Comprehensive Triangular Decomposition

François Boulier

Université de Lille 1 59655 Villeneuve d’Ascq Cedex, France

boulier@lifl.fr

Changbo Chen

ORCCA, University of Western Ontario (UWO) London, Ontario, Canada

cchen@orcca.on.ca

Oleg Golubitsky

ORCCA, University of Western Ontario (UWO) London, Ontario, Canada

oleg@orcca.on.ca

François Lemaire

Université de Lille 1 59655 Villeneuve d’Ascq Cedex, France

lemaire@lifl.fr

Marc Moreno Maza

ORCCA, University of Western Ontario (UWO) London, Ontario, Canada

moreno@orcca.on.ca

ABSTRACT

We introduce the concept of comprehensive triangular decomposition for a parametric polynomial system and propose an algorithm for its computation. Using this decomposition, we solve the following problems: describe the sets of all parameter values, for which the system has, respectively, an empty, finite, or infinite set of solutions; partition the finite part into cells, so that in each cell the system has a constant number of solutions (the complex root counting problem). We generalize the Vincent-Collins-Akritas algorithm to solve the real root isolation problem for zerodimensional squarefree regular chains. Combining this algorithm with the comprehensive triangular decomposition, we obtain a solution to the real root counting problem for parametric polynomial systems with real coefficients.

1. INTRODUCTION

Solving polynomial systems with parameters has become an increasing need in several applied areas such as robotics, geometric modeling, stability analysis of dynamical systems and others. For a given parametric polynomial system F , the following problems are of interest:

• compute the values of the parameters for which F has solutions, or has finitely many solutions,

• compute the solutions of F as functions of the parameters,

• provide an automatic case analysis for the number of solutions (or real solutions, when F has real coefficients) of F , depending on the parameter values.

These questions have been approached mainly by Gröbner bases techniques and by the cylindrical algebraic decomposition method.

We show in this paper that all these problems can be solved by ways of triangular decompositions, with standard additional assumptions for the third problem.

Copyright is held by the author/owner(s). ACM 0-89791-88-6/97/05.

Let F be a finite set of polynomials with coefficients in a field K, parameters U = U1, . . . , U_d, and unknowns X = X1, . . . , Xm, that is F ⊂ K[U1, . . . , U_d, X1, . . . , Xm]. Let K be the algebraic closure of K, and let V (F ) ⊂ K^{d+m} be the zero set of F . Let also ΠU be the projection from K^{d+m} on the parameter space K^d.

Our first contribution is to show how to compute a finite partition C of ΠU (V (F )) and a family of triangular decompositions (TC , C ∈ C) in K[U, X] such that for each C ∈ C and for each parameter value u ∈ C the triangular decomposition TC specializes at u into a triangular decomposition TC (u) of V (F (u)) given by regular chains. Moreover, each “cell” C ∈ C is a quasi-algebraic set given by a family of regular systems in K[U]. We call the pair (TC , C ∈ C) a comprehensive triangular decomposition of V (F ), see Section 3.

This is a natural definition inspired by that of a comprehensive Gröbner basis [22] introduced by Weispfenning with the additional requirements proposed by Montes in [12]. From each pair (C, TC ), we can read geometrical information, such as for which parameter values u ∈ C the set V (F (u)) is finite; we also obtain a “generic” equidimensional decomposition of V (F (u)), u ∈ C. Such information is not accessible directly from a comprehensive Gröbner basis. The computation of the comprehensive triangular decomposition (TC , C ∈ C) is also related to the computation of the minimal discriminant variety of V (F ) as defined in [8] for the case where K is the field of complex numbers.

Our second contribution shows that, when K has characteristic zero, a comprehensive triangular decomposition (TC , C ∈ C) of V (F ) can be “refined” into another one, say (SD, D ∈ D), such that for each D ∈ D: either for all u ∈ D the set V (F (u)) is infinite, or for all u ∈ D the set V (F (u)) is finite and the regular chains in SD(u) generate radical and pairwise coprime ideals. This allows us to obtain a case analysis for the number of points in V (F ) depending on the parameter values, see Section 4.

Our third contribution is a generalization of the Vincent- Collins-Akritas algorithm for zerodimensional squarefree (i.e. whose saturated ideal is radical) regular chains, see Section 5. The idea is to build incrementally (variable by variable) boxes in which one and only one solution lies. Unlike the algorithm of Yang and Xia, our method does not rely on the monotonicity assumption (see [23, page 467]). This assumption is needed in [23] in order to evaluate expressions at the vertices of the boxes instead of using interval arithmetics. This is the reason why our method always succeeds, whereas that of [23] may fail and require to try a change of variables.

Combined with the work of [24] for the case K = R, we refine the previous case analysis of the number of complex roots, in order to count only those roots that are real, see Section 6. Note that, in this real root counting, we consider only the cells D ∈ D such that for each u ∈ D the set V (F (u)) is finite.

2. DIFFERENCE AND INTERSECTION OF TRIANGULAR DECOMPOSITIONS

In this section we propose an algorithm called DiffInter for computing the set difference and intersection of two quasialgebraic sets given by triangular decompositions. This algorithm plays a central role in several places in this paper. It is also interesting for itself, since it allows one to compute non-redundant triangular decompositions. In the implementation report [4] we show that this leads to a very efficient process for this problem. The DiffInter algorithm may also be regarded a generalization to positive dimension of the Split algorithm in [6], which also shows very good performance in practice.

Notation 1. Let Y1 < · · · < Yn be n variables. We write Y for Y1, . . . , Yn. Let p ∈ K[Y ] be a non-constant polynomial. Denote by mvar(p) the main variable (or largest variable) of p, by init(p) the initial (or leading coefficient w.r.t. mvar(p)) of p, by sep(p) the separant of p, that is ∂p/∂mvar(p), and by rank(p) the rank of p, that is v^d where v = mvar(p) and d is the degree of p w.r.t. v. For two ranks v^{d1}_1 and v^{d2}_2 we write v^{d1}_1 ≺ v^{d2}_2 whenever either v1 < v2, or v1 = v2 and d1 < d2.

Let F ⊂ K[Y ] be a finite polynomial set. Denote by ⟨F ⟩ the ideal it generates in K[Y ], by p ⟨F ⟩ the radical of ⟨F ⟩ and by V (F ) the zero set (or solution set, or algebraic variety) of F in K^n. For a subset W ⊂ K^n, denote by W its closure in the Zariski topology, that is the intersection of the algebraic varieties V (G) containing W for all G ⊂ K[Y ]. A polynomial p is called regular modulo ⟨F ⟩ if it is neither zero, nor a zero-divisor modulo ⟨F ⟩.

Let T ⊂ K[Y ] be a triangular set, that is a set of nonconstant polynomials with pairwise distinct main variables. Denote by rank(T ) the set of the rank(p) for all p ∈ T . Observe that any two ranks in rank(T ) are comparable by ≺. Given another triangular set S ⊂ K[Y ], with rank(S) ≠ rank(T ), we write rank(T ) ≺ rank(S) whenever the minimal element of the symmetric difference (rank(T ) \ rank(S)) ∪ (rank(S) \ rank(T )) belongs to rank(T ).

Let hT be the product of the initials of T . Denote by W (T ) the quasi-component of T , that is V (T ) \ V (hT ), in other words, the points of V (T ) which do not cancel any of the initials of T . We also define

Z(F, T, p) := V (F ∪ T ) \ V (hT p).

When F is empty we write Z(T, p) instead of Z(F, T, p).

Denote by mvar(T ) the set of the mvar(t) for all t in T . A variable from Y is called algebraic w.r.t. T if it belongs to mvar(T ), otherwise it is called free w.r.t. T . For a variable v ∈ Y we denote by T_{≤v} (resp. T>v ) the subsets of T consisting of the polynomials t with main variable less than or equal to (resp. greater than) v.

Finally, denote by Sat(T ) the saturated ideal of T : if T is empty then Sat(T ) is defined as the trivial ideal ⟨0⟩ otherwise it is the ideal of all p ∈ K[Y ] satisfying the property: there exists an integer e such that h^e_T p belongs to ⟨T ⟩. An important property of Sat(T ) is that its zero set V (Sat(T )) equals W (T ).

Definition 1. A triangular set T is a regular chain if one of the following conditions hold:

• either T is empty,

• or T \ {Tmax} is a regular chain, where Tmax is the polynomial in T with maximum rank, and the initial of Tmax is regular w.r.t. Sat(T \ {Tmax}).

A finite family T of regular chains of K[Y ] is a triangular decomposition of V (F ) if we have

V (F ) = [ T ∈T

W (T ).

Definition 2. Let p be a polynomial and T a triangular set. The iterated resultant of p w.r.t. T , denoted by res(p, T ), is defined as follows:

• if p ∈ K or mvar(p) ∉ mvar(T ) then res(p, T ) = p,

• if mvar(p) ∈ mvar(T ) then res(p, T ) = res(r, T ) where r is the resultant of p and the polynomial of T with the same main variable as p.

Proposition 1. Triangular set T is a regular chain if and only if res(hT , T ) ≠ 0.

Proof. We start by assuming that T counts n elements, in other words, every variable in Y is algebraic w.r.t. T . This case is proved in [25, pp. 44–45].

Now, we reduce the general case to the above zerodimensional one. Let N be the set of the variables of Y that do not belong to mvar(T ). The triangular set T is a regular chain in K[Y ] if and only if it is a zerodimensional regular chain when regarded as a triangular set of K(N)[Y \ N] (where K(N) denotes the field of rational functions with coefficients in K and variables in N). This is Corollary 3.2 in [3]. Similarly, it is easy to check that res(hT , T ) ≠ 0 holds when regarding T in K[Y ] if and only if res(hT , T ) ≠ 0 holds when regarding T in K(N)[Y \ N]. □

Definition 3. Let T be a regular chain in K[Y ] and let p, t, g be three polynomials in K[Y ]. Assume that p and t are non-constant with the same main variable v. Assume that v is larger than any variable appearing in T and assume that init(p) and init(t) are both regular w.r.t. Sat(T ). Then the polynomial g is called a GCD of p and t w.r.t. T if the following three conditions holds:

(G1) the leading coefficient of g w.r.t. v is regular w.r.t.

Sat(T ),

(G2) there exist polynomials a, b ∈ K[Y ] such that g ≡ ap+bt modulo Sat(T ),

(G3) if g is not constant and its main variable is v, then p and t belong to Sat(T ∪{g}).

Notation 2. We list below the specifications of the procedures from the Triade Algorithm [13], implemented in the

RegularChains library in Maple [9] that we shall use in

this article. Let again p, t be polynomials, F a finite set, T a regular chain, and S a triangular set in K[Y ].

• Procedure Regularize(p, T ) returns a family of regular chains T1, . . . , T_k, T_{k+1}, . . . , T_l such that

– for all 1 ≤ i ≤ k the polynomial p is regular modulo Sat(Si),

– for all k < i ≤ l the polynomial p is zero modulo Sat(Ti), and

W (T ) ⊆ l[ i=1 W (Ti) ⊆ W (T ). (1)

• Procedure GCD(p, t, T ) returns pairs (g1, T1), . . . , (g_l, T_l) such that (1) holds and for all 1 ≤ i ≤ l,

– either |Ti| > |T | and gi is undefined, or

– |Ti| = |T | and gi is a GCD of p and t w.r.t. Ti.

• Procedure Triangularize(F, T ) returns a family of regular chains T1, . . . , Te such that

V (F ) ∩ W (T ) ⊆ e[ i=1 W (Ti) ⊆ V (F ) ∩ W (T ).

When T is empty, we write Triangularize(F ) instead of Triangularize(F, T ). When F = {p}, we use the notation Intersect(p, T ) instead of Triangularize(F, T ).

• Procedure Extend(S) returns regular chains T1, . . . , Te satisfying W (S) ⊆

S_e i=1 W (Ti) ⊆ W (S).

Definition 4. Let T be a regular chain, and let h be a polynomial regular w.r.t. Sat(T ). The pair S = (T, h) is called a regular system and the subset Z(S) = Z(T, h) of K^n is called a regular quasi-algebraic set.

Lemma 1. Let (T, h) be a regular system and p ∉ Sat(T ). Then there exists a procedure Intersect(p, T, h) computing regular chains T1, . . . , Te such that (Ti, hhT ) is a regular system, rank(Ti)≺rank(T ) for each i = 1, . . . , e, and

Z(p, T, h) = e[ i=1 Z(Ti, hhT ). (2)

Proof. Let S1, . . . , Sc be the regular chains returned by Intersect(p, T ). From Remark 20 and Proposition 36 in [13] we have rank(Si)≺rank(T ) for all 1 ≤ i ≤ c and

V (p) ∩ W (T ) ⊆ c[ i=1 W (Si) ⊆ V (p) ∩ W (T ).

Consider now regular chains Si,1, . . . , S_{i,ki} , . . . , S_{i,li} , which form the output of Regularize(hhT , Si) for each 1 ≤ i ≤ c. From Theorem 38 in [13] we have rank(Si,j )≺rank(Si) for all 1 ≤ i ≤ c, 1 ≤ j ≤ li and

W (Si) ⊆ li[ j=1 W (Si,j ) ⊆ W (Si).

Therefore, we have

(V (p) ∩ V (T )) \ V (hT h) ⊆^c S i=1 liS j=1 W (Si,j ) \ V (hT h)

⊆ (V (p) ∩ W (T )) \ V (hT h). (3) Since W (T ) ⊆ V (T ) holds, the inclusions in (3) are in fact equalities. Finally, we observe that for ki < j ≤ li, hT h ∈ Sat(Si,j ) and Z(Si,j , hT h) is empty. By setting e =

P_c i=1 ki and renaming Si,j , 1 ≤ i ≤ c, 1 ≤ j ≤ ki into T1, . . . , Te, we obtain (2). □ Based on the above Lemma, we propose an algorithm DiffInter() that, given two regular systems (T, h) and (T^′, h^′), computes the difference and intersection of the corresponding quasi-algebraic sets, that is represents the sets

Z(T, h) \ Z(T^′, h^′), Z(T^′, h^′) \ Z(T, h), Z(T, h) ∩ Z(T^′, h^′)

as finite unions of regular quasi-algebraic sets.

W.l.o.g., we may assume that rank(T ) ⪰ rank(T^′). To obtain the desired algorithm it is clearly sufficient to be able to compute three finite families of regular systems R_\, R∩, and R≺ such that

Z(T, h) = [ (C,p)∈R\∪R∩∪R≺

Z(C, p)

and, for every (C, p) in R_\, R∩, and R≺, we have respectively Z(C, p) ⊂ Z(T, h) \ Z(T^′, h^′), Z(C, p) ⊂ Z(T, h) ∩ Z(T^′, h^′) and rank(C) ≺ rank(T ). Two cases are possible: either Sat(T ) = Sat(T^′) holds or it does not. Case 1. Sat(T ) = Sat(T^′). Then, the product hh^′ is regular w.r.t. Sat(T ), whence (T, hh^′) is a regular system. Observe that

Z(T, h) = ` V (h^′) ∩ Z(T, h) ´ ∪ Z(T, hh^′).

Since Z(T, hh^′) = Z(T^′, hh^′) is a subset of Z(T, h)∩Z(T, h^′), by applying Lemma 1 we can set

R∩ := {(T, hh^′)}, R≺ := Intersect(h^′ , T, h).

Case 2. Sat(T ) ≠ Sat(T^′). There exists a variable v such that Sat(T<v) = Sat(T^′_{<v} ), yet Sat(T_{≤v} ) ≠ Sat(T^′_{≤v} ). Since rank(T ) ⪰ rank(T^′) holds, it cannot be the case that T has a polynomial with main variable v and T^′ does not have such a polynomial. Hence, we consider two sub-cases: v is algebraic w.r.t. both T and T^′, or only w.r.t. T^′. Case 2.1. Let us start with the latter sub-case and let p be the polynomial of T^′ with main variable v. Since init(p) is regular w.r.t. Sat(T^′_{<v} ) and v ∉ mvar(T ), the polynomial p is regular w.r.t. Sat(T ), whence (T, hp) is a regular system. Moreover, Z(T, hp) ⊂ Z(T, h) \ Z(T^′, h^′). Hence, applying Lemma 1 we can set

R_\ := {(T, hp)}, R≺ := Intersect(p, T, h).

Case 2.2. Let us consider now the case where T and T^′ have polynomials p and p^′, respectively, with main variable v. We compute G = GCD(p, p^′, T<v ). From Definition 3 we have

W (T ) ⊆ [ (g,C)∈G

W (C ∪ T_{≥v} ) ⊆ W (T ).

Proceeding as in the proof of Lemma 1 we deduce

Z(T, h) = [ (g,C)∈G

Z(C ∪ T_{≥v} , hhT ).

The pair (C ∪ T_{≥v} , hhT ) is not necessarily a regular system. However, for each gcd pair (g, C) ∈ G, we shall construct two families of regular systems S_\ and S≺ such that by taking their union over all (g, C) ∈ G we obtain the families R_\ and R≺ (the family R∩ remains empty in the present case). By virtue of Definition 3 we consider two sub-cases for each gcd pair: (1) either |C| > |T<v | and g is undefined, (2) or |C| = |T<v |.

Case 2.2.1. |C| > |T_{<v} | holds and g is undefined. Then rank(C) ≺ rank(T ). However C ∪ T_{≥v} may not be a regular chain. So, let T1, . . . , Te be the regular chains returned by Extend(C ∪ T_{≥v} ). Hence we have

W (C ∪ T_{≥v} ) ⊆ e[ i=1 W (Ti) ⊆ W (C ∪ T_{≥v} ).

Let h = h hT hC∪T_{≥v} . It may or may not be the case that h is regular w.r.t. Ti. Computing Regularize(h, Ti) for each 1 ≤ i ≤ e, we obtain regular chains C^′_{i,1}, . . . , C^′_{i,ki} , . . . , C^′_{i,li} . Note that rank(C^′_{i,j} ) ≺ rank(T ). Moreover, proceeding as in the proof in Lemma 1 we have

Z(C ∪ T_{≥v} , hhT ) = e[ i=1 ki[ j=1 Z(C^′_{ij} , h).

Thus we can set S≺ := {(C^′_{ij} , h)}, 1 ≤ j ≤ ki, and S_\ = ∅. Case 2.2.2. |C| = |T_{<v} |. Then C ∪ T_{≥v} is a regular chain (See Section 2 in [13]). If g ∈ K or mvar(g) < v, then the product hg is regular w.r.t. Sat(C ∪ T_{≥v} ), and we can set

S_\ := {(C ∪ T_{≥v} , hg)}, S≺ := Intersect(g, C ∪ T_{≥v} , h).

Otherwise, we have mvar(g) = v. Let q be the pseudoquotient of p by g computed modulo Sat(T<v ). Two cases can happen: (1) q ∈ K or mvar(q) < v; (2) mvar(q) = v. Case 2.2.2.1 mvar(q) = v. From Theorem 7 in [13] we have

W (C ∪ T_{≥v} ) ⊆ W (Dq ) ∪ W (Dg) ∪ V (init(g), C ∪ T_{≥v}) ⊆ W (C ∪ T_{≥v} ),

where Dq := C ∪ q ∪ T>v and Dg := C ∪ g ∪ T>v are regular chains. Let again h = h hC∪T_{≥v} . Observe that h is regular w.r.t. Dq and Dg , and that we have:

Z(C ∪ T_{≥v} , hhT ) = Z(Dq , h) ∪ Z(Dg , h) ∪ ` V (init(g)) ∩ Z(C ∪ T_{≥v} , hht) ´ . Note that rank(Dq ) ≺ rank(T ) and rank(Dg ) ≺ rank(T ). Let S be the family of regular systems given by

S := Intersect(init(g), C ∪ T_{≥v} , h).

Since init(g) is regular w.r.t. C ∪ T_{≥v} , by Lemma 1 we have rank(D) ≺ rank(T ), for all regular system (D, ℓ) in S. Hence, we set

S≺ := {(Dq , h), (Dg , h)} ∪ S.

Case 2.2.2.2. q ∈ K or mvar(q) < v. Proceeding as in the previous case we set

S≺ := {(Dg , h} ∪ S,

where Dg , h and S are defined as above.

This concludes the case analysis, and hence the algorithm.

Corollary 1. Let S be a finite family of regular systems. There exists a procedure MPD(S), where MPD stands for MakePairwiseDisjoint, computing a finite family of regular systems D such that the following conditions hold:

(D1) for all D ≠ D^′ in D, we have Z(D) ∩ Z(D^′) = ∅,

(D2) S S∈S Z(S) = S D∈DZ(D).

Proof. We prove the statement by induction on the size of S and the maximal rank of a regular chain T , where (T, h) is in S. For S consisting of a single regular system, we set D = S.

Let Smin = (T, h) be a regular system in S with the lowest rank(T ). By the inductive assumption, we can compute D^′ = MPD(S \ {Smin}). Applying algorithm DiffInter() to Smin and every D ∈ D^′, we represent the difference Z(Smin)\ S S∈S\{Smin} Z(S) as a union of quasi-algebraic sets defined

by a family S^′ of regular systems.

Two cases are possible:

Case 1. rank(T ) is strictly less than the maximal rank of C, where (C, p) is in S. Then it follows from the description of the algorithm DiffInter() that for every regular system (T^′, h^′) ∈ S^′, rank(T^′) ⪯ rank(T ). In particular, this holds for regular systems (T^′, h^′) ∈ S^′ with the maximal rank(T^′). Hence, one can compute D^{′′} = MPD(S^′) by the inductive assumption and obtain MPD(S) := D^′ ∪ D^{′′}.

Case 2. For all regular systems (C, p) in S, rank(C) = rank(T ). We partition the set of variables Y into two subsets: M = mvar(C) and N = Y \ mvar(C). Note that M and N are independent of the choice of (C, p) ∈ S. Then we consider S as a family of zero-dimensional regular systems in K(N)[M]. As such, they have finitely many solutions in K(N). We proceed by induction on the number of these solutions. Again two cases are possible:

Case 2.1. For each S ∈ S \{S_{min}}, Z(S)∩Z(S_{min}) = ∅ (this condition can be checked by applying algorithm DiffInter() to S and Smin in K(N)[M]). Then MPD(S) := D^′ ∪ {Smin}. Case 2.2. There exists S ∈ S \ {S_{min}} such that Z(S) ∩ Z(Smin) ≠ ∅. Then we have | S S′∈S′ Z(S

′)| < | S S∈S Z(S)| in K(N)[M]. Thus D^{′′} := MPD(S^′) can be computed by the inductive assumption, yielding MPD(S) := D^′ ∪ D^{′′}. □

3. COMPREHENSIVE TRIANGULAR DE- COMPOSITIONS

In this section we introduce the concept of comprehensive triangular decomposition of an algebraic variety. We propose an algorithm for computing this decomposition and apply it to compute the set of all parameter values at which a given parametric system has an empty or an infinite set of solutions. In subsequent sections, we will also count the number of complex and real points in the complement of this set.

Notation 3. From now on, we assume that n = m + d, the variables Y1, . . . , Y_d are renamed U1, . . . , U_d and viewed as parameters, whereas Y_{d+1}, . . . , Yn are renamed X1, . . . , Xm and regarded as unknowns.

If the polynomial set F ⊂ K[Y ] involves polynomials from K[U] only, we denote by V^U (F ) its variety in K^d. Similarly, if the regular chain T ⊂ K[Y ] involves polynomials from K[U] only, we denote by W^U (F ) its quasi-component in K^d.

Notation 4. Let p ∈ K[U][X] be a polynomial. We denote by V^U (p) the variety of K^d, consisting of the common roots of the coefficients of p, when p is regarded as a polynomial with variables in X and coefficients in K[U]. Then, we define V^U (F ) as the intersection of all V^U (p) for p ∈ F .

For u ∈ K^d, we denote by p(u) the polynomial of K[X] obtained by evaluating p at U1 = u1, . . . , U_d = u_d. Clearly, for all u ∈ K^d, the polynomial p(u) is identically null iff u ∈ V^U (p). Then, we denote by F (u) the set of all non-zero p(u) for p ∈ F .

A natural question is to describe the points u of K^d for which the specialized system F (u) admits a finite positive number of solutions in K^m. This question is formalized by the following definition.

Definition 5. The discriminant set of F is defined as the set of all points u ∈ K^d for which V (F (u)) is empty or infinite.

Definition 6. The defining set of T w.r.t. U, denoted by D^U (T ), is the constructible set of K^d given by

D^U (T ) = V^U (T_{≤Ud} ) \ V^U (res(hT , T>U_d )).

We say that the regular chain T specializes well at u if T (u) is a regular chain in K[X] such that rank(T (u)) = rank(T \ K[U]).

Remark 1. If T specializes well at U, then u ∈ V^U (T_{≤Ud} ).

Proposition 2. Regular chain T specializes well at u ∈ K^d if and only if u ∈ D^U (T ).

Proof. Assume that u ∈ D^U (T ). Then for T^′ = T ∩ K^d[U], we have T^′(u) = 0 and res(hT , T>U_d )(u) ≠ 0. This implies rank(T (u)) = rank(T \ K[U]). Moreover, we have res(hT (u), T>U_d (u)) ≠ 0, which by Proposition 1 means that T (u) is a regular chain.

Assume that T (u) is a regular chain with rank(T (u)) = rank(T \ K[U]). By Remark 1, we have u ∈ V^U (T_{≤Ud} ). Moreover, by Proposition 1, res(hT (u), T>U_d (u)) ≠ 0. Therefore, res(hT , T>U_d )(u) ≠ 0, that is u ∉ V^U (res(hT , T>U_d )). Thus, u ∈ D^U (T ). □

Corollary 2. If X ⊆ mvar(T ), then for all u ∈ D^U (T ), the quasi-component W (T (u)) is non-empty and finite.

Proof. Applying Proposition 2, we conclude that T (u) is a regular chain in K[X] with m elements, which implies the Corollary. □

Definition 7. The comprehensive quasi-component of T w.r.t. U, denoted by WC (T ), is defined by

WC (T ) = V (T ) \ V^U (res(hT , T )).

Definition 8. A comprehensive triangular decomposition of V (F ) is given by

1. A finite partition C of ΠU (V (F )),

2. for each C ∈ C a set of regular chains TC of K[U, X] such that for u ∈ C each of the regular chains T ∈ TC specializes well at u and we have for all u ∈ C

V (F (u)) = [ T ∈C

W (T (u)).

We will compute the above comprehensive triangular decomposition with the help of the following auxiliary concept:

Definition 9. A pre-comprehensive triangular decomposition of V (F ) is a family of regular chains T satisfying the following property: for each u ∈ K^d, let Tu be the subfamily of all regular chains in T that specialize well at u; then

V (F (u)) = [ T ∈Tu

W (T (u)).

Algorithm 1 TriangularizeC (F ) Input: A finite set F ⊂ K[U, X].

Output: A pre-comprehensive triangular decomposition of V (F ).

1: T ← Triangularize(F ) 2: while T ≠ ∅ do 3: let T ∈ T , T ← T \ {T } 4: Output T 5: G:= coefficients(res(hT , T ), U) 6: T := T ∪ Triangularize(G, T ) 7: end while

Proposition 3. Algorithm 1 computes a pre-comprehen-sive triangular decomposition of V (F ).

Proof. The loop satisfies the following invariant: the union of all W (T ), where T ranges over T , and of the W (T^′), where T^′ ranges over the current output, equals V (F ). Indeed, the invariant holds at the beginning, when the output is empty; and for the regular chain T taken from T at the current iteration, we have W (T ) \ WC (T ) = V (G) ∩ W (T ). Then, correctness of the algorithm follows from the fact that at the end T = ∅.

The algorithm terminates, because polynomials in G do not involve the main variables of T , whence the dimensions of the regular chains computed by Triangularize(G, T ) are strictly less than that of T . □

Theorem 1. If T is a pre-comprehensive triangular decomposition of V (F ), then the following is the discriminant set of F : 0 B B B @ [ T ∈ T X ⊈ mvar(T )

DU (T ) 1 C C C A ∪ 0 B B B @ \ T ∈ T X ⊆ mvar(T )

K^d \ DU (T ) 1 C C C A .

Proof. By Proposition 2, for every parameter value u ∈ K^d, the set {T (u) | T ∈ T and u ∈ DU (T )} is a triangular decomposition of V (F (u)) into regular chains. In particular, if there exists no T ∈ T such that u ∈ DU (T ) holds, then V (F (u)) = ∅.

Therefore, u yields finitely many solutions (and at least one) if and only if the following conditions hold:

• u belongs to at least one DU (T ) such that X ⊆ mvar(T ), i.e., T (u) is a zero-dimensional regular chain.

• u does not belong to any DU (T ) such that X ⊈ mvar(T ), i.e., T (u) is a positive-dimensional regular chain. □

4. COMPLEX ROOT COUNTING

In this section we assume that K has characteristic zero. Having computed the discriminant set of F , we are going to partition its complement (which is the set of parameter values for which F (u) has a finite positive number of solutions) into disjoint cells such that

• Every cell equals Z(S) for a regular system S in K[U].

• For all u within a single cell, |V (F (u))| is constant.

We achieve the last condition as follows: to every cell we associate a family of regular chains T1, . . . , T_k which in that cell specialize well to zerodimensional regular chains T1(u), . . . , T_k(u) such that the ideals Sat(Ti(u)) are radical, the sets W (Ti(u)) are disjoint, and their union equals V (F (u)).

Proposition 4. Let T be a regular chain. Then Sat(T ) is radical if and only if res( Q p∈T sep(p), T ) ≠ 0.

The proof of the above statement follows the lines of the proof of Proposition 1 and is omitted. For shortness, in this section hT will denote the product of initials and separants of T . With this in mind, the meanings of D^U (T ) and WC (T ) change accordingly.

Corollary 3. Let T be a regular chain in K[U][X] and u ∈ K^d. Then T specializes well at u and Sat(T (u)) is radical iff u ∈ D^U (T ). In this case, we say that T specializes radically well at u.

Replacing “specializes well” by “specializes radically well” in Definition 9, we obtain the notion of radical pre-com-prehensive triangular decomposition. Such a decomposition can be computed by Algorithm 1, keeping in mind that now Triangularize(F ) must return a set of regular chains whose saturated ideals are radical (such option is available in the

RegularChains library), and hT is redefined as the product

of initials and separants of T . We note also that, as an input to Algorithm 1, in addition of a set of generators F one could provide a regular chain T , in which case the output will satisfy

V (F ) ∩ WC (T ) ⊆ e[ i=1 WC (Ti) ⊆ V (F ) ∩ WC (T ).

We rename TriangularizeC () into IntersectC (), whenever the input set of generators consists of a single element. Having done so, we readily obtain algorithms ExtendC () and RegularizeC (), whose specifications can be obtained from their customary analogues by replacing W with WC .

For a regular system (T, h), where Sat(T ) is radical, define ZC (T, h) := V (T )\V^U (res(hhT , T )). Using the above family of “comprehensive” algorithms, we first modify Lemma 1 so that (2) becomes

ZC (p, T, h) = e[ i=1 ZC (Ti, hhT ).

This gives us the procedure IntersectC (p, T, h), which is now applicable to regular systems. Next, we apply this procedure to modify algorithms DiffInter() and MPD() into their “comprehensive” versions (the changes in specifications and proofs amount to adding subscript C where appropriate).

Now let S :=MPDC (TriangularizeC (F )). We have that for all regular systems S, S^′ ∈ S, ZC (S) ∩ ZC (S^′) = ∅, and V (F ) = S S∈S ZC (S). This guarantees that, for every u ∈ K^d, we have a partition V (F (u)) = S S∈S′u ZC (S(u)),

where S^′_u is the set of all regular systems (T, h) ∈ S such that (T, h) specializes radically well at u (i.e., T (u) specializes radically well at u and h(u) is regular w.r.t. T (u)).

Finally, to solve the complex root counting problem, we extract the subfamily S^′ ⊆ S of regular systems (T, h) satisfying X ⊆ mvar(T ) (by Theorem 1 we know that regular systems not in S^′ contribute only to the discriminant set of V (F )). Systems in S^′, whenever they specialize radically well at u, yield (T (u), h(u)), where T (u) is a zerodimensional radical regular chain in K[X] and h(u) ∈ K[X] is regular w.r.t. T (u). Hence, Z(T (u), h(u)) = W (T (u)) is a finite set, whose cardinality does not depend on u. This allows to determine for each u the number of distinct complex roots of V (F (u)) by counting the number of points in W (T (u)) for each (T, h) ∈ S^′ that specializes radically well at u and adding up these numbers.

Now, for every S = (T, h) ∈ S^′, we have the defining set

D^U (S) := V (T ∩ K[U]) \ V^U (res(hhT , T )).

Note that since X ⊆ mvar(T ), the above resultant is a polynomial in K[U] regular w.r.t. the regular chain T^′ = T ∩ K[U]. Thus, we can form the defining regular system S^′ = (T^′, res(hhT , T )). We have: u ∈ Z(S^′) iff (T, h) specializes radically well at u.

Applying algorithm MPD() to the family of defining regular systems for all S ∈ S^′, we obtain a partition D of the complement of the discriminant set into a disjoint union of quasi-algebraic sets defined by regular systems in K[U]. Moreover, to each regular system D ∈ D, we can associate the subfamily SD of all regular systems S = (T, h) ∈ S^′ such that for their defining systems S^′ we have Z(S^′) ⊆ Z(D). This can be done without checking inclusion of quasialgebraic sets (though the latter is not so hard), since MPD() computes differences and intersections, which can be unambiguously classified as subsets of the original sets.

We have obtained (SD, D ∈ D), a solution to the complex root counting problem: a partition D of the complement of the discriminant set into quasi-algebraic sets defined by regular systems, where each regular system D ∈ D is associated with a finite family of regular systems from S^′ that specialize radically well in D. Note that, as was observed above, whenever (T, h) ∈ S^′ specializes radically well, Z(T (u), h(u)) = W (T (u)) holds. Thus, component h in the regular systems can be disregarded and we obtain the solution to the complex root counting problem in its original formulation at the beginning of the section.

In the next section we propose an algorithm for the problem of real root isolation for non-parametric zerodimensional regular chains. In particular, this allows to count the number of real roots of such a regular chain. In Section 6, this algorithm is combined with the decomposition obtained in the present section, in order to solve the real root counting problem for arbitrary parametric polynomial systems. In what follows, it is assumed that K = R, the field of real numbers.

5. REAL ROOT ISOLATION OF A ZERODI- MENSIONAL REGULAR CHAIN

We generalize the Vincent-Collins-Akritas algorithm to zerodimensional squarefree regular chains. The idea is to build incrementally (variable by variable) boxes in which one and only one solution lies. It basically amounts to applying the Vincent-Collins-Akritas to polynomials with algebraic coefficients defined by a regular chain. The main algorithm rootIsolate takes a zerodimensional squarefree regular chain T as an input and returns a list of boxes (Cartesian products of intervals) such that each root of T lies in one and exactly one box (as a byproduct, rootIsolate counts the number of roots). It has been coded in Maple on top of the

RegularChains library.

Techniques used in this section are mainly based on the work of Renaud Rioboo [15, 16]. However, the way it is presented here focuses more on finding isolation boxes than computing with algebraic numbers. For this reason, we believe it is an interesting complement to [15, 16]. Among many other approaches based on different or related techniques, one can quote [10, 17, 14, 23].

After recalling the Vincent-Collins-Akritas algorithm in 5.1 and introducing definitions in 5.2, we present the algorithm rootIsolate and its subalgorithms in 5.3. We finish the section with some implementation and optimization issues.

5.1 The Vincent-Collins-Akritas algorithm

The Vincent-Collins-Akritas algorithm (also referred to as the Uspensky algorithm [20]) isolates the real roots of a squarefree polynomial (with rational coefficients) with an arbitrary precision. This algorithm is due to Vincent [21], and has been improved in [5], and also more recently by [18]. A basic version (algorithm 2) is recalled here, as a first step to its generalization in 5.3.

Definition 10. Let V be a finite set of t real points. A list I1, . . . , It is an interval decomposition of p if each Ii is either an open rational interval ]a, b[ or a rational singleton {a}, if Ii ∩ Ij = ∅ when i ≠ j and if each element of V lies in one and exactly one Ii.

Algorithm 2 rootIsolateVCA(p) Input: p squarefree polynomial of Q[x] with t real roots Output: an interval decomposition of the roots of p 1: H ← a strict bound on the roots of p 2: return rootIsolateAuxVCA(p, ] − H, H[)

In algorithm 2, there are different ways to compute a strict bound H (in the sense that any root α of p satisfies |α| < H). For example, if p =

P_d i=0 aix^i, take H =^1_{|ad|}

P_d i=0 |ai|. For sharper bounds, see for example [1].

The main arguments for the correctness of algorithm 2 are the following. First the bound computed by algorithm 4 relies on Descartes’ rule. Moreover it is an exact bound when equal to 0 and 1. Second the value returned by algorithm 4 will eventually be 0 or 1 (when the intervals are small enough) since the polynomial p is squarefree.

5.2 Definitions and notations

In this section, a zerodimensional squarefree regular chain is called a zs-rc.

Definition 11. An s-box (or box) B is a Cartesian product B = I1 × · · · × Is where each Ii is either a rational open

Algorithm 3 rootIsolateAuxVCA(p, ]a, b[) Input: p squarefree polynomial in Q[x] and a < b rational Output: an interval decomposition of the roots of p which lie in ]a, b[ 1: nsv ← boundNumberRootsVCA(p, ]a, b[) 2: if nsv = 0 then 3: return ∅ 4: else if nsv = 1 then 5: return ]a, b[ 6: else 7: m ← (a + b)/2 res ← ∅ 8: if p(m) = 0 then res ← {m} end if 9: return res ∪ {rootIsolateAuxVCA(p, ]a, m[), rootIsolateAuxVCA(p, ]m, b[)} 10: end if

Algorithm 4 boundNumberRootsVCA(p, ]a, b[) Input: p ∈ Q[x] and a < b rational Output: A bound on the number of roots of p in the interval ]a, b[.

1: p̄ ← (x + 1)^d p

“_{a x+b} x+1 ” where d is the degree of p in x

2: denote p̄ =

P_d i=0 aix^i 3: a^′_e, . . . , a^′_0 ← the sequence obtained from a_d, . . . , a0 by removing zero coefficients 4: return the number of sign variations in the sequence a^′_e, . . . , a^′_0

interval ]a, b[ (a and b are rational) or a singleton {a} with a rational. The width of B, denoted by |B|, is defined as the maximum of the |Ii| where |Ii| = 0 if it is a singleton and b − a if Ii =]a, b[.

Definition 12. Let B = I1 × · · · × Is be an s-Box and p ∈ Q[x1, . . . , xs]. Using the three basic operations (×,−,+) defined in interval arithmetics, one can evaluate the polynomial p over the box B with x_k ∈ I_k. One thus obtains a guaranteed interval I such that p(v) ∈ I for any v ∈ B. Different variants for evaluation exist. In this paper we do the evaluation after “expanding” p and we denote it evalBox(p, B).

Definition 13. Let T = {p1, . . . , ps} be a zs-rc such that mvar(p_k) = x_k and B = I1 × · · · × Is be an s-box. We say (B, T ), satisfies the Dichotomy Condition (or DC) if:

• one and only one root of T lies in B

• if I1 =]a, b[ then p1(x1 = a) and p1(x1 = b) are nonzero and have opposite signs

• for each 2 ≤ k ≤ s if I_k =]a, b[ then the two intervals evalBox(p_k(x_k = a), B) and evalBox(p_k(x_k = b), B) both do not meet 0 and have opposite signs.^1

Definition 14. Let V be a finite set of t points of R^s. A list B1, . . . , Bt of s-boxes is called a box-decomposition of V if each point of V lies in exactly one Bi and if Bi ∩ Bj = ∅ when i ≠ j. If T is a zs-rc, we call box-decomposition of T a box-decomposition of V (T ).

1the sign of an interval not meeting zero is just the sign of any element of it

Definition 15. A task M = task(p, ]a, b[, B, T ) satisfies: T is a regular chain in {x1, . . . , xs}, p ∈ Q[x1, . . . , xs+1], T + p is a regular chain, B is an s-box, (B, T ) satisfies DC, and a < b rational. The solution of M denoted by Vt(M) is defined as the set V (T + p) ∩ B×]a, b[ (i.e. the solutions of T + p which prolong the root in B and whose component xs+1 lies in ]a, b[).

5.3 Algorithms

We present here the main algorithm rootIsolate which isolates the roots of a zerodimensional squarefree regular chain. Only elements of proofs are given but focus has been made on specifications. In this section, we suppose n > 1.

The algorithms presented here use the mechanism of exceptions which is available in a lot of programming languages (Ada, C++, Common Lisp, Java and Maple). We find it really appropriate in our case for the following reason. Doing computations using the D5 principle [7] can be seen as doing computations as if we were computing over a field. When a zero divisor is hit (leading to a splitting), we raise an exception exhibiting the splitting. This exception can then be caught to restart computations. This shortens and makes clearer^2 the algorithms presented here, although the reader needs to be familiar with exceptions. Algorithm 5 is the only one which directly throws exceptions.

Algorithm 5 checkZeroDivisor(p, T ) Input: T a zs-rc in {x1, . . . , xs} and p ∈ Q[x1, . . . , xs] Output: One of the two cases happens:

• p is regular w.r.t (T ) and it terminates normally

• p is not regular w.r.t T and an exception is thrown exhibiting t zs-rc T1, . . . , Tt such that:

C1 V (T1) ∪ · · · ∪ V (Tt) = V (T ) C2 P_t i=1 sumDegrees(Ti) ≤ sumDegrees(T ).

1: T1, . . . , Tt ← Regularize(p, T ) 2: if p belongs to at least Ti then 3: throw expection(T1, . . . , Tt) 4: end if

Algorithm 5 checks whether p is regular w.r.t T or not. It returns normally if p is regular or raises an exception otherwise. Algorithm 5 will be called whenever we need a polynomial to be regular. It returns a list of zs-rc T1, . . . , Tt such that for each Ti, p either belongs to (Ti) or is regular w.r.t Ti. Moreover T1, . . . , Tt is (what we call) a splitting of T , which in dimension 0 amounts to the two conditions C1 and C2 of the output of algorithm 5 (where sumDegrees(T ) denotes the sum of the main degrees of the elements of a regular chain T ).

Algorithm 6 is able to refine a box containing a root by dividing its width by 2. It is simply the generalization of the dichotomy process for splitting in two an isolating interval of a root of a function depending on one variable. The algorithm is not detailed here for brevity. The main idea is to divide each interval Ii of B = I1 × · · · × Is by two while keeping the DC condition.

2without using exceptions, splitting would have to be handled basically each time a function returns a value

Algorithm 6 refineBox(B, T ) Input: T is a zs-rc in {x1, . . . , xs}, (B, T ) satisfies DC and |B| > 0 Output: An s-box B̄ such that |B̄| ≤ |B|/2, B̄ ⊂ B and (B̄, T ) satisfies the DC

Algorithm 7 rootIsolate(T ) Input: T is a zs-rc Output: A box-decomposition B1, . . . , Bp of T 1: I1, . . . , It ← rootIsolateVCA(Tx_1 ) 2: toDo ← {(T>x_1 , (Ii, T_{≤x1} ))}_{1≤i≤t} 3: res ← ∅ 4: while toDo ≠ ∅ do 5: pick and remove a (T>x_i , (B, T_{≤xi} )) from toDo 6: B^′_1, . . . , B^′_t′ ← solveNewVar(Tx_{i+1} , B, T_{≤xi} ) 7: if xi+1 = xn then 8: res ← res ∪ {B^′_1, . . . , B^′_t′ } 9: else 10: toDo ← toDo ∪ {(T<x_{i+1} , (B^′_j , T_{≥xi+1} ))}_{1≤j≤t}′ 11: end if 12: end while 13: return res

Algorithm 7 is a generalization of algorithm 2 for a zs-rc. Line 1 isolates the roots of the univariate polynomial Tx_1 . The variable toDo is a set of (T>x_i , (B, T_{≤xi} )) which have the property: (B, T_{≤xi} ) satisfies DC. It means that (B, T_{≤xi} ) represents one (and only one) root of T_{≤xi} . The set T>x_i simply is the set of polynomials which have not be solved yet. Algorithm 7 calls algorithm 8 (which allows to solve one new variable) until all variables are solved. Note that algorithm 7 could be followed by a refinement of each returned box so that the width of each box is smaller than a given precision.

Also remark that any raised exception will hit the algorithm 7 since none of the algorithms presented here catches any exception. It is however very easy to adjust algorithm 7 so that it would catch exceptions and recall itself on each regular chain returned by the splitting. The recursion will eventually stop because of condition C2 of algorithm 5 (i.e. splittings can not occur indefinitely).

Algorithm 8 finds the roots of p (seen as univariate in xs+1) that “prolong” the root which lies in B. Line 1 always terminates. Indeed, ip is regular w.r.t. T , so it does not vanish on any root of T . Thus, ultimately, B^′ will be small enough so that 0 /∈ evalBox(ip, T ). Refining the box is needed to compute the bound H.

The bound H at line 2 can be computed in the following way. Denote p =

P_d i=0 aix^i_{s+1} and Ai = evalBox(ai, B^′).

Then take H =^1_{min |Ad|}

P_d

i=0(max |Ai|) where min |Ai| (resp.

max |Ai|) denote the minimum (resp. maximum) of the modulus of the bounds of the interval Ai. The rest of the algorithm is based on algorithm 9 which transforms tasks into new tasks and boxes.

Algorithm 9 is a generalization of algorithm 3. The cases nsv = 0 or 1 are straightforward. When nsv > 1, one needs to split the interval ]a, b[ in two, yielding the two tasks returned line 12. Lines 8-11 corresponds to the lines 7-8 of the algorithm 3. Indeed, checking whether p(m) is zero or not is transformed into checking if p^′ lies in (T ) or is not a zero divisor modulo T .

Algorithm 8 solveNewVar(p, B, T ) Input: T is a zs-rc in {x1, . . . , xs}, p ∈ Q[x1, . . . , xs+1] and T + p is a regular chain and (B, T ) satisfies DC Output: a box-decomposition of the roots (x^0_1, . . . , x^0_{s+1}) of T + p such that (x^0_1, . . . , x^0_s) is the root of T which lies in B.

1: refine B into a box B^′ such that 0 /∈ evalBox(ip, B^′) 2: compute a bound H on the roots of p(x^0_1, . . . , x^0_s, xs+1) 3: toDo ← {task(p, ] − H, H[, B^′, T )} 4: res ← ∅ 5: while toDo ≠ ∅ do 6: pick and remove a task M from toDo 7: for all e in solveTask(M) do 8: if e is a box then res ← res ∪ {e} 9: else toDo ← toDo ∪ {e} 10: end if 11: end for 12: end while 13: return res

Algorithm 9 solveTask(M) Input: A task M = task(p, ]a, b[, B, T ) where T is a zs-rc in {x1, . . . , xs} Output: One of the following cases:

• ∅ which means Vt(M) = ∅

• a box B^′ such that (B^′, T + p) satisfies DC and B^′ is a box-decomposition of Vt(M), which means Vt(M) is composed of only one point

• two tasks M1 and M2 such that Vt(M1) and Vt(M2) forms a partition of Vt(M)

• two tasks M1 and M2 plus a box B^′ such that (B^′, T +p) satisfies DC and the three sets Vt(M1), Vt(M2) and {x^0} form a partition of Vt(M), where x^0 denotes the only root of T + p which lies in B^′

1: nsv, B^′ ← boundNumberRoots(M) 2: if nsv = 0 then 3: return ∅ 4: else if nsv = 1 then 5: refine B^′ until (B^′×]a, b[, T + p) satisfies DC 6: return B^′×]a, b[ 7: else 8: m ← (a + b)/2 res ← ∅ p^′ ← p(xs+1 = m) 9: if p^′ ∈ (T ) then res ← {B^′ × {m}} 10: else checkZeroDivisor(p^′, T ) 11: end if 12: return res∪ {task(p, ]a, m[, B^′, T ), task(p, ]m, b[, B^′, T )} 13: end if

Algorithm 10 boundNumberRoots(M) Input: A task M = task(p, ]a, b[, B, T ) where T is a zs-rc in {x1, . . . , xs} Output: (v, B^′) such that :

• B^′ ⊂ B and (B^′, T ) satisfies DC

• v is a bound on the cardinal of Vt(M). The bound is exact if v = 0 or 1.

1: p̄ ← (xs+1 + 1)^d p “ xs+1 =^{a xs+1 + b}

xs+1 + 1 ” with d = mdeg(p)

2: denote p̄ =

P_d i=0 aix^i_{s+1} 3: a^′_e, . . . , a^′_0 ← the sequence obtained from a_d, . . . , a0 by removing the ai which belong to (T ).

4: for all a^′_i do checkZeroDivisor(a^′_i, T ) end for 5: B^′ ← B 6: while there is an a^′_i such that 0 ∈ evalBox(a^′_i, B^′) do 7: B^′ = refineBox(B^′, T ) 8: end while 9: return the number of sign variations of the sequence evalBox(a^′_e, B^′), evalBox(a^′_{e−1}, B^′), . . . ,evalBox(a^′_0, B^′)

Algorithm 10 is a generalization of algorithm 4. One discards the coefficients of p^′ which lie in (T ) because they cancel on the solution v which is in B. One also ensures that the other coefficients (the a^′_i) are not zero divisors, so they cannot cancel on v. Thus the loop at lines 6-8 always terminates. Moreover, this guarantees that the number of sign variations is correct. Please note that the sequence a^′_e, . . . , a^′_0 is never empty. Indeed if all coefficients of p̄ were in (T ), then all coefficients of p would also lie in (T ) (impossible since ip is regular w.r.t. T ).

5.4 Implementation/optimizations

The algorithm rootIsolate has been coded in Maple on top of the RegularChains library using exceptions. We discuss some possible optimizations.

As suggested by Fabrice Rouillier (private communication), it would certainly speed up the algorithm to use multiple-precision floating-point computations with exact rounding (as provided by the MPFI library [19]) instead of rational numbers.

Exceptions could be caught sooner so one does not lose the computations already done. To do so, one needs to modify all algorithms in such a way that each box B is associated to a regular chain T which defines the root v which lies in B. Moreover, when working with a couple (B, T ) which satisfies DC, if T is split into T1, . . . , Ts, one would need to replace (B, T ) by the right (B, Ti) which also defines the root v as done in [16, page 528].

By slightly modifying algorithms 8 and 9, one could always call algorithm 10 with a = 0 and b = 1. The goal is to replace the costly operation (xs+1 +1)^d p “ xs+1 =^{a xs+1 + b}

xs+1 + 1 ” by substitutions of the form p(xs+1 = xs+1/2), p(xs+1 = 1/xs+1) and p(xs+1 = xs+1 + 1) which can be written very efficiently. This is done in our code.

A main concern is the growth of the numerators and denominators of the bounds of the isolation boxes. Thus, we want to refine the boxes in a controlled way, as the two next paragraphs suggest.

First, the algorithm 6 can be written carefully. It could be parametrized by a set of indeterminates for which the box needs to be refined (for example if we want to refine a box B so that 0 /∈ evalBox(x^2_1 + x4, B), it is unnecessary to refine the box for the variables x2 and x3).

Second, the algorithms presented here would remain correct if the last two conditions of the dichotomy condition were dropped. This argument could be used to write a smarter version of algorithm 6. However, we have no idea of how to do so, because using the dichotomy principle to refine the boxes basically amounts to ensuring the three conditions of the dichotomy condition.

Finally one could also optimize the way the tasks are handled. Indeed, in the tree of computations, a refinement at one node could be used by all the branches starting from the node. This would greatly reduce the number of refinements.

6. REAL ROOT COUNTING

We will use the decomposition that solves the complex root counting problem (see Section 4) to count real roots of a given parametric system F ⊂ K[U][X]. We rely on Theorem 4.1 in [24], which can be summarized as follows. Given a regular chain T ⊂ K[U][X] with mvar(T ) = X, one can construct a set of polynomials P (T ) ⊂ K[U] such that for every u ∈ K^d at which T specializes radically well, the number of points in W (T (u)) ∩ K^m is uniquely determined by the signs of polynomials in P (T ) at u.

Definition 16. [24, Definition 3.5] Given two polynomials g(x) and f(x) = a0x^n +a1x^{n−1} +· · ·+an with coefficients in some ring, let r(x) = b0x^{n−1} + b1x^{n−2} + · · · + bn−1 be the pseudo-remainder of (df/dx) · g w.r.t. f. The following 2n × 2n matrix 2 6 6 6 6 6 6 6 4 a0 a1 a2 · · · an 0 b0 b1 · · · bn−1 a0 a1 · · · an−1 an 0 b0 · · · bn−2 bn−1 · · · · · · · · · · · · a0 a1 a2 · · · an 0 b0 b1 · · · bn−1

3 7 7 7 7 7 7 7 5

is called the generalized discriminant matrix of f with respect to g and denoted by Discr(f, g).

If f and g are multivariate polynomials, then Discr(f, g) is defined as above by considering f and g as polynomials in the highest variable occurring in them with coefficients that are polynomials in the remaining variables.

The following is [24, Definition 3.6], slightly simplified for our purposes.

Definition 17. The sequence

GDL(f, g) := [D1(f, g), D2(f, g), · · · , Dn(f, g)]

of even order principle minors of Discr(f, g) is called the generalized discriminant sequence of f with respect to g.

Notation 5. [24, Section 4] Given a regular chain T with mvar(T ) = X. We define P (T ) inductively (assuming that the product of elements of the empty set equals 1):

Pn+1 := ∅

Pi := [ Q⊆Pi+1

GDL(fi, Q q∈Q q), i = n, · · · , 1

P (T ) := P1.

The following is a reformulation of [24, Theorem 4.1].

Theorem 2. Let T ⊂ K[U][X] be a regular chain with X ⊆ mvar(T ) which specializes radically well at u ∈ K^d. Then the number of real points in W (T (u)) is uniquely determined by the signs of polynomials in P (T \ K[U]) at u.

Now take the partition D defined at the end of Section 4 and recall that each D ∈ D is associated with a family of regular systems (T1, h1) . . . , (Te, he) satisfying X ⊂ mvar(Ti).

For each Ti, compute P (Ti \ K[U]), and choose the sign of each polynomial in

S_e i=1 P (Ti \ K[U]) to be −1, 0, or 1.

Consider the (semi-)algebraic system in K[U] formed by the resulting equations/inequalities; add to it equations f = 0, where f ∈

S_e

i=1 Ti ∩K[U] and inequations res(hihT_i , Ti) ≠ 0. Applying [2, Theorem 1], determine whether the obtained semi-algebraic system is consistent and, if so, find a real point u that satisfies it. Applying the real root isolation algorithm described in the previous section, compute the number of real roots ri of Ti(u), i = 1, . . . , e. Note that Ti(u) is zerodimensional, so all ri are finite (but may be equal to zero). Since W (Ti(u)) are pairwise disjoint, the number of real roots of F (u) equals r =

P_e i=1 ri. If r ≠ 0, associate with the above semi-algebraic system a cell. We obtain a partition of the set of all parameter values u ∈ K^d, at which F (u) has a finite positive number of real roots, into non-empty cells, each of which is defined by a semialgebraic system such that within each cell the number of real solutions is a given constant. This partition is a solution to the real root counting problem.

7. EXAMPLE AND TESTS

We give an example of the computation of a comprehensive triangular decomposition obtained with the help of our implementation in Maple 10.

Consider K = R, d = 2, m = 2 and

F = {vxy + ux^2 + x, uy^2 + x^2}.

We choose the order of variables as: x > y > u > v. Using the RegularChains library, we first compute a triangular decomposition of V (F ), which consists of four regular chains:

T1 = [vxy + x − u^2y^2, 1 + 2yv, u^3 + v^2], T2 = [vxy + x − u^2y^2, y^2u^3 + y^2v^2 + 2yv + 1], T3 = [x, y], T4 = [x, u].

Then, applying Algorithm 1, we obtain a pre-comprehensive triangular decomposition consisting of four components:

[T1, ([u^3 +v^2], v)], [T2, (∅, u^4 +uv^2)], [T3, (∅, 1)], [T4, ([u], 1)].

Each component in this decomposition consists of a regular chain T and a regular system specifying the defining set D^U (T ). The next step is to represent the union of the defining sets as a disjoint union of regular quasi-algebraic sets.

We apply MPD() to the list of defining regular systems:

S1 : ([u^3 +v^2], v), S2 : (∅, u^4 +uv^2), S3 : (∅, 1), S4 : ([u], 1).

In our implementation, this produces a recursive call to MPD() for the first two and last two defining systems and, in turn, a call to DiffInter() for these two pairs of regular systems. DiffInter(S1, S2) returns a triple, whose first component corresponds to Z(S1) \ Z(S2), second component to Z(S2) \ Z(S1), and third component to Z(S1) ∩ Z(S2) (the intersection is empty in this case):

[[[T1], ([u^3 + v^2], v)]], [[[T2 ], (∅, u^4 + uv^2)]], [ ].

Similarly, DiffInter(S3, S4) returns

[[[T3], (∅, u)]], [ ], [[[T3 , T4], ([u], 1)]].

In the subsequent computations, DiffInter() is applied to pairs of regular systems, with the first one taken from the first triple and the second one taken from the second triple; after that MPD() is called recursively on the components corresponding to the differences and intersections. This yields a family of regular systems whose quasi-algebraic sets are disjoint. We present the final comprehensive decomposition which consists of four components:

[[T1, T3], ([u^3 + v^2], vu)], [[T2, T3], (∅, u(u^3 + v^2))], [[T3, T4], ([u], v)], [[T3, T4], ([u, v], 1)].

In each component, we have a list of regular chains followed by a regular system; the regular system defines a quasialgebraic set of parameters at which the regular systems specialize well. The regular quasi-algebraic sets are disjoint and their union is the entire parameter space. Note that the last two cells can be merged into one, since they are associated with the same regular chains T3, T4.

We report the timings of the computation of comprehensive triangular decompositions for parametric polynomial systems taken from [11, Section 6]. The experiments were conducted in Maple 10 under Linux on a PC 3.2GHz Pentium 4 with 1GB memory and 1024 KB cache. In the following table, we give the example ID (as in [11]), the CPU time used for computing the comprehensive triangular decomposition in seconds, the number of regular quasi-algebraic cells in the output, and the reduced number of cells obtain by merging cells associated with the same family of regular chains.

Id. CPU time(sec) # Cells Red # cells S1 0.258 3 2 S2 0.140 1 1 S3 0.337 2 2 S4 0.322 1 1 S5 3.530 11 8 S6 1.706 4 3 S7 2.914 4 4 S8 1.772 2 2 S9 18.775 19 12 S10 22.450 4 4 S11 34.996 25 8 S12 100.923 9 5 S13 3.718 9 9 S14 277.054 15 4 S15 48.657 3 3 S16 43.786 20 8

8. CONCLUSION

Comprehensive triangular decomposition is a powerful tool for the analysis of parametric polynomial systems: its purpose is to partition the parameter space into regions, so that within each region the “geometry” of the algebraic variety of the specialized system is the same for all values of the parameters. As the main technical tool, we proposed an algorithm that represents the difference and intersection of two regular quasi-algebraic sets as finite unions of quasi-algebraic sets.

We have carried out particular cases of such analysis, having given a complete description of regions where the number of complex/real solutions of the parametric polynomial system is finite and constant. In the real case, we also proposed a new algorithm that solves the real root isolation problem for zerodimensional regular chains. We used this algorithm to count the number of real roots in each of the above regions. More work can be done for regions where the specialized system has positive dimension.

We have implemented and tested the algorithm for computing the comprehensive triangular decomposition. The implementation of the complex/real root counting procedures is an on-going work. Once implemented, these procedures will be applied to the analysis of equilibria of dynamical systems.

9. REFERENCES

[1] A. Akritas, A. Strzeboński, and P. Vigklas.

Implementations of a new theorem for computing bounds for positive roots of polynomials. Computing, 78(4):355–367, 2006.

[2] S. Basu, R. Pollack, and M.-F. Roy. A new algorithm to find a point in every cell defined by a family of polynomials. In B. Caviness and J. Johnson, editors, Quantifier Elimination and Cylrindical Algebraic Decomposition, Texts and Mongraphs in Symbolic Computation, pages 341–350. Springer, 1998.

[3] F. Boulier, F. Lemaire, and M. Moreno Maza. Well known theorems on triangular systems and the D5 principle. In Proc. of Transgressive Computing 2006, Granada, Spain, 2006.

[4] C. Chen, F. Lemaire, M. Moreno Maza, W. Pan, and Y. Xie. Efficient computations of irredundant triangular decompositions with the regularchains library. Submitted to CASA 2007, 2006.

[5] George E. Collins and Alkiviadis G. Akritas.

Polynomial real root isolation using Descartes’rule of signs. In proceedings of ISSAC’76, pages 272–275, Yorktown Heights NY, 1976.

[6] X. Dahan, M. Moreno Maza, É. Schost, W. Wu, and Y. Xie. Lifting techniques for triangular decompositions. In ISSAC’05, pages 108–115. ACM Press, 2005.

[7] J. Della Dora, C. Dicrescenzo, and D. Duval. About a new method for computing in algebraic number fields. In Proc. EUROCAL 85 Vol. 2, volume 204 of Lect. Notes in Comp. Sci., pages 289–290. Springer-Verlag, 1985.

[8] D. Lazard and F. Rouillier. Solving parametric polynomial systems. Technical Report 5322, INRIA, 2004.

[9] F. Lemaire, M. Moreno Maza, and Y. Xie. The

RegularChains library. In Ilias S. Kotsireas, editor,

Maple Conference 2005, pages 355–368, 2005. [10] Zhengyi Lu, Bi He, Yong Luo, and Lu Pan. An algorithm of real root isolation for polynomial systems. In Dongming Wang and Lihong Zhi, editors, Proceedings of Symbolic Numeric Computation 2005, pages 94–107, 2005.

[11] Montserrat Manubens and Antonio Montes. Improving dispgb algorithm using the discriminant ideal, 2006.

[12] Antonio Montes. A new algorithm for discussing gröbner bases with parameters. J. Symb. Comput., 33(2):183–208, 2002.

[13] M. Moreno Maza. On triangular decompositions of algebraic varieties. Technical Report TR 4/99, NAG Ltd, Oxford, UK, 1999.

http://www.csd.uwo.ca/∼moreno.

[14] Bernard Mourrain and Jean-Pascal Pavone.

Subdivision methods for solving polynomial equations. Technical report, INRIA, August 2005. (number RR-5658).

[15] R. Rioboo. Real algebraic closure of an ordered field, implementation in axiom. In Proc. ISSAC’92, pages 206–215. ISSAC, ACM Press, 1992.

[16] Renaud Rioboo. Towards faster real algebraic numbers. J. Symb. Comput., 36(3-4):513–533, 2003.

[17] F. Rouillier. Solving zero-dimensional systems through the rational univariate representation. AAECC, 9:433–461, 1999.

[18] F. Rouillier and P. Zimmermann. Efficient isolation of polynomial real roots. Journal of Computational and Applied Mathematics, 162(1):33–50, 2003.

[19] Fabrice Rouillier and Nathalie Revol. The mpfi library. http://gforge.inria.fr/projects/mpfi/.

[20] James Victor Uspensky. Theory of Equations.

McGraw – Hill Co., New–York, 1948.

[21] A. J. H. Vincent. Sur la résolution des équations numériques. Journal de Mathématiques Pures et Appliquées, 1:341–372, 1836.

[22] V. Weispfenning. Comprehensive grobner bases. J.

Symb. Comp., 14:1–29, 1992.

[23] Bican Xia and Lu Yang. An algorithm for isolating the real solutions of semi-algebraic systems. J. Symb. Comput., 34(5):461–477, 2002.

[24] Lu Yang, Xiaorong Hou, and Bican Xia. A complete algorithm for automated discovering of a class of inequality-type theorem. Science in China, Series E, 44(6):33–49, 2001.

[25] Lu Yang, Jingzhong Zhang, and Xiaorong Hou.

Nonlinear Algebraic Equation System and Automated Theorem Proving. Shanghai Scientific and Technological Education Press, Shanghai, 1996.