4
e @ P P? Ps
] 5
PG @ PS o ) |
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m
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Computing AFE(X. ¥)

v Q@G

- @-Q

P31 GiO)

Pi GéO)

P51 Géo)




Computing AF(J')(X Y)

Gl(o G2(°) @

w0 @@

P31 GiO)

Pi GéO)

P51 GéO)




Computing AFU(X. Y)

Gl(O)Gz(O) @
e @—@—@ -0

P31 GiO)

Pi GéO)

P51 GéO)

| @

5
=2 = =



Complexity result:

Theorem 2:
he k-th iteration of Step 9 in the Algorithm 4 runs within

e O(k dM(d)) operations in C,

o O(k dM(d)?) operations in the field of coefficients of
F(X,Y).



Comparative complexity results
Theorem 3:

Our enhancement of the EHC computes all the branches in
O(k? d M(d)) operations in C, using a linear lifting scheme.

Kung-Traub, 1987

The first k iterations of Newton-Puiseux on an input bivariate
polynomial of degree d computes all branches within

e O(d? kM(k)) operations in C using a linear lifting scheme

(Theorem 5.2 in their paper)
o O(d?M(k)) operations in C using a quadratic lifting scheme
(Corollary 5.1 in their paper)

D. V. Chudnovsky and G. V. Chudnovsky, 2015
The latter estimate reported by Kung and Traub is improved to
O(d? k) operations in C for computing all the branches.

Remark
A quadratic lifting scheme for the EHC is work in progress.
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Experimentation for lifting

time spent on lifting process (sec)

T
—— Extended Euclidean algorithm

| | —— Simplifying by Maple Normal command

—— Simplifying by regular chains

SEREEEZes

PO —— o oo >4

Il
1 2 3 4 5 6 7 8 9 10
the kth iteration

time spent on lifting process (sec)

O H N WSO O N ®

T T T T
—— Extended Euclidean algorithm

| | —o— Simplifying by Maple Normal commanc

—— Simplifying by regular chains

e oo

_——o—90—

0

1 2 3 4 5 6 7 8 9 10
the kth iteration

The y axis is in square-root scale.



Experimentation for factoring (1/2)

Ex|MD KT Lin KT Quad EHCWM EHCEEA
KT10 KT20|KT10 KT20|EHC10 YM1 EHC20{EHC10 YM2
1|5 1222 186493 491 | 048 0.22 0.73 | 0.90 0.21
7|4 |560 658|056 058| 022 0.14 0.23 | 0.34 0.13
8|4 |149 230 (125 1.25| 023 0.13 0.28 | 0.36 0.12
9| 3553 114 (151 156| 030 0.11 0.39 | 0.88 0.10
10| 3 (271 420|028 063]| 0.16 0.08 0.20 | 0.32 0.12
11/ 3 (046 234|021 0.21)] 0.16 0.08 0.17 | 0.26 0.12
12| 3 (050 6.86|0.28 0.32]| 0.16 0.08 0.18 | 0.30 0.12
13| 4 (086 109|050 048] 0.26 0.15 0.28 | 0.46 0.24
14| 4 (321 348|069 0.71] 026 0.15 0.34 | 052 0.24
15| 6 [ 276 535|485 485| 064 042 082 | 2.05 1.08
16| 7 [ 456 836 | 845 991 | 064 043 092 | 233 1.74

Table: Comparing EHC versus Kung-Traub's method




Experimentation for factoring (2/2)

ExIMD KT Lin KT Quad EHCWM EHCEEA
KT10 KT20|KT10 KT20|EHC10 YM1 EHC20|EHC10 YM2
17| 7 | 145 oo |23.4 232| 078 043 337 | 4.12 1.77
19| 4 1 0.14 0.160.16 0.14| 039 0.26 0.45 | 0.51 0.15
20| 4 | 279 7.98|0.77 0.82] 026 0.15 0.29 | 050 0.24
21| 4 | 858 143|196 193] 0.23 0.12 0.31 0.47 0.16
24| 5 1290 248 |1.11 1.11] 0.26 0.15 0.35 | 0.49 0.17
25| 7 | 1.83 9451090 1.00] 046 0.31 050 | 0.73 0.42
26| 8 | 235 123]13.09 3.29]| 066 0.53 0.74 | 2.18 1.80
27| 8 | 60.8 2876]23.1 27.1]| 0.77 053 120 | 231 1.28
28| 9 | 215 o |73.8 123 | 1.88 1.03 211 7.03 4.92
30017 | oo 00 00 9 39.8 6.70 41.3 | 53.8 16.5
31|32 | 0o 0o 00 509 249 o 00 0o
32133 | o© o) o) 00 224 250 o 00 o)

Table: Comparing EHC versus Kung-Traub's method




Concluding remarks

e We have shown that the EHC requires only linear algebra and
univariate polynomial arithmetic

e We have derive complexity estimates for the EHC which are

comparable to those of Kung-Traub’s method in linear lifting
scheme

e Experimentally, this enhanced EHC is competitive and
sometimes outperforms Kung-Traub's method in its linear and
quadratic lifting schemes.

e A quadratic lifting scheme for the EHC is work in progress.

e Source code and experimental data are available in the
PowerSeries library from www.regularchains.org.


www.regularchains.org
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