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* Scientific Computation Kernels
— Matrix Multiplication
— Fast Fourier Transform (FFT)

* Automated Performance Tuning
(IEEE Proc. Vol. 93, No. 2, Feb. 2005)
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asic Linear Algebra Subprograms (BLAS) ™~

* Level 1 —vector-vector, O(n) data, O(n) operations
* Level 2 — matrix-vector, O(n2?) data, O(n?) operations

* Level 3 — matrix-matrix, O(n2) data, O(n3) operations = data reuse =
locality!

 LAPACK built on top of BLAS (level 3)

— Blocking (for the memory hierarchy) is the single most important
optimization for linear algebra algorithms

*  GEMM - General Matrix Multiplication

— SUBROUTINE DGEMM (TRANSA, TRANSB, M, N, K, —_—
ALPHA, A, LDA, B, LDB, BETA, C, LDC) LAPACK
~ C :=alpha*op( A )*op( B ) + beta*C, o, Bl &
— where op(X)=Xor X LA-P-A C K
Users” Gu
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* Form C := alpha*A*B + beta*C.

DO 90,J=1,N
IF( BETA.EQ.ZERO )THEN
DO50,1=1,M
C(1,J)=ZERO
50 CONTINUE
ELSE IF( BETA.NE.ONE )THEN
DO 60,1=1, M
C(1,J)=BETA*C(1,J)
60 CONTINUE
END IF
DO 80, L=1,K
IF( B( L, J ).NE.ZERO )THEN
TEMP = ALPHA*B(L, J)
DO70,1=1,M
C(1,J)=C(1,J)+ TEMP*A(I, L)
70 CONTINUE
END IF
80 CONTINUE
90  CONTINUE
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MFLOPS
Goto assembly code
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optimization




INumeric Recipes

Numeric Recipes in C — The Art of Scientific Computing, 2" Ed.

— William H. Press, Saul A. Teukolsky, William T. Vetterling, Brian P.
Flannery, Cambridge University Press, 1992.

“This book is unique, we think, in offering, for each topic considered, a
certain amount of general discussion, a certain amount of analytical
mathematics, a certain amount of discussion of algorithmics, and (most
important) actual implementations of these ideas in the form of working
computer routines.

1. Preliminarys
2. Solutions of Linear Algebraic Equations

12. Fast Fourier Transform
19. Partial Differential Equations
20. Less Numerical Algorithms
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#include <math.h>
#define SWAP(a,b) tempr=(a);{al=(b);{(b)=tempr

void fouri(float datall, unsigned long nn, int isign)

Replaces datal[l. .2%nn] by its discrete Fourier transform, if isign is input as 1; or replaces
data[l..2#%nn] by nn times its inverse discrete Fourier transform, if isign is input as —1.
data is a complex array of length nn or, equivalently, a real array of length 2%nn. nn MUST
be an integer power of 2 (this is not checked forl).

{
msigned long n,mmax,.m,j,istep,i;
double wtemp,wr,wpr,wpi,wi,theta; Double precision for the trigonomet-
float tempr,tempi; ric recurrences.

n=nn << 1;

j=1;
for (i=1;i<m;i+=2) { This is the hit-reversal section of the
if (j » i) { routing,
SWAP(dataljl,datalil); Exchange the two complex numbers.
SWAP(datal[j+1] ,datali+1]);
}
m=nmn;
while (m >= 2 & § > m) {
j—=m
m »>= 1;
}
j =

UNIVERSITY



url (cont)

Here begins the Danislson-Lanczos section of the routine.
mmax=2;
while (n > mmax) {
istep=mmax << 1;
theta=isign+(6.28318630717969/ mmax ) ;
wtenp=sin{0.5+thetal;
wnT = =3 (swtamnewtamm :
wpi=sin(thetal;
wr=1.0;
wi=0.0;
for (m=1;m<nmax;m+=2) {
for (i=m;i<=n;i+=istep) {
j=i+mmax ; This is the Danielson-Lanczos for-
tempr=wr*datalj] -wisdatal[j+1]; mula:
tempi=wrdata[j+i]+wixdatalj];
dataljl=datal[i]-tempr;
data[j+1]=data[i+1] -tempi;
datali] += tempr;
data[i+1] += tempi;

Outer loop executed log; nn times.

Initialize the trigonometric recurrence.

Here are the two nested inner loops.

}
WIr=(Wtemp=wr)+Wpr-wis*wpi+ur; Trigenometric recurrence.
Wi=wiswpr+wtemp+wpi4+wi;

+

mmax=istep;




FT Performance

—g— FFTW —1+— FFTFACK Temperton
---@-- SUNPEEF — O Sorensen —»— Baley
—— Ooura ——  Emkar ——  QFT
Creen —o— Singleton —+— HNEF
250
200
o]
; 1:'“'.'."—_
£ ]
= 100
'\1_; —
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:Hj-: et
a0 —
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Array Size
Figure 4: Companison of double precision 1D complex
FFTs on a Sun HPC 5000 {(167MHz UltraSPARC-I). Compiled
with [ec|£77] -native -fast -x05 -dalign. SunOS
5.5.1. Sun WorkShop Compilers version 4.2
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tlas Architecture and Search Parameters
Execute
MFLOPS &
l Measure
L1Size—p NB g T
Detect ATLAS Search —MU, NU, KU—» ATLAS MM Code mini-MMM
Hardware LS > Engine LS > Generator —f Source
Parameters NR. » (mmsearch) ——FF, IF, NF—p (mmcase)
——FMA—p FMA——p

N; — L1 data cache tile size

NCN; — L1 data cache tile size for non-copying version

M,, N, — Register tile size

K, — Unroll factor for k’ loop

L, — Latency for computation scheduling

FMA -1 if fused multiply-add available, 0 otherwise

FF’ IF’ NF - SChedu"n%tg)vfe’g,qggaarch Really Necessary to Generate High-Performance
BLAS?, Proc. IEEE, Vol. 93, No. 2, Feb. 2005




TLAS Code Generation

* Optimization for locality
— Cache tiling, Register tiling

// MMM loop nest [_‘,l'.f'.h"]
// copy full A here
for jE[l: Ng: M]
// copy a panel of B here
for i € [1: Ng: N]
// possibly copy a tile of C here
for ke [l - Ng: h']
J/ mini-MMM loop nest (j',i", k")
for j'€[j: Ny :j+ Ng — 1]
for i €i: My :i+ Ng — 1]
for k' € [li-. Ky k+ Ng — 1]
for K" e[k :1:k 4+ Ky —1]
// micro-MMM loop nest (j7,i")
for j" e [j':1:5 + N —1]
for i"e[i':1:i + My — 1]
C_!_HJ;.-: = CIHJ.H + J':"L_,_-'-'l.:‘.-'-' x BI[__.HJ;.'.-




TLAS Code Generation

* Register Tiling N
— MU + NU + MUxNU < NR mul
* Loop unrolling |1
K mu
 Scalar replacement I °
. . v
* Add/mul interleaving
* Loop skewing mul,
B add.
* Cpp=Cpp + A "By < NB > mul,
R add,
.
ol e B My,
< > addMU><Nu—Ls+2
Al C

addMUXNU
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TLAS Search

- Estimate Machine Parameters (C,, N;, FMA, L,)
— Used to bound search

* Orthogonal Line Search (fix all parameters except one and
search for the optimal value of this parameter)

— Search order
* NB
* MU, NU
- KU
LS
* FF, IF, NF
* NCNB
* Cleanup codes
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sing FFTW

fftw plan plan;
int n = 1024 ;
COMPLEX A[n], Bn];

/* plan the computation */
plan = fftw create plan(n) ;

/* execute the plan */
fftw(plan, A);

/* the plan can be reused */
fftw(plan, B);
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FTW Infrastructure

* Use dynamic programming to
find an efficient way to combine
code sequences.

 Combine code sequences using : :
divide and conquer structure in Right Recursive
FFT 15

* Codelets (optimized code 3 12
sequences for small FFTs)

* Plan encodes divide and
conquer strategy and stores
“twiddle factors” 3 5

* Executor computes FFT of given
data using algorithm described
by plan.




SPIRAL system

DSP transform «--==-=-2- K —--2---Z2.-_-2_--

SPIRAL

user

specifies goes for a coffee

a(\ controls

algorithm generation
—

’

ast algorithm
as SPL formula

1ol
? OMRASY

CPoerQID

code

platform-adapted
implementation

controls
S \implementation options

~

Search Engine

runtime on given platform

comes back

(swojsuely ||lews 1o} 0ssaidss ue 10)
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DSP Algorithms: Example 4-point DFT

Cooley/Tukey FFT (size 4):

a1t 1 1o0og o 1 om o o0 o0m 1 0 oM O O
. .0 (1]
1 i -1 -ig 10 1501005 -1 0 00 0 1
a1 -1 1 -0 0 o0 -1 oO 0o 1 o0 0 1 100 1 O
H—i—li%%)lO—l%)OOi%)Ol—l%)oo
Fourier transform Diagonal matrix (twiddles)
I I

DFT, =(DFT, O 1,) T, W1, O DFT,) 1,

I | I
Kronecker product |dentity Permutation

" algorithms reduce arithmetic cost O(n"*2) -O(nlog(n))
" product of structured sparse matrices
" mathematical notation exhibits structure
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JAlgorithms = Ruletrees = Formulas D=
DCT"
DCT” - PUDCT'? ODCT S HUF,0O1,,,)
/}\
DCT" DCT"”

R Re DCT"" - PIDCT'" TS

DCTz(H) DCT‘«(W) DCTf(II)
A3 | R6 R1
I, DST™
R4 DCTZ(H) DCTZ(IV)
F, R3 | | Re
F, DST{"
il R4 |

N F,

DCT," -
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generated DFT vector Code: Pentium 4, SSE™"

(Pseudo) gflop/s

7

hand-tuned vendor
assembly code

—4— Spiral SSE >
- Intel MKL interl.

FFTW 2.1.3
—+— Spiral C
—=— Spiral C vect
—#— SIMD-FFT

DFT 2" single precision, Pentium 4, 2.53 GHz, using Intel C compiler 6.0

‘ speedups (to C code) up to factor of 3.1



35St DFT Trees, size 2'° = 1024
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‘ trees platform/datatype dependent

Pentium 4 Pentium 4 Pentium Il AthlonXP
float double float float
]
/K 10 Jo_ 10
2 /8\ 2/ \8 A 6 <N
scalar 2 6 7 \ 2 \2 2/ \4 /4\ /6\
/7 \ 2 5 7\ 2 23 3
2 4 7 \ 2 9
/\ 2 3
2 2
10 10 10 1
PN 2/ \8 PN /0\
C vect PANEIPAN 7'\ A PANEPAN
24 2 2 5 2 49 24 2
7N\ 7 \ N\ 7\
2 2 2 3 2 2 2 2
10 10
N\ VAR 10 10
/8\ 2 /9\ 1 5/ \5 5/ \5
SIMD 7 2 7 ANV EN ANV XN
s g 2 32 3 2 32 3
7\ RN
2 3 2 3
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grosstiming of best trees on Pentium 4 =+

5.00

4.50

4.00

3.50

3.00

2.50

2.00

Slowdown factor w.r.t. best

1.00

1.50 1

\

\ -8 Pentium 4 SSE
-#- Pentium 4 SSE2

/AN - AthlonXP SSE
\ /_\/ Pentiumlll SSE
\ /,/ / \-\-\-\ ~=- Pentium 4 float

7/
— A.L*I - = = =
4 5 6 7 8 9 10 11 12 13
n

DFT 2" single precision, runtime of best found of other platforms

‘ software adaptation is necessary
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