1. Equiprojectable decomposition of a variety

2. The split—-and-merge algorithm

L:et’s illustrate it with an example.

® Consider the zmero-dimensional variety defined over Q by
{326x — 104° + b5ly” + 17y~ + 306y* + 102y + 34, v + 69y~ + 2%° + 12}.
The unique decomposition for x << ¢ is A and B (the equiprojectable
decomposition). Modulo p = 7, the zeros can be described by " and /9. The
triangular sets ' and fJ are not the modular images of 4 and 5.
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® We compute from ' and ) the equiprojectable decomposition by the
split—~-and-merge modulo 7:

o C's = y*° + 6yx” + 2y + = D D)o — v+ 6
' — 2 + 622 + B + 2 ’ Iy = x4+ 6
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Framework: Polynomial system solving

This research aims at developing fast algorithms and modular methods to

solve systems of polynomials by way of triangular decomposition.

Why triangular decomposition?

— Classical algorithms for Gribner bases do not make use of geometrical

information; this makes a sharp modular method hard to design.

— Primitive element representation lacks of canonicity.

Among all possible triangular decompositions, the irreducible decomposition

is canonical but does not have good specialization properties.

We introduce a carnonical triangular decomposition adapted to sharp

modular computations:

The equiprojectable decomposition

Outline

Let VV be a zero-dimensional variety defined over . The
equiprojectable decomposition of V is based on a combinatorial

process which splits VV according to cardinalities of projection fibers.

From any triangular decomposition of V', we show how to compute the

equiprojectable decomposition of V by the split-and-merge algorithm.

We show that the equiprojectable decomposition of V has good

specialization properties modulo a prime number p.

Using Hensel lifting techniques, we deduce a modular algorithm for
computing the equiprojectable decomposition of V.

We implement this modular algorithm on top of the RegularChains
library in Maple, and test it with challenging well-known benchmark

problems.
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3. Specialization properties

o Simplified case. First assume that all points of V are in ™.

Theorem 1. If:
(1) p divides no denorminator of the coordinates;
(2) the cardinality of none of the projections of V' decreases mod p;

then the equiprojectable decomposition specializes mod p.
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Note: on this figure assumption (2) does not hold.

® (General case. Under similar assumptions, every coordinate of every point

of V lies in a direct sum 4, & ---FH £, where #, is the ring of p-adic integers.

This implies that V mod p is well defined.

o Estirmates for prirmme of good reduction:

L.et ¥ be a polynomial system with V = V(F). Let 2 be the
maximum number of digits among all coefficients of F', and let & be

the maximum total degree among all monomials of F.

Theorem 2. There exists A € N — {0} such that:
(1) height(.A4) < 2nr?*d*"* 1T (3R + 7log(n + 1) + Brlogd |+ 10).
(2) Ifp is a prime which does not divide A, then the equiprojectable

decornpostiion speciafizes well mod p.

4. A modular algorithm for triangular

decomposition

o Choice of prirmes:

For a determinisiic algorithm the prime p of reduction must be larger

than 4. However, A is often oo {arge for an efficient modular method.

S0, we present a probabilisiic algorithm involving smaller primes:

— the probalility of success is explicitly quantified and can be made
arbitrarily close to 1,

— the choice of p ~ log A leads to more than 9993 of success.

® The modular algorithim:

InpPUT: V zZero-dimensional, smooth and given by F C Qlxi1,..., 2]
with o — FEF.

OuTPUT: The equiprojectable decomposition of ¥V (with a quantified
probalbility).

Random choice of two primes : pq, and p-o
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5. Implementation and experimentation

Table 1: Features of the polynomial systems and prime numbers for the

modular algorithm

CRSNG

== MName Tz Fa A f f el

1 fabfaux 3 3 132 121458749

2 senels & 3 2 303179363351

3 eco6 o 3 0 509110405373

21 Weispfenning-9-4 3 5 0 3441898787

5 Issac97 B 2 2 49056859

o dessin-2 10 2 i 2011551274283

il eco’’ il 3 0 5423767320480

= Heimer-4 ! 5 1 180771302617

o MMethangl 10 2 1 2557305585609

10 LTteshev- Bikker ! 3 3 219737850990

Table 2: Experitmental results from Naple

=SS 25 mod Triangul ari=ze geolve 2 Mod Triangulari=ze geolve
(sec) (=ec) (=ec) (LB (LMBD) (DA
1 27 hl22 1041 o 27 hH e, X
2 1= 2.5 - 5 a B fail
3 50 5 o & 5 L
£ B 100 S000 4950 12 250 Y al
5 161 - 1050 20 fail 31
& 524 - - 141 fail error
i 3795 1593 - 1= 1= fail
= AEBTH - - 35 fail fail
o 6154 =t - 122 - fail
10 27206 — — &1 fail fail

A mod: our modular algorithm for triangular decomposition.

Triangulari=e: non-modular algorithm for triangular decomposition.

gsolwve: decomposition via Grobner bases.

Conclusions

We have introduced a way of encoding the solution set of a polynomaial

system, the Eguiprojectable Decomposition, which has good

computational properties.

algorithm for solving polynomial systems of dimension zero.

problems out of the scope of other comparable solvers.

the poster On the complexiiy of the D5 princepie.

We aim at extending this work to variable specialization

— to speed up modular triangular decompositions,

— to treat systems of positive dimension.

An optimized implementation for our algorithm is in progress.

Using Hensel lifting techniques we desighed an efficient modular

Our experimentation shows the capacity of this approach to solve

Work is in progress on the complexity analysis of splii-and-merge: see



