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Introduction An Example from Invariant Theory An Algorithmic Realization of the

> Solving systems of polynomial equations with parameters sym-
bolically is in demand for an increasing number of applications
such as dynamic systems and optimization.

>ParametricSystemTools is a new module of the REGULAR-
CHAINS library, which implements comprehensive triangular

decomposition (CTD), a new algorithmic approach for study-
ing polynomial systems with parameters.

>In board terms, a CTD of a polynomial system F' in parame-
ters u and unknowns x over a field X (@ or z,) consists of:
» a partition C = (1, ..., C, of the parameter space in u,

» a well-behaved and generic decomposition of Z¢.(F'), the zero-
set of F' arising from the parameter values u € C}, for all s.

Being “generic” and “well-behaved”, this decomposition of
Zc.(F) allows us to study the geometrical properties of F' at
any parameter value u of C; without solving F' at u = u.

> A constructible set is the zero set of a system of the form
( ] = O, ( b1 — O,

U< U
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where a;'s and b;’s are polynomials.

>ConstructibleSetTools module of the REGULARCHAINS
library in MAPLE, is the first complete computer algebra pack-
age providing constructible set as a type and supporting a rich
collection of operations for doing algebraic geometry. Mean-
while, this module provides basic routines for solving polyno-
mial systems with parameters.

A Glimpse of the User-Interface

> with (RegularChains);
[ ChainTools, ConstructibleSetTools, DisplayPolynomialRing, Equations, FxtendedRegtlarGed, Inequations, Initial Inverse,

IsRegular, MainDegree, MainVariable, MatrixCombine, MatrixTools, NormalForm, ParametricSystemTools, PohmomialRing,
Rank, RegularGed, Regularizelnitial Separant, SparsePsendoRemainder, Tail Triangularize]

=> with{(ConstructibleSetTools);
[ Complement, ConstructibleSet, Difference, EmptyConstructibleSet, GeneralConstruct, Info, Intersection, IsContained, IsEmpty,

MakePairwiseDisjoint, PohynmomialMapImage, PolynomialMapPreimage, Projection, QuasiComponent, RefiningPartition,
RegularSystem, RegularSystemDifference, RepresentingChain, Representinglnequations, RepresentingRegularSystems, Union]

=:> with(ParametricSystemTools);
[ BelongsTo, CoefficientsinParameters, ComprehensiveTriangularize, DefiningSet, DiscriminantSet,

PreComprehensivelriangularize, Specialize]

=:> R := PolynomialRing([x, v, s]);

R 1= pobhmomial_ring

B pctd, cells := ComprehensiveTriangularize([x*(y+1)-s, (x+1)*y-s]. 1, R);

pctd, cells .= [ regular_chain, regular_chain, regular chain], | [ constructible_set, | 3, 2]], [ constructible_set, [1]]]
=> map(Equations, pctd, R);

x(y+ 1) =sy +y—sl [x+1,y+1,5], [xys]]

> Info(cells[11[1], R);

] [[s]. [1]]

> Info(cells[2][1], R);

LL] [s]]

> THE SETTING. While regarding u and v as parameters, the
following polynomials ¢g; and ¢» define two families of elliptic
curves, respectively,

91=$3+u5€—y2+1, aﬂdQQZCES—I-USE—yZ—I—l.

>~ THE (QUESTION. In invariant theory, a classical question is to
ask whether there exists a linear rational map f between these
two curves:
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>~ THE MODEL. The above question is equivalent to ask for
which value (u, v) the following equation always holds:

g(z,y) — (Ge+Hy+ K)Yg(f(z,y)=0. (1)

For simplicity, assume that the origin is mapped to the origin
which sets C' = F' = 0. Collecting the coefficients of (1) in x
and y, we have the following polynomial equations:

K3—1=0

(VA+3G)K? —u =0

(vB+3H)K* =0

AP+ G+ vAG? — DG —1=0

). B+ H>+vBH? — E*H =0
(E? —20BH —3H)K —1=0

(D? — 20AG — 3G K =0

(

(B3GH +vBG +vAH — DE)K = 0.

> THE RESOLUTION. A CTD of the system (%) is

[regular_chain,regular_chain,regular_chain,regular_chain,regular_chain,regular_chain,

regular_chain,regular_chain,regular_chain,regular_chain,regular_chain],
[[constructible_set, [1, 2, 3, 10, 11]],

[constructible_set, [4, 5, 6, 7, 8, 911,

[constructible_set, [1, 2, 3]]]

There are three constructible sets in the output given by:
Ci: v =v2=09,

{Cy:u =v =0,
K6*3:143:213, uw#0, v°#9.

y

The union of the C);’s is the answer to our question; taking the

union produces a single component, namely C : u’ = v°.

3A°B + 3G*H +vBG? + 20AGH — 2GDE — HD? = ()
3AB? +3GH? +vAH? +20BGH —2HDE — GE? =0

Chevalley Theorem

J

> [ he Chevalley Theorem states that the rational map image of a
constructible set 1s still constructible, which is a classical result
in elimination theory.

>Let m : K" — K™ be a rational map given by rational func-
t1018
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Let W be a constructible set in K"; for simplicity assume that
W is given by ti(xy1,...,x,) = - = t(x1,...,2,) = 0 and

l(x1,...,x,) # 0, where t1, ..., t., £ are polynomials.

>Our new modules can compute the image 7w(W) as follows.
Consider new variables v, ..., vy, and the polynomials

( f1 — hlyl — g1,

\ fm — hmym — gm-

Construct the polynomial system

F - {f1:"':fm:tlz"':te:O,(hr"hmf)#O},

where y;’s are regarded as parameters and x;’s as unknowns.

>Compute a CTD of F'and let C, ..., C, be the corresponding

partition of the parameter space in y;’s. Then the constructible
set (W) is the union of the C;’s with Z¢.(F') # 0.

Conclusions and References

>The REGULARCHAINS library in MAPLE provides new soft-
ware tools for studying parametric systems and manipulating
constructible sets.

> We are currently working on a new module for manipulating
semi-algebraic sets (=, #, >), which will enhance the library
for solving systems over the real number field.
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