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Summary

When interpreting an image of a given object, humans are ablgo abstract from

the presented color information in order to really see the presented object. This
abstraction is also known asshape The concept of shape is not de ned exactly in
Computer Vision and in this work, we use three di erent forms of these de nitions in

order to acquire and analyze shapes. This work is devoted taniprove the e ciency

of methods that solve important applications of shape analysis

The most important problem in order to analyze shapes is the poblem of shape
acquisition. To simplify this very challenging problem, numerous reseechers have
incorporated prior knowledge into the acquisition of shaps. We will present the rst

approach to acquire shapes given a certain shape knowledghat computes always
the global minimum of the involved functional which incorporates a Mumford-Shah
like functional with a certain class of shape priors including statistic shape prior and
dynamical shape prior.

In order to analyze shapes, it is not only important to acquire shapes, but also to
classify shapes. In this work, we follow the concept of de mig a distance function
that measures the dissimilarity of two given shapes. There g two di erent ways
of obtaining such a distance function that we address in thiswork. Firstly, we
model the set of all shapes as a metric space induced by the ghest path on an
orbifold. The shortest path will provide us with a shape morphingi.e., a continuous
transformation from one shape into another. Secondly, we adress the problem of
shape matchingthat nds corresponding points on two shapes with respect toa
preselectedfeature.

Our main contribution for the problem of shape morphinglies in the immense ac-
celeration of the morphing computation. Instead of solvingpartial resp. ordinary
di erential equations, we are able to solve this problem via a gradient descent ap-
proach that subsequently shortens the length of a path on thagiven manifold. During
our run-time test, we observed a run-time acceleration of upto a factor of 1000.

Shape matchingis a classical discrete problem. If each shape is discretideby N
shape points, most Computer Vision methods needed a cubic nitime. We will
provide two approaches how to reduce this worst-case comptiy to O(N 2 log(N)).
One approach exploits the planarity of the involved graph inorder to e ciently com-
pute N shortest path in a graph of O(N ?) vertices. The other approach computes
a minimal cut in a planar graph in O(N log(N)). In order to make this approach
applicable to shape matching, we improved the run-time of a ecently developed
graph cut approach by an empirical factor of 2{4.
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Chapter 1

Introduction

1.1 Shapes

Describing, measuring and comparing the shape of objects isery popular in a
variety of di erent disciplines. Even one of the rst documented form of human
communication, namely the cave paintings during the stone ge, reduced the de-
scribed objects to a monochromatic shapke Since then, humans strove to improve
the visualization of the objects that they encountered. But even in modern society,
the shape representation in form of a paper-cutting is stillpresent. It re ects the
fact that every person is able to recognize a given object eweif color information is
completely ignored. In fact, it has been believed that all réevant features of a given
object are encoded by its shape. If we want to teach a computenot only to register
but to truly see and interpret the world, Shape Analysis is animportant task. In
this work, we will discuss di erent aspects of Shape Analyss and present methods
that to our knowledge are among the fastest in these di erentapplication areas.

Before analyzing di erent shapes, we have to acquire a shapffom a given image.

1The cave painting image and the paper-cutting image of Figur e 1.1 are taken from wikipedia.org
and have been released to the public domain.

Figure 1.1: Shapes and human perception. Humans have always used shapes
to describe their environment. Left: Cave drawing of the Stone Age. Middle:
Paper-cutting from the silhouette of Johann Wolfgang von Goethefrom the late
18th century. Right: Shape of the MPEG7-database.



Figure 1.2: Shapes representation. A general shape [eft) can be represented
as multiple contours (second from the lef). Out of simplicity, we will often only
use the outer contour which is the most descriptive one gecond from the righ.
Therefore, in fact a simpli ed shape is considered Kight).

This means, we have to distinguish a displayed object from & surroundings. In other
words, we like to assign to every pointx of the image domain R2 a binary value
“(x) telling whether the point x is part of the object (*(x) = 1) or whether it is part
of the background (' (x) = 0)). This binary labeling problem is also known as image
segmentation because we segment an image into its semanticamponents. At the
end of this segmentation process, we obtain the shape of a @m object. Hence,
every shape can be equivalently represented by eitheramappy ~ : !'f 0;1g or
by a subsetS of the image domain .

In this work, we assume that the setS that represents a shape ful lls certain
regularity conditions. Therefore, we assume that a shape aabe represented by an
open, connected subseb of a compact image domain such that the boundary @ Ss
a smooth one-dimensional manifold. Every such se® can therefore be represented
as a collection of closed contourd cy;:::;ckg. Furthermore, we assume that ¢y
represents the outer contour of the subseS. Most of the approaches, that we will

have either a small contribution to the methods or are merelyignored. This is due
to the observation that for most objects, the outer contour is the most descriptive
one (cf. Figure 1.2).

Note that even the discussed representation is not unique ithe sense that the shape
of an object will not change if we move, rotate or scale the gign object. Depending
on the given application, we will therefore introduce a growp operation on the set of
shape representations. Ashapewill then be described as the equivalence class of a
shape representation with respect to the prede ned group opration.

One goal of this work is it to describe shapes in a way that the st of all di erent
shapes forms a space equipped with a distance function. Thisieans we have to
de ne a function that measures the similarity of two given shapes. A value close
to zero would imply that the two given shapes are very similarto one another. On
the other hand, large distances should imply that the two given shapes are easy
to distinguish and therefore, they are very dissimilar to ore another. The concept
of measuring the similarity of two di erent shapes appears n every chapter of this
work and in uences the meaning of shape similarity.



1.2 Continuous versus Discrete Methods

In this work, we will only address problems that can be formuhted by means of
optimizing a given cost functional. This formulation can be given as a continuous
functional or a discrete function. As a consequence, contas can either be repre-
sented in a continuous or a discrete sense. In fact, there areertain problems that
can be handled more e ciently if we choose a continuous repreentation. But there
are also problems that bene t from a discrete representatio.

Continuous representations of contours can either be expdit or implicit. The im-
plicit representation of a contour consists of a di erentiable mapping?

" IR

that assigns a real value to every point of the image domain . The contour is then
de ned by all points x 2 to which ' assigns the valuezero:

C=1fx2 j (x)=0g

Especially for image segmentation, this representation ames in very handy. But
for other problems, explicit representations are much easr to handle. The explicit
representation of a continuous contour is given as a di eretiable mapping

c:Sht

that assigns a point of the image domain to every point of the parameterizing
circle St. Therefore the contour C is given as the image of the mapping c.

In this work, we focus on a representation where not only thedandmarks but also an
ordering of the landmarks is given. Therefore, a discrete, xlicit contour is given
as ann-tuple

Implicit representations can also be used for discrete cowurs. In fact, every method
that is implemented on a computer can only handle a nite number of parameters
to represent a contour. The di erence between continuous ad discrete methods lies
in fact in the moment of discretization:

Continuous methods  In a continuous framework, the given problem is analyzed
in a continuous context and thus, also the proposed method wss continuous
operations like di erential or integral operators. Only du ring the implementa-
tion a discretization is used.

Discrete methods In a discrete framework, we assume that we have to deal with
data that is given in a discrete manner. This discrete data isthen handled in a
discrete sense. Instead of di erential operators, graph tleoretical approaches
are normally used.

2 Usually, we assume di erentiability in a weak sense.



The advantages of minimizing a continuous cost functional & therefore:

The developed method is formulated in a very general framewt. Therefore,
the results that are obtained for ner discretization converge towards the so-
lution of the continuous framework. Therefore, discretizgion artefacts will be
reduced by increasing the discretization size.

Since the cost function that we like to minimize is given as a ontinuous,
di erentiable function, properties such as convexity can esily be studied. As
a consequence, we can rule out local minima for convex functins even if we
only minimize these functions via a gradient descent approeh.

On the other hand, discrete methods have the following advatages:

The runtime complexity can be given in the size of the input da&a. Therefore,
we can estimate the maximum amount of time that the method corsumes
before providing a result.

We always know that the minimum of a cost function over a nite set is
taken by at least one element of this nite set. Therefore, the method will
always terminate. Besides, we do not have to handle any form fonumerical
instabilities.

Overall, both discrete and continuous methods have their bae ts. In this work,
we always use the appropriate approach to solve a given probin as e ciently as
possible.

1.3 Related Work

The study of shapes goes back several centuries. Even befdhe existence of digital
images or even computers, there have been studies about shegp Galilei B7] studied
how the shape of an animal's bone re ects the size of the aninia His observation
was that the bones do not only scale with the size of the animal but that the

shape of the bones changes. The similarity of shapes was studied ithe early 20th
century by Thompson [91]. He studied non-rigid body transformations to transform
for example the shape of one sh Diodon) into another (Orthagoriscus). This
technique has been re ned by Bookstein and Kendall49, 7, 8]. For a more detailed
review, we refer to B2]. Recently, shapes have not merely been modeled as a set
of points, but as a continuous closed line in the real plane. ®unes, Mumford and
Faugeraset al. worked on region based shape warping to measure the similayi of

shapes 101, 20, 64, 86]. Besides a region based representation, one can also repeat
a shape as a closed contour. The concept &hape Morphingfor this kind of shapes
has been studied by Younes, Mumford and Michor 6, 67, 102 as well as Klassen
et al. [51, 50].

The computationally less expensive problem ofShape Matchinghas a long history
in Computer Science and was originally in uenced by the strihg matching method
of Wagner and Fischer P7]. In addition to nding an optimal matching between

4



two given strings, they also studied the induced distance faction. This concept has
rst been applied to shape matching by McConnell et al. [65] and has since then
become the core element of most shape matching method3, [38, 5, 100.

Besides the problem of shape morphing and shape matching, aewtral problem
of Computer Vision has been the one ofshape acquisition Here, the problem of
obtaining an object's shape from a given image is to be solved This problem is
either known asimage segmentationor shape denoising A brief review of classical
segmentation approaches is presented in the beginning of @jpter 2 with a particular
focus on those methods that can be formulated as an energy mimization process.
The principle of introducing prior shape knowledge into Image Segmentation has
been studied by several researcherd (3, 42, 23, 58]. The focus of our work is set
to the work by Cremers [24, 25]. The idea of formulating Image Segmentation and
Shape Denoising as a convex functional that can be globallygiimized was pioneered
by Chan et al. [18].

The problem of shape classi cation with respect to a given dstance function has
been studied for a long time #6, 15, 34]. In this work, we will only focus on the
problem of unsupervised learning. For more sophisticateddarning techniques, we
like to refer to classical SVM methods as they are for exampl@resented in B4].

1.4 Contribution

Certain parts of this work have been presented on di erent ocasions 79, 82, 83, 80,

27, 81]. The main contribution can be split into four di erent comp onents which is
re ected by the structure of this work. In Chapter 2 and 3, we study continuous
methods of shape acquisitionand shape morphing Chapter 4 is focused on discrete
methods of shape matchingand shape clustering Chapter 5 concludes this work.

Shape Acquisition

In Chapter 2, we address the problem of shape prior driven image segmertian.
Our main contribution is it to formulate this problem as a min imization problem
which can be solved globally. Hence, we can guarantee that oumethod nds the
global optimum of a very challenging Computer Vision problen. One key contribu-
tion is the introduction of a new shape model, namely thestochastic shape model
It is a relaxed shape model where we assign to every point of thimage domain the
probability whether this point is an element of the shape. Asa consequence of this
relaxed shape de nition, we can combine the advantages abduthe shape denoising
method by Chan et al. [18] and the dynamical shape prior by Cremers24]. By com-
bining convex optimization and Lipschitz optimization tec hniques, we are therefore
able to compute the global optimum of anon-convex functional very e ciently.

Shape Morphing

In Chapter 3, we present the problem of shape morphing. To this end, everghape
is represented as a mapping of the parameterizing circle it the real plane, i.e.,

5



c:S'! R2 The set of all shapes can then be modeled as an orbifold of inite

dimension. Any morphing, namely the continuous transformation from one shape
into another can be represented as a path within this orbifol. By computing a

geodesic between two di erent shapes, the length of such a géesic de nes a distance
between the given shapes. Computing this distance e cienty is the goal of this

chapter. After revising the classical shooting technique %1, 102, we propose a
more e cient method to compute such a geodesic. Whereas the leoting method

relies on solving an ordinary di erential equation, our method addresses the original
problem by applying the gradient descent method to the givenenergy functional

that has to be minimized. As a consequence, our method is numieally much more

stable than the shooting method and by construction, it provides an equidistant
discretization of the geodesic in question. To make our metbd more accessible
to a broader audience, we will also provide a brief introducion into the relevant

di erential-geometric concepts, such as tangential space and geodesics.

Shape Matching

In Chapter 4, we propose two computationally inexpensive methods to comute
the optimal matching, namely the best correspondence funéon between two dif-
ferent shapes. If each of the two shapes is discretized b shape points, both
approaches exhibit a worst-case complexity of onlyO(N2logN). This is an impor-
tant improvement with respect to the cubic complexity, that the classicalDynamic
Time Warping approach P7, 65 (DTW) possesses. One approach reformulates the
problem as a graph cut problem. Since the underlying graph iplanar, we will then
present an e cient graph cut method that makes use of this structure. Our method
is based on a recent work by Borradaile and Klein 10] which is empirically slower
than our method by a factor of about 2. Another method that we present exploits
the graph structure of the Dynamic Time Warping approach. As a consequence, it
improves the runtime signi cantly. To our knowledge, it is t he fastest DTW based
method for shape matching. To substantiate this, we also preide an extensive run-
time comparison to other popular shape matching methods. Inthe last section of
this chapter, we make use of the distance functions computedn Chapter 3 and 4
to merge di erent shapes into a class of similar shapes. We shwv that the shape
matching approaches can measure the similarity of di erentshapes quite well.

Conclusion

In Chapter 5, we present a conclusion of this work. Additionally, we distiss chal-
lenging open questions and give an outlook on future work.



Chapter 2

Shape Acquisition

In this chapter, we address the problem of acquiring shapegdm images. An image
is a mapping| that assigns a color of a color-spac€ to every point of a rectangular
subset of the real plane R?:

1: 1 C 2.1)

For gray-scaled images,C can be identi ed with a convex subset of R. But in
general, C is a convex subset ofR® which re ects the chosen color model. The
focus of this work is not on di erent color models. Instead, every presented method
can be applied on the one-dimensional gray-scale color spa@s well as on a three-
dimensional color space like RGB, HSV or YUV.

Acquiring a shape results in assigning to every pointx of the rectangular image
domain a binary label “(x) that indicates whether this point corresponds to a
part of the observed object:

If (o; 1g (2.2)
1 , x is part of the observed object
0 , otherwise.

X 7!

The central goal of this chapter is to acquire shapes with rgsect to prior shape
knowledge. This means that we know what the object that we sele for will look
like. As a consequence, a given set of shapes in uences theaseh for the new shape
that we are looking for in the given image. This means, that the input data consists
not only of the given image but also of certain shapes.

To reach this shape acquisition goal, we will provide a briefintroduction to di er-
ent shape acquisition techniques in Sectior2.1. Here, we will focus onvariational
approaches i.e., on approaches that try to minimize a givencost functional. In Sec-
tion 2.2, we will introduce the concept of statistic shapeswhich results in a convex
shape space. Hence, vector space based dimension reductmmstochastic modeling
can be applied to any collection of statistic shapes. This lads to aknowledge driven

7



shape acquisitionthat we will present in Section 2.3. It is an extension of the work
of Cremers R4] which results in a non-convex functional. In Section 2.4, we will
show how this functional can be minimized e ciently. Especially, we will show that
we can always guarantee to nd the global optimum.

2.1 Classical Shape Acquisition Methods

The core element of every variational method is the de nition of an energy functional
that measures the performance of a possible output given thepeci ¢ input data.

For the problem of shape acquisition, we must therefore de ® such an evaluation
functional. The easiest way of evaluating a given shape of the form (2.2), is
to measure the deviation of the color information | (x) from a preselected color
model. This can for example be done by assigning unique colerto foreground and
background. So, if we assign to the foreground the color and to the background
the color , the following energy functional measures the performancef a given
shape™:

VA VA
Ecor() = (1(x)  )?dx+  (I(x) )?dx (2.3)
1 0

where
i=fx2 j(xX)=ig

Now, the goal is to nd the global minimizer of the energy functional Ecgor. Since
the minimizer of this functional is very sensitive to noise (see also Figure2.1), re-
searchers have been experimenting with di erent energiesral it turned out, that
the contour that separates foreground from background is a god descriptor of the
involved shape and thus should contribute to the energy funtional. Kass et al. [48]
ignored in their active contour approach the region integral 2.3). Instead they
considered the image information along the separating comtur and penalized ad-
ditionally the rst and second derivative of the contour in o rder to regularize the
segmentation. Another approach combined the rst derivative of the contour with
the image information along the contour. This geodesic active contourapproach
of Caselleset al. [16] addressed the image segmentation problem as minimizing th
following energy functional:
Z

Ecac (C) = . 9(s)idC(s)j (2.4)

In this functional, g(s) is a positive function that depends inversely proportiond
on the image's gradient at the points 2 C . One of the major drawbacks of

this functional is the fact that the empty set is the minimizer of this functional.

Therefore, other constraints were introduced to guaranteethat a possible global
minimum provides a meaningful shape. For discrete approadss in this area, we
would like to refer to the concept of intelligent scissors [70] or to that of corridor

scissors[35].



Figure 2.1: Segmentation. To retrieve a shape from a given image (3 frame),
we can apply a color model which results in a noisy shape [¢ frame). The geodesic
active contour model (2.4) can nd an accurate shape, if we preselect some pixels
that are part of the shape (red circle in the 39 frame). Without any user interaction,
the Mumford-Shah functional (2.5) can also nd a correct segmentation (4" frame).

Independent of this purely edge based approaches, Mumfordnal Shah [71] proposed

in 1989 an approach that was based on2.3). Their approach extended the functional

(2.3) to a more general class of color models and incorporated andditional term

that penalizes the length of the separating contour. Since w want to focus on the

simple color model which assigns a unique color to foregrouhand background, we

will here only consider the so calledpiecewise-constant Mumford-Shah functional
VA VA

Ews()=  ((x) )%dx+ (1(x) )%dx+ length(C) (2.5

where length(C) describes the sum of the lengths of all - j-separating contours.
Note that o, 1 and C are uniquely de ned by the labeling mapping *. Only is
a parameter that can be chosen by the user. It regulates the legth of the shape's
boundary contours. Since this model is only dependent on onparameter, this model
is easy to adapt to given input data. But it took about one decade to nd a way to

solve the induced minimization task

T = argmin Eus(’; ;) (2.6)
I 019

in a continuous sense.

Previously, the discretized version of @.5) was already known in the 80s and Geman
and Geman B0] proposed in 1984 a method to solve this minimization problen

via an approach that was based on simulated annealing. In 198 Greig et al. [41]

reformulated this problem as a minimum cut problem. Therefae, (2.6) could be

computed in polynomial runtime. In 2001, Boykov and Kolmogaov presented an
e cient algorithm [ 12] to compute the minimum cut and this method has since then
become a very powerful tool in Computer Vision.

At the same time, Chan and Vese proposed one of the rst contimous approaches]9]
to solve the continuous functional (2.5) via a curve evoluting process. The region



separating curve C was modeled via asigned distance function' :

' IR (2.7)
dist(x;C) ,ifx2 o
+dist( x;C) ,ifx2 1

7!

Together with the Heaviside-function H:

H: 'R (2.8)
71 0 ,?fx 0
1 ,ifx>0
the functional (2.5) can be rewritten as
Z
Ecv()= (1) D H "00+(1(x) ) (@ H ' (x)dx+
Z

ke (H ' (x))kdx (2.9)

Therefore, the problem of image segmentation can be formutad as minimizing Ecy
over the set of all signed distance functions. Using gradigndescent approaches, a
minimum of this functional can be found. But since the signeddistance functions
do not form a convex set, the method can potentially get stuckin a local minimum.

This problem was circumvented by another reformulation of this problem. In the
seminal work of Chan, Esedalu and Nikolova [L8], the expressionH ' has been
replaced by the function u : I f 0;1g. Additionally, the codomain of u was
extended to the convex set [Q1]. Therefore the Chan-Vese functional 2.9) became
Z
Erv(u)= (1) )? up)+(1(x) )* (L u(x)dx+
Z
kr u(x)kdx (2.10)

Since the set of all functionsu form a convex set and the functionalEty is convex,
a gradient descent approach leads directly to a global optiam. It may of course
be possible that such an optimumu assigns to some points of the image domain
numbers which are neither 0 nor 1. But if we thresholdu with respect to the value
0:5, we receive a functionu : !'f 0;1g that represents a shape:

u: If 0,19

0 ,ifu(x) 05
1 ,ifu (x)> 05

X 7!

The important contribution of [ 18] was the so calledthresholding theoremthat states
that u is also a global optimum of E1yy. Hence, a continuous method to nd the
global optimum of (2.5) was found. In combination with a primal-dual scheme [L7],
the developed method was competitive to the graph cut method in the mean of
runtime by using an e cient GPU implementation [ 95]. Also it was shown, that the

10



result of this continuous approach is more accurate than thegraph cut approaches
since it inhibits metrication errors [52].

In fact, the thresholding theorem does not depend on the facthat the image re-
lated data terms are quadratic. Moreover, any color model fo the background and
the foreground of an image can be used to nd the global optimun of the image
segmentation problem

Z

Erv(u) = fi(X) uxX)+ g(x) (2 u(x)dx+ h(x) kr u(x)kdx (2.11)

Please note that forf;, g 0, this functional becomes the geodesic active contour
functional. Hence (2.11) covers any hybrid model that involves regional terms and
edge terms. The shape acquisition method that we use in thishapter is an extension
of the functional (2.11). Instead of penalizing the contour's length, we will use an
energy functional that penalizes the deviation of a shape mm a preselected shape
model. To this end, we will introduce in the next section a shape model that forms
a convex subset in a Hilbert space.

2.2 Stochastic Shapes

In the following, we introduce the concept ofstochastic shapes The notion of shape
fundamentally di ers from classical de nitions of shape like ™ in (2.2). We replace
the hard decision ofa point is part of the shapeby a relaxed probability associated
with each point. This probability should not be understood as a probability in the
sense of probabilistic measure theory. It should rather be een as an application
of the fuzzy set theory introduced by Zadeh L04. The key contribution of the
stochastic shape is to show that this fuzzyrelaxation in the de nition of shape gives
rise to a number of advantages in the context of shape modelmand shape inference.
Most prominently it enables us to acquire shapes from image# a globally optimal
manner under the consideration of prior shape knowledge. Set us start by formally
de ning the stochastic shape:

De nition 1  (Stochastic Shape) An L2-function
g: ! [0;1] (2.12)

which assigns to any pointx 2 a probability g(x) that x is part of the shape (cf.
Figure 2.2, left side) is called astochastic shape The space of all stochastic shapes
will be denoted by Q.

In contrast to explicit representations, the above implicit representation does not
depend on a speci ¢ choice of parameterization. In contrasto alternative implicit
representations of shape such as the signed distance funati of (2.7) or alternative
representations B3], the value of g has a clear probabilistic interpretation. Also,
there are no redundancies encoded ig. In contrast, a signed distance function'
must almost everywhere ful Il the Eikonal equation kr ' k = 1. As a consequence,
the set of all signed distance functions is not convex. The $eQ on the other hand
forms a convex subset of dilbert space:

11



Figure 2.2: A relaxed notion of shape. In this chapter, we introduce a novel
de nition of shapeas a functionq: ! [0;1] specifying the probability that a pixel

x2 R? is part of the shape (left). In contrast to the commonly used sgned distance
representation (right), the resulting image segmentationwith statistic shape priors
corresponds to the minimization of convex functionals overconvex domains.

Proposition 1. The stochastic shape spac€ forms a convex subset of thédilbert
SpacelL?( ;R). This Hilbert Space is equipped with the scalar product

Z
tp; d = p(x) g(x)dx (2.13)
The induced norm will be denoted
z :
kgk ==  q(x)?%dx (2.14)

Proof. SinceQ is the set of all L? functions that map to [0 ;1], it is obviously a

subset of L?( ;R). For the proof of convexity, assumep;q2 Q. Now, we consider

the convex combinationg := p +(1  )qof these two shapes by choosing a speci ¢
2 [0; 1]. Then, we have:

ax)= px)+@ )ax) qx)= px)+@ )ax)
0+(1 ) 0=0 1+(1 ) 1=1

O

Note that while Q is not a Hilbert space like L?( ;R?), Q is nonetheless a metric
space. This means that the distance function

Z 1
dloe;p) == kan k= (cu(x) p(x))%dx

is a metric:

12



De nition 2 (Metric) . Given a spaceX, a functiond: X X ! Ry is a metric if
it ful lls the following properties:

8x;y 2 X : dix;y)=0, x=y (Positive De niteness)
8x;y 2 X : d(x;y) =d(y;x) (Symmetry)
8x;y;z2 X : d(x;z) d(x;y)+ d(y;z) (Triangle Inequality)

The convexity of Q shown in Proposition 1 has an important technical consequence
for statistic shape modeling and shape inference. Especlgl we can apply classical
dimension reduction or model tting methods to shapes.

But also semantically, the convexity gives rise to some impdant properties. The
convexity of the shape space& implies that any convex combination of a set

of training shapes will correspond to a valid shape. In partcular, the mean

1 X

N
i=1

is a function which assigns to each pointx 2 the average of all probabilities.

Similarly, statistic notions such as covariance matrices and eigenmodescan be easily

de ned.

De nition 3 (Eigenmodes) The entries of the covariance matrix =( i )ij =1;:;
are de ned via the scalar product (2.13):

Z
ijo=hg g i= (G(x) g (x)  (x))dx
Let vi 2 RN be the eigenvectors of with respect to the eigenvalue ; 2 R such
that 1 ::: n . Then, the following functions 4;:::; n: ! R
X
ix)= (i) (g(x) (x)) (2.15)

j=1

are the eigenmodes of .

Note that the eigenmodes are not necessarily stochastic spas. They just de ne in
what way most of the input shapes in deviate from their mean . In particular,
the eigenmodes help to reduce the in nite dimensionality ofQ to a convex subset of
nite dimension that still encodes the relevant informatio n of

De nition 4  (Finite subspace ofQ). The subspace of stochastic shapes spanned by
the rst n N eigenmoded 1;:::; ngofthe set is

( - )
ni= gq = + i i g (x)2][0;1] (2.16)
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Figure 2.3: Dimension Reduction. A walking sequence (last row) is pro-
jected onto the low-dimensional spaces 1;:::; 5 (15 to 5™ row). Even at a one-
dimensional projection the main information about walking is recovered.

which is a subset of the nite dimensional, a ne space

( )
b, = q-= + i 2 R" (2.17)

We will now show that not only Q but also the set of all parameters in (2.16) is
convex. This is a very important property for the image acquisition method that we
will present in the next section.
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Lemma 1. The set , in (2.16) is convex.

Proof. Forany n N, the set , is the intersection of the a ne space b, with the
convex spaceQ. Since both sets are convex, their intersection is also coex which
proves this lemma. U

The set of training shapes can thus be approximated by nested low-dimensional
spaces:
fg= o 1 n N Q

The elements of a space , are compactly represented by vectors 2 R" of eigen-
coe cients , modeling the shape

q= + =+ i(x) i (2.18)
i=1

We will now show that the set of eigencoe cients that describe stochastic shapes
form also a convex set:

Lemma 2. The setA, :=f 2 R"jqg 2 Qg of all feasible is convex.

Proof. Let ;; » be two elements ofA, and 2 [0;1]. Then we have to prove that
the shape representing vector = 1+ (1 ) » is also feasible, i.e., 2 Ap:

+ 1+(1 ) 2
(+ o+@ H( + 2
q.+@ )g,2Q

q= +

0

So overall, we have de ned the stochastic shape spad@and we could not only show
that this shape space is convex. In addition we also introdued to every subset  Q,
a meaningful notion of eigenmodes which de ne a convex, lowdimensional subspace

n. Finally, we showed that the coordinate systemA, of this subspace is convex
and we have a natural, a ne mapping between A,, and ,, namely 7! +

In Figure 2.3, awalking sequence  Qand its orthogonal projectiononto 1;:::; s
is shown. One can see that even the ve-dimensional spaces provides a good
approximation of the relevant information encoded in . In Figure 2.4, the projection
results for the stochastic shape model is compared to a progtion on a shape space
based on the signed distance functions2f]. Especially in the third and seventh
frame, we can see that the stochastic shape subspace encodies details of more
accurately than the shape model based on signed distance fations. In the next
section, we will use this representation to incorporatestochastic shape priorinto
shape acquisition.
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Original Sequence

ArRRLAAAAA

Stochastic Shape Space

ArRRELAAAA

Space of Signed Distance Functions

Figure 2.4: Dimension Reductions. If we perform a dimension reduction with
respect to the stochastic shape model (¥ row), we receive better results than for
the dimension reduction with respect to the signed distanceunctions (3@ row).

2.3 Knowledge-driven Shape Acquisition

The general shape acquisition functional 2.11) can retrieve a shape from an image
under the assumption that the shown object can easily be dishguished by the
color information that the image provides. Unfortunately, that is not always true.
Due to clutter or occlusions, there are certain small regios in the image to which
the pre-learned color model of R2.11) does not t any more. On the other side,
humans are able to detect a person even when it is raining or @wing. We believe
that this is possible because humans are well aware of a perss shape or that
they know how people normally walk. Hence, we are able to Ite out disturbing
information and thus, we can focus on the visual task that we ike to solve. In
Computer Vision this situation has been modeled by introdudng shape prior into
the segmentation b8, 94, 78, 24, 25].

In this section, we will propose a method to retrieve a stochatic shape from an image
applying three di erent concepts of shape priors to the proposed stochastic shape
model of Section2.2. The concepts that we apply to the acquisition of stochastic
shapes are the concepts oftatic uniform shape priors [94], static Gaussian shape
priors [78] and dynamical shape prior [24]. To this end, we assume that a training
set = fo;:::;ovg  Q of known shapes is given. This training set will be used

only consider the rst n <N eigenmodes 1;:::; | of this training set as de ned

in (2.15. As in Section 2.2, we denote the convex, nite dimensional subset ofQ
spanned by then eigenmodes as, e, and the space of all possible eigencoe -
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cients is denoted asA,. Also, we use the notationq to denote the shape of , that
is been encoded by 2 A, via (2.18.

To retrieve a shape from an image using the shape prior, we likto minimize a cost
function that penalizes the deviation from the color model ike in (2.11). At the
same time a deviation from the shape prior should also be petiaed. Therefore, we
like to minimize a cost function of the following very generd form:

E()=Erv(d)+ E shape( ): (2.19)

Here, Eshape is @ cost function that penalizes the deviation of a given shpe q from

the expected shape and is a parameter that weights the importance of the chosen
shape prior. For the cost functional Etv we have to model the color distribution

for the foreground and background via functionsf and g respectively. Meaningful

choices off and g for shape acquisition are given by:

f =" logpoy(l) g= logpug(l) (2.20)

where pop and pyg represent the color histograms (probabilities) of object ad back-
ground [77]. Since the shape prior acts as regularizer, we do not need ¢hedge term
h of (2.11) any more and we seth 0.

For the shape energyE shape in (2.19), we consider one of the following three statistic
shape priors:

1. Static uniform shape priors The distribution of training shapes is assumed
to be uniform within the eigenmode spaceA,. Such a model was introduced
for level set functions in [94] and it corresponds to settingEspape = 0in (2.19).
One may argue that this leads to a function that does not di er from (2.11)
and will therefore lead to the same solution. This is not true since the set of
feasible solutions is reduced. Note that we optimize over 2 A,. Therefore,
we consider only shapes that can be represented via the rsh eigenmodes of
. Hence, this is in fact a shape prior even if we do not alter thecorresponding
energy function.

2. Static Gaussian shape priors: The distribution of training shapes is assumed
to be Gaussian. By using the covariance matrix computed in Section 2.2,
we receive a Mahalanobis type energy of the following form:

Eshape( )= ; 1! (2.21)

A related model was proposed for level set functions in78]. It has an impor-
tant advantages over the uniform shape prior, because it pealizes the devia-
tion of the rst few eigenmodes more than the deviation from the remaining
eigenmodes. As a consequence the relevance of the rst fewgenmodes is em-
phasized more adequately by this model than the uniform shap model. Since
the cut o after the nth eigenmode leads to a virtual in nite penalization of
the eigenmodes n+1;:::; N, the Gaussian shape prior is more sensitive to
the choice of the parametern. It should therefore be chosen carefully.
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3. Dynamical shape priors:  The evolution of shape vectors is modeled by a
linear dynamical system. This sophisticated shape prior ca only be used if
we have to deal with a whole collection of images. Thereforet iis well suited
for the problem of object tracking in videos. Since the stoclastic shapes form
a convex set, we can train a Markov chain model of the form

XK
t= At i+ (2.22)
i=1

dependency of the current eigencoe cient ; with respect to previous eigenco-
ecients ¢ 1;::: t k. kis also known as the size of the Markov chain model.
Such a model can be learned by assuming that the elements of ¢éhshape prior

natural motion that can be modeled via the chain model .22). Then, every
shapeqg 2 can be modeled by an eigencoe cient vector ; 2 A,. These

classical methods such as the one presented iig]. This model now gives rise
to the following shape energy at a certain timet:

Eshape( ) = Vi, 1( Vi) (2.23)

wherev; = i !‘:1 A; . ; is the prediction by the Markov chain based on shape
estimates , ;:::; , , obtained for the last k images. A related model for
level set functions was introduced in R4]. Since level set functions do not form
a convex set, the resulting shape priors/; have to be projected back onto the
space of feasible level set functions. For the statistic sh@e priors this is not

necessary any more.

In order to simplify the models of (2.22 as much as possible, we assumed that the
given shapesqg are transformed in a way that the pairwise distance of consadive
shapes is minimized. In other words, we compute the followig minimum, prior to
the model learning

1

i =argmin ¢ G 1
2SE(2) Z
=argmin  g( X) g 1(x) “dx
2SE(2)
and every shapeg is replaced byq ( 1 i(x)). As a consequence, the learned

shapes are free from possible rigid body transformations. ehce the autoregressive
model represents only the continuous deformation of shapes This makes model
learning much easier and our model is thus independent fromrainslation or rotation
which may be in uenced by camera movements.

For the shape acquisition on the other hand, the transformatons have to be put
back into play. Now, we have to consider any possible transfonation of 2 SE(2)
in order to nd the exact shape in the current image. To this end, we de ne an
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energy function E(; ) that depends on shape parameters 2 A, as well as the
transformation parameter 2 SE(2) modeling rigid body motions:

EC; )= Erv(@ (X)) * E shape( ) (2.24)

with Ety de ned according to (2.11) and with Espape de ned either as 0 or de ned
according to (2.21) or (2.23.

Even though the resulting function E is not a convex function, we will show in
the next section how we can guarantee to nd the global optimun by combining a
convex optimization technique with the concept of Lipschitz optimization.

2.4 Global Optimization

In this section, we will show how to globally optimize the non-convex function (2.24).
In order to do so, we use a separation of variables:

mNE(; )=min minE(; )

Thus, we have to apply two optimization methods. The rst one computes the global
optimum of E(; ) with respectto . This global optimum will then be dependent
on . As a consequence, we have to compute the global optimum withespect to
of a function E that is induced by this rst optimization process:

E :SE@)! R (2.25)

7! min E(;
nin ;)

In the next section, we will show how to compute E by applying a convex op-
timization technique. In the subsequent section,E is optimized via a Lipschitz
optimization approach.

2.4.1 Convex Optimization for Deformations

In Section 2.4.2, we will show that E can be optimized with a Lipschitz optimization

technique. This approach only depends on evaluatinge at some discrete points.
Nonetheless, it will up to a preselected error' always compute the global optimum
of the continuous function. This optimization approach depends highly on the accu-
rateness of computinge ( ). Thus, we have to show rstthat E can be computed
very e ciently. In fact, we show that computing E ( ) results in optimizing a convex
function over a convex domain:

Proposition 2. To evaluate E at a given rigid body transformation 2 SE(2)
results in optimizing a convex function over a convex domain
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Figure 2.5: Iterated Projections. The intersection of the convex shape space
Q with the nite dimensional space b, results in the convex set . Starting with
g, 62 pn, asolution in 4 is obtained by iterated projections.

Proof. Due to Lemma 2 we know that the optimization domain A, of feasible
values forms a convex set. Therefore, we need to prove that thoptimization involved
in evaluating the function E is convexin 2 A, for any choice of data term and any
of the three shape priors discussed in SectioB.3. The zero function that describes
the uniform shape prior is obviously convex. For the Gaussia shape prior (2.21)
as well as the dynamic shape prior 2.23), the introduced functions Eghape are both
quadratic in  with the positive de nite covariance matrix 1 as their Hessian.
Hence, all considered shape prior functiondE ghape are convex. The function Ety
that evaluates the goodness of the shape with respect to thariage information, is
also convex inqg [18]. Sinceq isanein  (cf. (2.18), the function 7! Etv (; )
is a composition of a convex function with an a ne mapping and thus convex in
SinceE is the sum of two convex functions, it is itself convex. O

Before we go on describing our Lipschitz optimization schem, we give some remarks
on how to compute E e ciently. Since the energy E is convex in , a gradient
descent approach would always lead to the global optimum . In particular, if

is within the domain A, of feasible , we have thus found a way to compute
E (). But problems may occur if is outside of our convex domain. In this
case, we have to re-project the computed at any time that we leave the convex
domain [74, 75]. Since our convex domain is quite complicated, this projetion
can become computationally expensive. To cope with this prblem, we propose an
iteration scheme that approximates this projection. So, wewill de ne a sequence
( k)kon Of eigencoe cients that converge towards an 02 A, (cf. Figure 2.5). The
presented method works as following:

1. Let 41:=
2. Forall k=1;2;:::, do the following

(a) At rst, we project the given shape function q , onto Q which amounts
to setting all values to 1 or O which are above or below these l@ls re-
spectively. This is in fact the orthogonal projection of q , onto Q with
respect to the L2-norm of (2.14). Denote this projected shape assy.
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(b) By projecting sk onto by, we receive a shape of the form + k+1 - This
de nes the next value. Since, the eigenmodes describe an orthonormal
system, the components of .1 can be easily computed via

Z

(k)i = ((¥) (X)) i(x)dx

Note that this sequence will not necessarily converge towals the right projection.
But it will converge towards a point of A, as we will show in the following proposi-
tion:

Proposition 3. Let 2 R" an arbitrary vector and ( ¢),, be the sequence de ned
as above. Then
I(Ililm dist(q ,; n)=0

Proof. Let us assume that there exists ar' > 0 such that dist(q ,; n) " holds for
every k 2 N. We will show that this will lead to a contradiction and thus p roving
the proposition. For now, we choose an arbitrary elemenig2 , that we will use as
a reference shape. Note that every iteration 7! (+1 consists of two orthogonal
projections onto convex sets, namely ontoQ in the rst step and onto b, in the
second step. The property of convexity of these two sets re#ts in

ks ok’ kg, ok dist(q,;Q?
9., q2ksc ok dist(sg; bn)?

and as a consequence

A, 4 ka, o disq,;Q?+dist( sk bn)?
Since the distances distq ,; Q) and dist(sy; b,) are always realized by elements
which are at least by " away from A, the whole expression can be simpli ed as

q,., a’kq, ak® dist(® ey)? (2.26)

with

©:=fq2 Q" dist(q; n) dist(q,; n)g
en:=fq2 nj" dist(q; n) dist(q,; n)g

Since e,, and © are disjoint compact sets, their pairwise distance is posite and ac-
cording to (2.26), the distance between  and a will drop below any possible thresh-
old after a nite amount of time. This contradicts the assump tion that dist( q ,; n)
will always be above". Thus, the proposition is proven. O

Note that the orthogonal projection of a gradient update always results in an element

that has still a smaller energy value than the starting elemet. Therefore, the
method of iterated projections leads to a shape in , that has a smaller energy
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Figure 2.6: Iterated Projections for Stochastic Shapes. The method of
iterated projections (1%t row) pushes the probabilities at every pixel towards the
interval [0; 1] of feasible values. For the shape thresholdkat 0:5 (2" row), this
results in restoring important parts of the shape.

than the starting shape. Hence, combining this approximative projection scheme
with a gradient descent approach will eventually lead to the global minimum. In
our experiments, we noted that after ve iterated projections, the process of iterated
projections normally halts. Therefore, the time consumption is considerably reduced
via the presented approximative projection scheme. In Figue 2.6, an example for
the iterated projection is shown. If we look at the thresholded shape in the second
row of that gure, we can observe how the iterated projection results in repairing
the threshold shape. The right leg for example is repaired bythis projection. This
is an important property of the shape prior driven shape acqusition. The observed
data is repaired with respect to the pre-learned shape priar

2.4.2 Lipschitz Optimization for Transformations

As we have seen in the last section, we are able to computé ( ) of (2.25 for
any transformation 2 S'. Now, we have to minimize this function. Note that
we cannot use the same technique as in the last section becag is highly non-
convex. But we will show that E is Lipschitz continuous and as a consequence, we
can nd an approximation of the global optimum by an adapted exhaustive search.
Even though an exhaustive search is a classical discrete dptization scheme, the
main contribution is to provide a good approximation of the global minimum with
respect to original continuous function. So in the end, we are able to solve the
problem of sampling a continuous domain in nite time. This is done by sampling it
only at nite positions and at the same time we can guarantee hat we have a good
approximation of the global minimum with respect to the continuous domain.

To this end, we assume that every shape of lies within a nite radius of near the
origin, and thus all shapes are bounded from above by the furton gsypp:

1; if kxk

0; else. (2.27)

8 2An:q(X) Osup(X)=

As a consequence, the support app lies inside of the ballB (0) of radius centered
in 0. We will now show that under mild regularity assumptions, the function E
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Figure 2.7: Lipschitz approach. If E (solid line) is Lipschitz continuous (cf.
De nition 5), then one can globally minimize it in a continuous sense byteratively
nding lower bounds.

can be globally optimized on SE(2) using the idea of Lipschit continuity [43]. This
technique was used in Computer Vision before to solve the pifdem of point cloud
registration [59].

To nd the global optimum of E , we iteratively subdivide the -domain SE(2) into
multiple smaller domains { see Figure2.7. For every sub-domainD  SE(2), we
calculate the energy at one chosen sample, which provides anupper boundfor the
global minimum. Provided that the gradient of E ( ) is bounded, alower boundfor
each sub-domainD can be determined. By performing a branch-and-bound method
we subdivide the sub-domains with the most promising lower lounds. In doing so,
we iteratively nd tighter lower bounds and terminate once su cient accuracy is
obtained.

To determine the lower bound for a sub-domain, we assume thathe functional
does not oscillate too rapidly. In other words, we need to agsne that the following
Lipschitz condition holds:

De nition 5  (Lipschitz). The function F : SE(2)! R is calledLipschitz continuous
if there exists auniformL 2 R such thatforall 1; » 2 SE(2) the following inequality
is ful lled:

jJF(1) F(2)j Ldist( 1; 2)

For di erentiable functions F this de nition is equivalent to the property that the
derivative 9F is bounded byL.

In order to prove that E is Lipschitz continuous, we proceed as follows: First,
we will estimate a Lipschitz constant L for the function E(; ) at xed value
Afterwards, we will show in Proposition 4 that the same constantL is also a Lipschitz
constant for E itself.

Lemma 3. If all functions of the training set  are Lipschitz continuous with con-
stant L , then E(; ) is Lipschitz continuous with respect to . The Lipschitz
constant is independent of .
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Proof. Any transformation 2 SE(2) = R%20 SO(2) can be written as x = R(x+ 1),
with a rotation R 2 SO(2) and a translation t 2 R2. In order to compute ‘é—E we

have to compute 9 and $&. 9E ? can then be computed via de 24 de 2.
& -
- = (rgix t)y r f(x 1t))qg (Rx)dx
Z
k(rg(x t) r f(x t)kosypp(x)dx
B (0)
z =2

kr f(x) r g(x)k?dx

Since SO(2) is a Lie group,g—'é is computed by projecting the resulting matrix on
the Lie algebraso(2) of skew-symmetric matrices which can be represented byre
single real-value:

dE z

dR B (0)
Z

d
(f 9k 1 ra (Rx)dx

)
Lo 96 0 ra R o

where [(3i 82 )]30(2) = a;p ap; represents the orthogonal projection ofA onto the
Lie algebra so(2)

Z
= (f g)(x tdet(x;r g (Rx))dx
B 40)
L j(F - g)(x)jdx
2 2
with Gsupp dened in (2.27. Since 98 2= 9B "4 9B " we have found a

uniform upper bound for r E that does not depend on (; ) 2 SE(2) A,. Thus,
E is Lipschitz continuous in  and the Lipschitz constant does not depend on . O

Proposition 4.  Under the above regularity assumptions on the training shags, the
segmentationargmin . o4, sge E(; ) can be determined in a globally optimal
manner.

Proof. It su ces to prove that E ( ) is Lipschitz continuous. Let L be the Lipschitz
constantof E(; )and 1, 2 be two dierenttransformations of SE(2). Then, there
are two elements 1; 2 A, fulling E (1) = E( 1; )and E ( 2) = E( 2; 2)
resp., i.e.:

E( 1 1) E(2 1) n E( 2 2 E( 1 2)
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Using the rst inequality, we obtain

E(2) E(1)=E(2 2 E(1 1)
E( 25 2) E( 25 1) L dist( 1; 2);

while the second one gives:

E(2 E(1)=E(2 2 E(1 1
E( 1; 20 E( 1; 1) Ldist( 1; 2):

Thus, E is Lipschitz continuous with the Lipschitz constant L. O

Overall, we showed how to acquire shapes with prior shape kmdedge by globally
optimizing a non-convex energy functional. In the next secion, we will apply this
method to acquire shapes from a walking person.

2.5 Tracking Walking People

In Section 2.4 we introduced an algorithm to acquire a shape from an image uder
the condition that we have previously learned the structure of the shape that we
expect. This algorithm is based on convex minimization of déormation parameters
interlaced with Lipschitz optimization of transformation variables.

To clarify the e ect of the Lipschitz approach, we will show a comparison of the
algorithm run without and with the Lipschitz optimization f or a sequence showing
a person walking in a cluttered scene. While more accurate seallts may be obtained
with a user-speci ed stick- gure model, one should keep in nind that the proposed
method does not require any user interaction in the model buding. It can directly
be applied to arbitrary stochastic shapes including purelybinary shapes.

To this end, we construct a dynamical shape prior by hand-segenting a di erent

sequence (showing a di erent person walking at a di erent pae). By box- ltering

these binary functions, we receive probabilistic shape fuctions that are Lipschitz
continuous according to de nitions 1 and 5. In order to reduce the dimensionality
of the input data, we use Ag as the parameter space (cf. Figure2.3).

As image energy, we use the approact2(20 wheref (x) and g(x) are the negative log
probability for the observed intensity given that the pixel x is part of the foreground
or the background respectively. Neglecting the edge indidar term h in (2.11), we
receive the following energy functional:

Pog(l)

0 g (x)dx+ k  wk® i (2.28)

Z
E(; )= log

wherek  vik? ;= ( vi)” Y vi) describes the energy of the dynamic
shape prior { see equation 2.23).

During our experiments, we compare a pure gradient descentro and with the
proposed Lipschitz approach. Figure2.8, 15t and 39 row, shows that the pure gradi-
ent descent works well in the presence of partial occlusionsuch as the table. Yet, it
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Lipschitz Optimization

Figure 2.8: Local versus global optimality. Image segmentation with a dy-
namical shape prior, implemented bygradient descent (15t and 39 row) and by
Lipschitz optimization (2" and 4" row). While gradient descent can handle
partial occlusion by the table, it fails to handle total occlusion. The proposed Lip-
schitz optimization, on the other hand, guarantees the glofally optimal solution and
therefore reliably tracks the person upon reappearing frombehind the white board.
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-2.0

Figure 2.9: Detection of inconsistent solutions. The plot on the left shows the

image energyEty as a function of the frame number. Red crosses indicate the tw

frames shown on the right. Incorrect segmentation results de to a total occlusion

of the object of interest can be automatically identied and suppressed (2nd and
3rd frame).

fails to cope with larger occlusions where the local optimiation gets stuck in a local
minimum with respect to . In addition, the gradient descent approach obviously
requires an appropriate initialization. Both of these drawbacks are resolved by the
proposed global optimization based on the combination of cavexity and Lipschitz
optimization { see Figure 2.8, 2"4 and 4" row.

In Figure 2.9, we show that our algorithm also provides a reliable criteron to de-
termine whether a computed result is consistent with data ornot: Reliable segmen-
tations correspond to low (negative) energy, while unrelidle ones (full occlusion)
correspond to high (positive) energy. As a consequence, wear detect the full oc-
clusion of the white board. For the aected frames, the shapeminimizer (2.28
is not meaningful in the sense that the appropriate shape camot be found in the
image. Hence, we can omit the minimizer of the shape functica. Therefore, we
only acquire meaningful shapes with respect to 2.28. This demonstrates that a
person can be reliably tracked through clutter and occlusios without the need to
reinitialization.

2.6 Limitation of LZ2-distances

In this chapter, we showed how a region-based shape model cée a powerful tool
to acquire shapes from images. Nonetheless, the involved g®n-basedL 2-metric is
a rather primitive metric. If two shapes "1; 2 2 Q are binary, i.e., if they are of the
form (2.2), the following holds:

K1 okP=zarea(fx2 j1(x)=1g4fx2 jax)=10) (2.29)

This means that the L2-metric measures the symmetric di erence of the two given
shapes. Therefore, thel ?-distance has two important drawbacks:

Sensitivity to Local Transformations: Local transformations appear when the
shape in question represents an object that consists of digent parts which
can be moved independently. In the example of a walking persg the legs
and arms can be moved independently. For the person, these aronly small
changes. With respect to thel 2-distance, this may have a large e ect if the
extremities of the person exist in non overlapping areas oftte image domain.
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Sensitivity to Local Deformations: To recognize similar objects, we cannot al-
ways assume that the shape looks every time exactly the samekEven if the
same person is present in the images, he/she may have changeldthes and as
a consequence he/she appears thicker in winter or thinner irsummer. But to
have a general system that recognizes whether a given shapethe shape ofa
person and not only of a speci ¢ person at a speci ¢ time, this system should
be robust with respect to local deformations.

For the presented shape acquisition, these drawbacks coulde circumvented by ap-
plying a Markov chain model. Also, the image data dominated he shape acquisition
process. Note that the shape prior was only used taepair the shape acquisition.
The most important data came from the images. This means thatthe shape prior
was just used to improve the performance of a purely data drien shape acquisition
method. In the next chapters, we will compare di erent shapes. Therefore, we have
to nd a method that compares shapes at a totally absence of ap additional data.
We are still interested in a space equipped with a distance faction. But due to the
mentioned drawbacks of thel >-metric, we will use di erent spaces. In Chapter 3, a
metric is de ned by the shortest path length within an in nit e dimensional manifold
that de nes a shape space. This shape space is more sophistied than the stochas-
tic shape spaceQ. In Chapter 4, a pseudo-metric is de ned by studying the group
of shape di eomorphisms. Such a di eomorphism is also knowras a matching. We
will show that the pseudo-metric induced by the matching function is a very helpful
tool to classify di erent shapes.
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Chapter 3

Shape Morphing

In the previous chapter, the similarity between two shapes vas computed as a region-
basedL 2-distance (cf. (2.14)). In this chapter, we want to advocate the philosophy
that a shape is best described by its outer boundary, which ca be represented by
a contour in the plane. We will see that this concept of shapes much more robust
with respect to local deformations. As a result, we do not hae to model the most
likely deformation to introduce a meaningful measure of sinilarity as it was done in
the last chapter in the mean of the Markov chain model (cf. .22 and (2.23). On
the other hand we ignore possible holes inside of the shapee@ also Figurel.2).

A lot of researchers have put a considerable amount of e ortito the understanding
of shapes. Measuring the dissimilarity between two given séipes can be done by
de ning and examining metric spaces which model shapes (cfl32, 26, 28, 6]). In
this chapter we follow the idea that a contour is a smooth loopin the plane. Thus,
we like to consider all mappingsc : St ! C that assign a point in the plane C to
every point s of the circle St = fs 2 Cjjsj = 1g. Every closed loop can be described
as such a mappingc. In this chapter, we will make use of the algebraic structure
of C. Therefore, the plane is modeled asC instead of R2 as it was done in the
previous chapter. In order to consider shapes which are ingeendent with respect to
translation or rotation in C, we have to merge di erent representations of a shape.
This results in a shape space5S whose elements are described as sets of contours.
Each of these sets is a class of equivalent contours that dedze a shape Hence, we
have to de ne an equivalence relation which will be done via agroup that operates
on the set of contours. In this chapter, we will present di erent models of such shape
spaces which have all in common that they do not form a convexet or even an a ne
vector space. But even for these spaces, we can de ne a metriiy considering the
paths m : [0;1]! Sthat connect two di erent shapes Co = m(0) and C1 = m(2).
The distance dist(Cp; C1) between Cy and C; will then be de ned as the shortest
path length of such a path m that connects Co and C;. We call such a pathm a
morphing because it describes how one shap@y is continuously transformed into
C:1. In this chapter, we will present a variational method that computes such a
morphing very e ciently.

Our work is built on several prior works. Michor and Mumford i ntroduced in [66]
a shape spaces that is path-connected. Therefore, it makes sense to look fothe
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shortest path that connects two di erent shapes. SinceSis de ned as an orbifold,
every path can be measured and the shortest length of a shapmnnecting path can
be computed. But unfortunately, a quite canonical approachresults in the trivial

shape distance function dist(; ) 0. In order to cope with this result, Michor

and Mumford introduced another approach that depends locdly on the shapes'
curvature. Since the computation of the shortest path resuls in solving a challenging
partial di erential equation , we will follow another approach.

This approach was advocated by Klasseret al. [51]. Instead of considering all
representations of a shape, they only considered those cugsc : St | C which
are parameterized by arc-length. As a consequence, they relwed a shape spac&;
on which shortest paths are much easier to compute than or8, since it results in
solving multiple ordinary di erential equations. As a consequence, the calculation
of a morphing path could in many cases be done within secondssing the so-called
shooting method This method uses a searching beam from the initial shape. Tat
beam will be changed until it hits the target shape. During this transition from the

initial shape to the target shape, the beam is deformed accaling to the underlying

metric just as a light beam is bent by gravity in the theory of general relativity.

Computationally, this method is still quite expensive but faster than the method
proposed by Michor and Mumford.

The focus of this work is it to show how these shortest paths ca be computed
even more e ciently by minimizing the involved energy functional. This method
is a gradient descent approach which converges quite rapiglin comparison to the
shooting method. This chapter is organized as follows. In Sgion 3.1, we will present
the two shape spacesS and S;. In Chapter 3.2, we will address the di erential
geometrical concepts ofsubmanifolds tangent spacesand geodesics In order to
make these concepts accessible to a broader audience, welwaimit the concepts
of local charts and Riemannian metrics. Instead, we concentrate our e orts on
submanifolds that are isometrically embedded in Euclideanvector spaces.

In Chapter 3.3, we will present our concept of computing a geodesic e cienly by
consecutively shortening a path until it becomes a geodesicWe nalize this chapter
with a comparison of our method to the shooting method. It turns out that our
variational path-shortening method will be faster by a factor of up to 1000 depending
on the used shape resolution.

3.1 Shape Spaces as Orbifolds

In this section we will present a shape model that di ers fromthe model of stochastic
shapes in the last chapter in the sense that we only considehapes that consist of
one connected, smooth boundary. This boundary can theref@ be described via a
contour ¢c: St'!  C. To guarantee that ¢ describes asmooth contour, ¢ has to be an
immersion (cf. Figure 3.1):

De nition 6. Amapping c: S'! Cis called animmersion if it ful lls the following

L An orbifold can be understood as a manifold modulo a group operation. For a detailed intro-
duction see P2]
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Figure 3.1: Immersion. Smooth mappingsc: [0;1]! C into the plane C do not
necessarily de ne a smooth contour. Ifc is an immersion (39 image), ¢ describes
always a smooth contour.

properties:

1. cis asmooth mapping, i.e. for everyk 2 N the derivative ¢¥) : S I C exists.

2. is invertible, i.e. the inequality c{s) 6 0 holds for every s 2 St.

The set of all immersions fromSt into C is denoted as Imm@!; C). To every immer-
sion, we de ne the immersion index. This is the winding number of the derivative
c® with respect to 02 C (cf. Figure 3.2):

Z
. 1 xdy  ydx
The set of all immersion of a speci c indexk 2 Z is denoted as Imnf¥(S*; C). The set
of all immersionsc 2 ImmX(St; C) that are parameterized by arc-length is denoted
as Imm'{(Sl; C). These are immersions for whichkck 1 holds.

It follows from Algebraic Topology [44] that contours can not be transformed into
one another if they di er by their immersion index. Also, if ¢2 Imm(St; C) describes
the boundary of a binary shape, the immersion index is either 1 or +1 depending
on whether the boundary is swept in the clockwise or the courgr clockwise sense
respectively. Therefore in order to compute a morphing, we ee in the following only
interested in immersions of index 1. If a shape is now given im binary form, the
representing contourc can be easily derived by starting at an arbitrary point of the
boundary and following the boundary in a counter clockwise snse. Even though
the orientation of the curve is xed, the curve is still quite ambiguous in the sense
that there is no natural way to de ne the starting point of the described sweeping
process. Moreover, if we reparameterize the circl&' via any di erentiable mapping

' .Sl Sl we receive another curvec ' that describes the same contour as.
Since, we are only interested in reparameterizations thatéad to anotherimmersion,

' itself has to be a di eomorphism:

De nition 7. A mapping c: S'! Sl is a di eomorphism if it ful lls the following
properties:
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Figure 3.2: Immersion Index. Two contours (13t column) and their derivatives

(2" column) are shown. The contour of the #' row has an immersion index of 1
while the contour of the 2" row has an immersion index of 0. Hence, the contours
cannot be transformed into one another.

1. cis a bijective mapping.

2. candc ! are C' -mappings.

The set of all di eomorphisms of the circle is denoted as Di (SY). Any of these
di eomorphisms describes a loop onS! that passesS! either in a counter clockwise
sense or in a clockwise sense. The set of counter clockwisespag di eomorphisms
is denoted as Di * (S') and the set of clockwise passing di eomorphisms is denoted
as DI (SY).

Together with the composition, the sets Di ( S') and Di *(S!) form groups, but
from these both groups, only Di * (S!) acts on Imm?*(St; C) as reparameterization
group. This is because a di eomorphism' 2 Di  (S!) maps any immersionc 2
ImmK(St; C) onto an immersion of Imm ¥(S'; C). According to these observations,
we can get rid of possible ambiguities of the presented shapeepresentation by
considering the quotient of Imm!(S!; C) and Di * (S!):

De nition 8  ([66]). The space ofimmersion based shapes$s de ned as the orbifold

S:=Imm(St;C)=Di *(Sh (3.2)
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Within the space Immi(St; C), there exists the following set
S=fs7 sj8 2Slg (3.3)

which contains multiple representations of the circle eachof these only diers by
its starting point. Furthermore, S itself is a circle embedded into Imn(S'; C) and
parameterized via .

In [66] it was shown that S is a smooth, strong deformation retract of the space
Imm?*(St; C). Such aretract is a subset that contains most of the relevantopological
properties. The mathematical de nition is the following:

De nition 9. A subsetA X of a topological spaceX is called asmooth strong
deformation retract, if there exists a smooth functionr : [0;1] X ! X such that

r(0;x)= x forall x 2 X.
r(1;x) 2 Aforall x2 X.

r(tta)= aforalla2 A andt 2 [0;1].

A smooth, strong deformation retraction r moves therefore any elementx of the
supersetX smoothly on an element in the subsetA. A lot of interesting topological
properties can be transported fromA towards X . But rst let us recapitulate what

was shown by Michor and Mumford for the presented sets of immsions’:

Theorem 1 ([66]). The following two declarations hold:

Immz(S*; C) is a smooth strong deformation retract of Imm?*(S*; C).

Immi(St; C) contains the circle S of (3.3) as a smooth strong deformation
retract.

As a consequence, we can show that ImpiS'; C) and Imm?(St; C) are path-connected
spaces. This means that to arbitrary elements of the respeote sets, we can nd a
path within this set that connects the two elements:

Corollary 1. Immi(S!; C) and Imm?(St; C) are path-connected spaces.

Proof. Since the circle S of 8.3 is obviously path-connected, it su ces to show
the following: If A is a smooth, strong, path-connected retract of a topologidaspace
X, X itself is path-connected. If we can show this, Immi(S'; C) is path-connected
becauseS! is path-connected and as a consequence, Imit8!; C) is path-connected
because Imn}(S'; C) was already path-connected.

Hence, letusassumethat : [0;1] X ! X is asmooth strong deformation retraction
from X onto the path-connected spaceA X . Further, let x;y 2 X be arbitrary
but xed elements of the supersetX . SinceA is a path-connected space, there exists

20ut of simplicity, we restrict ourselves to the properties o f the index-1-immersions
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apath p:[0;1]! A that connects ax := r(1;x) 2 A with ay := r(1;y) 2 A. Now,
we de ne the following path qin X:

g:[0;1]! )é
> r(3t;x) Jift2 0;3
t7_p@3t 1) ift2 1,2

“r(3 3y) Lift2 31

Sinceq(0) = r(0;x) = x and q(1) = r(0;y) = y, g starts in x and ends iny. In order
to show that this is really a continuous path from x to y, we have just to show that
the path is well de ned at the points t = 5 andt = %:

1
pO=p 35 1

r 3:—L;x = r(1;x) = ax 3

3

r(L;y)=r 3 SE;X

2
p 3§ Lx =p(1)=ay 3

O

Note that any path m : [0;1]! Imm?*(S';C) de nes a path m : [0;1]! Son the
quotient spaceS by assigning to everyt 2 [0; 1] the equivalence class ah(t), namely

m(t) = [m()];

where m(t)] denotes the equivalence class irs that itself contains the immersion

m(t). Hence, the shape spac& is like Imm*(S; C) a path-connected space and it
makes sense to de ne the similarity between two shapes as thength of the shortest

path between two shapes. In order to compute the similarity ketween two shapes
as e cient as possible, we want to focus on purel ?-distances. Since it was shown
in [66] that a canonical L2-distance for Imm!(St; C) leads to a trivial metric on S,

we will now turn our attention on a shape space that is based orcontours modeled
via Imm1(St; C), i.e., the contours have to be parameterized by arc-length This

shape concept was advocated by Klassen and his coworkets1]:

1. Since this shape concept is based on contours which are @aneterized by
arc-length, Di *(S!) is not a group operation any more. This is because an
arbitrary reparameterization ' 2 Di * (S!) may change the speed of a contour.
In fact, if cis parameterized by arc-length, the following holds forc ' :

d . o , o o .
@ O = e T = ﬂéﬂ}— ts)

We used the property that for any * 2 Di *(S!), ' °> 0 holds. To guarantee
that ¢ ' is also parameterized by arc-length, we allow therefore oglthose
reparameterizations' for which ' © 1 holds. Therefore, a reparameterization
is only allowed to change thestarting point of the contour. As a result, the
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reparameterization group acts now asSt. To ¢2 Immi(S;C)and 2 S' C,
the reparameterized contourc is then de ned as:

c :S'! C (3.4)
7' ¢( )

2. Secondly, the modeled shapes should be invariant with regect to rigid body
transformations. In the real plane R? such as transformation consists of a

rotation R = ‘;f’rf‘((g ngz()) 2 SO(2) and a translation t 2 R?. Since we
model the plane asC, R becomes a multiplication with the complex number
cos( )+ i sin( )2 St andt is an element ofC. If a transformation (R;t) 2
SE(2) = Co St is now given, the contours 7! ¢(s) and the contour s 7!
R (c(s)+ t) should describe the same shape. The shape model that we imtd

to use will also eliminate these ambiguities.

Note that we have now two group operations that we like to elimnate. The repa-
rameterization group that acts as S' from the right hand side on the contour set
Immi(St; C) and the rigid body transformation group that acts as SE(2) from the
left hand side on the contour set. Overall, we are thereforeriterested in the following
two spaces:

De nition 10.  The space ofarc-length based preshapes de ned as
C; =SE(2) nimm}(st;C)

and the space of parameterization freerc-length based shapes de ned as
S =G =St

Since every shape is parameterized by arc-length, every spa has a length of exactly
2 . As aresult, the presented shape model is also invariant wit respect to rescaling.
This takes into account that the size of a photographed objetre ects the distance of
the camera to the object. Hence, there is no relation betweethe observed size and
the real size of the object. Also, Galilei B7] showed that objects that arein reality
smaller exhibit another corporal structure. Our shape conept would therefore still
be able to di erentiate this change of size.

It was shown in [5]] that the preshape spaceC; can be understood as a submanifold
of the vector spacelL?([0;2 ];R). Here, we want to repeat this construction brie y
(cf. Figure 3.3):

1. Sincec 2 Immi(St; C) is parameterized by arc-length, its derivative is aC? -
function c®: St 1 S! which can be encoded by a function :[0;2]! R
such that the following lifting equality holds [44]: &® €* = & &), If we
consider now instead of ¢, we obtain a representation that is invariant under
translations in the plane C.
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Figure 3.3: Shape Representation. Contours (1% column), its rst derivatives
(2" column) and the -representation (39 column) are depicted. Translations of a
contour (2" row) are ltered out by the -representation while a rotation (3" row)
results in a translation of the -representation.

2. To describeC; we have now to get rid of possible rotations in the plane. If we
apply arotation R = cos( )+ i sin( ) on a curvec with its shape representative
, we receive the following equalities:

%[R cs)) =€ As)= € €& W , with s = &X
=+ (x)

Hence, a rotation onc acts now as addition on . We can now x a possible
rotation by demanding for the following equality to hold:
Z,
(x)dx =2 2 (3.5)
0
To choose 22 as constant is quite arbitrary and we could choose any other

constant. But it was chosen in order to make the functionx 7! x feasible.
This function is the -representation of the shape \Circle".

3. Also note that the immersion index of the immersionc is also re ected by
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in the following sense:
2) (=2 ind(c)=2

Therefore, the -functions that describe elements ofC; are of the following
ane LZ2-space:

n (6]
L= :[0;2]! R (0= (2)+2 ~ ®Wo)y= ®@2 )forall k>0

4. In order to make sure that really represents the derivative of a contour, we
have to close the loop This means that we allow only those functions that
describe a closed loop. Therefore, the following must hold:

z Z, R !

, !
i dx

— ds = i (X)d — R COS( (X)
0 o cls)ds , &Y S sin( (x)dx

Concluding all these observations,C; can be modeled as follows.

Theorem 2 ([51]). If we de ne the function : L! R3via

L! RS
0 R, (d 1
X)aXx
7! %;;2 Cos( (x)dxX :
& sin( (x))dx

C: can be modeled as the submanifold 1(2 2;0:0) L L2(0;2 ]:R).

As a consequence, the shape spa& is like S an orbifold. In the following section,
we will address the problem of nding a shortest path on submaifolds like C;. This
will result in the very prominent concept of the so-called slooting method. In the
subsequent section, we will present an alternative methodhat is much faster than
the shooting method. In fact, this path-shortening method is faster by a factor of
up to 1000 depending on the shapes' resolution. Additionajl, we will show how the
concept of shortest paths inC; can be extended to nd shortest paths in S;.

3.2 Geodesics on Submanifolds

In this section, we will present the idea of geodesics and th@rominent shooting
method to compute such a geodesic. In the following, we will @strict ourselves to
submanifolds M that can be described as a subset of an Euclidean vector spaée
like the submanifold C; that is a subset of the Euclidean vector spacé.?([0;2 ];R).

Since such a vector space is equipped with a scalar produtt; i , we can compute
the length of any smooth pathm : [0;1]! E via:
Z,
1
length(m) = mqt); mqt) 2dt (3.6)
0
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In order to nd the shortest path between two points x;y 2 E, often the minimum
of the following energy functional is considered

z 1
E(m) = mqt) ; mqt) dt (3.7)
0

This is because every minimizer ofe () is also a minimizer of length(). Moreover,

the global minimum of E () is a shortest path betweenx and y which is parameterized
uniformally, i.e., &m (t) is constant:

Theorem 3. If mg and m are global minimizers oflength() and E() resp., then

1. &m(t) length(m )
2. length(m ) = length( mg)
Proof. First, we observe the following inequality which is derivedfrom the Cauchy-

Schwarz inequality applied to an L 2-space:

Z, Z, Loz,
1
length(m) = m%t) 1dt m%t) 2 12 = E(m)2
0 0 0

This inequality becomes an equality if and only if the two functions km{t)k and 1
are linearly dependent, i.e., ifm is parameterized uniformally.

1. If m diers from its uniformally parameterized instance m, we receive:
E(m)2 = length(m) = length(m ) <E (m )z

This is a contradiction to the minimality of m . Therefore, m must already
be uniformally parameterized, i.e., %m (t) :asuch that:

Z, Z,
length(m ) = —m (t) dt = adt = a
o dt 0

2. Denoting the uniformally parameterized instance ofmg as mg, we receive

length(mo) = length( o) = E(®o)z  E(m )z =length(m ) length(mo)

Since the rst and the last expression describe the same vaky every inequality
has to be an equality and lengthfn ) = length( my).

O

This theorem shows that in order to nd the shortest path between two elements
of the Euclidean spaceE, it su ces to minimize the functional E() instead of the
functional length( ). Additionally by optimizing E(), we obtain a path that is
uniformally parameterized. Especially from an implementaion point of view this
parameterization has an important advantage. Since a path $ normally stored in
a discretized version, it comes in very handy that we always btain a path that is
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Figure 3.4: Tangent Space and Exponential Mapping. To any point p of
a manifold M (1! image), a tangent spaceT,M can be de ned. The exponential
mapping maps every straight line inToM passing through 02 T,M onto a geodesic
on M passing throughp (2" image).

parameterized uniformally. As a consequence, we are suredhno range of this path
is oversampled.

Now we want to extend this concept of shortest paths on submaifolds. These are
smooth subsetsM of an Euclidean spaceE, e.g., a sphere or a cylinder inR3. To
any point x 2 M of such a submanifoldM , we obtain a tangent space, denoted as
TxM such that for any smooth path m : [0;1]! M, the following holds:

mqt) 2 TpyM , for all t 2 (0;1)

Hence, all possibledirections of a path starting in x are stored inTyM . We assume
that the tangent spaces at any base pointx are of the same dimensiork and we
call k the dimension of the submanifoldM . A closed non-intersecting loop inR3
is therefore a one-dimensional submanifold and a sphere is tavo-dimensional sub-
manifold. For a more formal introduction to submanifolds and manifolds, we like to
refer to [31, 21].

Since every tangent spacelyM is a subset ofE, the scalar product of E can also
be applied to vectors inTxM . As a consequence, the functionals lengthl and E ()
are also de ned for paths on a submanifold. This leads to the dllowing metric on
submanifolds

De nition 11. Let M E be a path-connected submanifold of an Euclidean space
E. To two dierent points x;y 2 M of this submanifold, we assign the distance:

disty (X;y) = - smrpci)g] oath length(m) (3.8)
mO) = x, m(1) = y
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It can be shown that disty (; ) is @ metric on M and the goal of this chapter is
to compute this distance. The observations of Theoren3 lead us to the following
de nition of a geodesic:

De nition 12.  Given a submanifold M E of an Euclidean spaceE, a path
m : [0;1]! M is called a geodesic if it ful lls the Euler-Lagrange equation with
respect to the functional E ().

If M itself is a vector space of dimensiork, the Euler-Lagrange equation of the
functional E is quite simple and results in

0 m%

Here, m® and m®are k-dimensional vector elds along m. But in the case of a
submanifold, only m@is a k-dimensional vector eld, i.e., m{t) 2 TmM for every
t 2 (0; 1). For m% this property does not hold any longer. But we can splitm®into a
tangential (k-dimensional) vector eld m%®" and a normal vector eld m®®°", Using
the concept of Lagrangian multipliers, the Euler-Lagrange equationfor submanifolds
becomes:
O mO@an

In order to compute a geodesic, an ordinary di erential equdion can be solved. In
fact, given a starting point x 2 M and a starting direction v 2 TyM , the following
di erential equation

m(0) = x mY%0) = v m%® () 0 (3.9)

is an initial value problem. This problem ful lls the Picard-Lindebf conditions and
has a pathmy., : R ! M as unique solution. This leads to the de nition of the
so-called exponential mapping

exp, : TxyM I' M
vV 7my.y (1)

While the shooting method used in p1] makes use of the exponential mapping,
the variational method that we will propose in Section 3.3 directly relies on the
de nition of a geodesic and is computed by minimizing the enegy functional E().
Our approach has several advantages over the previously udeshooting method:

First of all, we do not rely on computing the ordinary dieren tial equa-
tion (3.9). As a consequence, our approach turns out to be much fastethtn
the commonly usedshooting method Depending on the resolution of the short-
est path, i.e., the amount of intermediate shapes that we corpute, we receive
an runtime acceleration of a factor of up to 1000.

Since we do not have to approximate the solution of the ordinay di eren-
tial equation, the proposed path shortening method is numerically much more
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Figure 3.5: Path-Shortening Method for a Sphere. Starting with an arbitrary
path on a manifold, the proposed method shortens the path unit it becomes a
geodesic.

stable. If we approximate (3.9) linearly like in [ 51], small errors may be accu-
mulated, so that at the end we do not receive a path which is paameterized
in a purely uniform manner. But for the path shortening method, the uniform
parameterization is according to Theorem3 a byproduct of the optimization
process. In fact, errors are always dampened in every iter@n step.

Another important property of the method that we will propos e in Section3.3
is that it is symmetric in the sense that the shortest path from x to y is always
the same as the shortest path fromy to x. From a theoretical point of view
this may apply to every method that tries to compute a geodest between
two points. But the numerical stability of the shooting meth od relies on the
curvature of the manifold M at the starting point x. If this curvature di ers
at x and y the shortest path from x may di er from the shortest path starting
at y if we use the shooting method. This restriction does not holdf one would
use the path-shortening method of the following section.

3.3 Path-Shortening Method

In this section, we will present our method of computing a gedesic between two
given points x and y on a submanifold M of an Euclidean spaceE. First, we will
start with the case that E is an arbitrary nite dimensional space. After explaining
our method for this rather general case, we will address the qblem of nding a
geodesic in the submanifoldC; of preshapes. Finally, we will explain how a shortest
path on the quotient spaceS,; can be derived from geodesics o@;. The central idea
of this path-shortening method is to start with an arbitrary x-y-connecting path and
subsequently shortening this path (cf. Figure3.5). This will be done by applying a
gradient descent method with respect to the functional @.7).
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Figure 3.6: A small deformationd from a given preshapem; is orthogonal to the tan-
gent spaceTp, C at this given preshape, i the projection of the deformed preshape
m; + d onto the preshape manifoldC is equal to m;.

3.3.1 Geodesics in a Finite Dimensional Space

If M is a submanifold of a nite dimensional vector space, every pint x 2 M
can be encoded by nitely many coordinates. Therefore from ow on, we assume
that M is a submanifold of RN such that every point x 2 M has a representation
X = (Xo;::1;Xn 1)- In order to compute a geodesic, we have to encode a path
between two pointsx;y 2 M in a discretized manner. Therefore, we assume that a
path m:[0;1]! M is encoded asn via

0 [ n+1

— N (n+2)
m m 1 S 1 1 S 1 1 2R (3.10)

Such a discrete representation encodes the two boundary ohe path and n inter-
mediate points. For increasingn, we receive a ner discretization of the path m.
Our path-shortening method will start with an arbitrary dis cretized path m and
during the process the path is altered in a way that the involved energy function
E() is reduced by applying a gradient descent approach. As sooas the method
terminates, we obtain a local minimizer of E () that describes a geodesic betweer
and y. So instead of trusting in the numerical stability of an exponential mapping
computation, we minimize E( ) directly.

Let us assume thatm = (x;myq;:::;myu;y) is such a discretized path. Since the
Fechet derivative of E() is m%®" we have to alter m in the direction of the
discretized m®®"  |f we combine a forward and a backward di erence scheme, we
receive update vectors formq;:::;my. For x and y, we get no update vectors. But
this is not necessary, since we want to solve Aoundary condition problemand the
points x to y have to be xed. After all, we want to compute the shortest path
betweenx and y. For the update vector in question, we receive
tan
mi = w mi (311)
2

To compute m, we have to eliminate the normal component of the expressiomside
of the brackets in (3.11). The observation that we use to compute this e ciently is
(cf. Figure 3.6)

M(mi+d)= m; , dtan=0
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Here, m : RN 1 M describes an orthogonal projection onto the submanifoldv
from the surrounding spaceRN and d 2 RN is a possible update direction ofm;.
This observation is only true if d is small enough. Otherwise it is possible thaim; + d
will be projected onto another point on M. For now, we assume that the update
directions will be small enough such that this observation §ll holds. By stressing
this observation even further, we obtain

m(mi+d) v (m+ d@) (3.12)

This is the key to the path shortening method. Combining equdions (3.11) and (3.12),

we get the following update step
|
tan
m+ mi=y m+ ———— 12 Lom,
mi 1+ Mi+1

M 2

This results in the proposed path shortening method:

Algorithm 1 Path Shortening Method

Input: Two points x, y of the manifold M RN and the amount n 2 N of
intermediate points.

Output: Geodesicm =(mg  Mps1) 2 RN (M*2) with mg= x and mp+1 = .

1: forall i=0;:::;n+1 do

22 mi= m X+(y X) &7
3: end for

4: repeat

5. forall i=1;:::;ndo
6 Mi= mi+1+2mi 1
7. end for

8: = Ig)in:l KM mik2
90 forall i=1;:::;ndo
10: m; = M;

11:  end for

12: until  is small enough

Note that this algorithm uses for most of the time the linear structure of the sur-
rounding spaceRN . The only additional function we have to compute is the projec-
tion \ onto the submanifold M . Please note that it is not clear whether the initial
path betweenx andy that is computed in Line 2 is parameterized uniformally. But
our variational approach will take care of an online gauge x and as soon as the
method terminates, we receive a path that has this importantproperty. In the next
section we will show how this method can be used to compute a geesic on the
submanifold C; of preshapes.
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3.3.2 Geodesics on the Preshape Space

In the previous section, we addressed the problem of nding ageodesic on a sub-
manifold M that is embedded in the nite dimensional linear spaceE. Now, we
want to expand this concept to the more general submanifoldC, of preshapes.

The rst thing, we have to provide is the projection mapping ¢,. Here, we use the
approximative projection scheme presented in§1]:

Algorithm 2 Approximative Projection on the Preshape Space
Input:  f 2 L2([0;2 ])
Output: 2 C; which is closeto f.
1. =f
2: while 0 QZ:]_ do 1
r«; (x)dx 2 2
3 r= %} F@z cos( (x))dx X
2 .

0 o sin( (x))dx R, R

% R, _1 2Ry gln( (x))2dx ?R)z _
4 J= R.0 sin( (x))dx R sin( (x))<dx 2 0 sin(2 (x))dx

Zocos(())dx 3 Z sin2 (x))dx & cos( (x))2dx

1
2 cos( (x))dx

0 1
Uy
5: @UzA =J Y
us
6: (X):= (X) ug uzcos((x)) uzsin( (x)).
7: end while

In Line 3, the deviation of from C; is stored inr. If r =0, must be an element of
the preshape spaceC; because this is howC; was modeled in Theorem2. In every
iteration step, is pushed towardsC,;. This is done by computing the JacobianJ of

in Line 4 and updating in Line 6 accordingly. In practice, the method will be
terminated as soon as is close enough toC;. So instead of the condition 62C,
we will check for the condition krk >" for a pre-selected' > 0. In our experiments,
we choose' =10 .

Another problem that we have to solve is that an element of thelinear spacelL
L2([0;2 ]) cannot be encoded with nitely many parameters. Therefore, we also
have to discretize the preshapes. To any preshape?2 C;, we choose an equidistant
discretization

o ... 2 i . 2 (N 1 N

W P T P T 2 R (3.13)
The submanifold C; intersected with this nite dimensional space RN will be denoted
as C,; . With the presented discretization scheme, the problem of nding a shortest
path between two preshapes 1; » 2 C; can be reduced to the situation discussed
in the last section by looking for a shortest path between ; and , of C; . Hence,
Algorithm 1 can be used to nd a geodesic between; and , . In the next section,
we will address the problem of nding a shortest path betweenshapesinstead of
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Figure 3.7: Preshape Orbits. Since any shape can be parameterized with dif-
fering starting points, it corresponds to a family of preshges which form a closed
curve on the manifold of preshapes. Symmetries of a given spha will be re ected
by multiple coverings of this curve. In the case of a circle, his curve of preshapes
will collapse to a single point.

just nding shortest paths between preshapes Therefore, we have to study some
properties of the quotient S; = C;=S.

3.3.3 Geodesics on the Shape Space

Knowing how to compute geodesics onC;, we have the major tool to compute
geodesics on the shape spa®. Every element of this space consists of a whole
equivalence class of dierent preshapes. The shape class afpreshape will be
denoted as [] and it contains every preshape that can be created by the gnaop
operation of (3.4). Since this group operation was de ned for contours, we hag to
reformulate it for -functions. As a result, we receive

[1=f | 2[0;2]g (3.14)
1 [0;2 ]! I? (3.15)
(x+ ) ,if X + 2
(x + 2) | 2) ,ifx+ > 2

X 7!

The reparameterization  is now de ned for any 2 [0;2 ]. Butsince o= 2,
we can identify O with 2 and thus, we still have a S'-like group operation. This is
because the interval [02 ] together with the addition modulo 2 describes the same
group asS'  C together with the multiplication of complex numbers Therefore, we
will call the group operation (3.15) still an St-operation. One important property of
this operation is the fact that it is a length-preserving group operation on C;. This
means that if we apply a speci ¢ reparameterization encodecby 2 [0;2 ] on a
whole path m : [0;1]! C;, we receive a path of the same length:

Lemma 4 ([51]). Given a smooth pathm :[0;1]! C; and an 2 [0;2 ], another
pathm :[0;1]! C; of same length can be de ned vian (t) := m(t) .
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Algorithm 3  Geodesics on the Shape Space
Input: Two preshapes; 2 C; RN and the amount n 2 N of intermediate

preshapes.

Output: Geodesicm = (mg  mMps1) 2 RN 2 with mg= and mps1 2 [ ]
1. Mg =

2. forall i=1;:::;n+1 do

3 my= c, +( ) ﬁ
4. = DFT( mj 1;mi)

5 mj=(m)

6: end for

7. repeat

8 forall i=1;:::;ndo

9 M; = c, mi+1‘;mi 1
10: = DFT( mi 1, Mi)

11: Mi = (M)

122 end I{pr

13: = in=1 KM mik2

14;: forall i=1;:::;n+1 do
15: m; = M;

16: end for

17: until  is small enough

Because of this lemma, the shortest path between two shapes] 2 S; and [ 2] 2 S;
can be computed by looking for the shortest path between thewo orbits [ 1] and
[ 2] that form loops in the preshape spaceC;. So the problem of nding a shortest
path in the quotient space S; could be transformed into a shortest path problem on
the submanifold C;. But this problem can be simpli ed even further. Let us assume
that the shortest path m between [ 1] and [ ?] starts at ! and ends at 2. Then
according to Lemmad4, m is a path of the same length. But because of

m ©=mo ="' =" m ()=m@) = 2

we also nd a shortest path from [ ] to [ ?] that starts directly at the preshape 1.
Hence, the problem of nding a geodesic between the shapes?] and [ ?] can be
solved by nding a geodesic between the preshape! 2 C; and the preshape orbit
[ Cu.

Since our discretization scheme of Algorithm1 minimizes the pairwise quadratic
distances of subsequent intermediate preshapes, we have &xtend this concept to
the shape orbits. In order to do so, we have to solve the probla of nding the
2 [0;2 ] such that the L2-distance between two discretized preshapes and

is minimized. The solution of this subproblem will then be used to extend Line 6
of Algorithm 1 accordingly. Because of the discretization that we are usig, we
are looking for the optimal cyclic permutation of the discretized preshapem; with
respect tom; ;. This can be calculated via Discrete Fourier Transform whit can
be compute very e ciently [ 14]. The function to calculate 2 %2 il %2

given the preshapes and will be denoted as DFT( ; ). As a result, we
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Figure 3.8: Three hands.  In the following, we will compute the pairwise distances
of these three hands. These are samples of the MPEG7 shape dhgse.

receive the Algorithm 3 to nd geodesics on the shape spac&;.

Note that this approach is not a purely continuous approach. It is of course true
that the gradient descent step is a classical continuous tdmique. Nonetheless, the
computation of the Discrete Fourier Transform depends highly on the discretization
size. Hence, the presented method is a semi-continuous apach.

3.4 Comparing Dierent Approaches

In the last section, we proposed a variational method to compte a geodesic on the
shape spaces;. In contrast to the shooting method, we do not need to solve mitiple
ordinary di erential equations in order to receive such a gedesic. Therefore, it seems
reasonable to assume that the proposed method is much fasteéhan the shooting
method. To substantiate this, we present several tests on sipes that are publicly
available. First of all, we use the SQUID database 8] that has been provided
by the University of Surrey. Additionally, we use the more recent MPEG7 shape
databas€. The samples that we use from these databases are chosen ttugtrate
the functionality of the proposed method.

We start our evaluation by showing that the distance function we used describes
the similarity of di erent shapes better than the region based L 2-distance that we
used in Chapter 2. Afterwards, we will compare the shooting method with the
proposed variational path-shortening method. We show thatin contrast to the
shooting method, our method provides symmetric results andve will conclude this
section with a run-time comparison that shows an improvemen of a factor of 1000
depending on the shapes' resolution.
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Figure 3.9: Region based distance. The region based distance is looking for a
rotation and translation such that the area of the symmetric di erence is minimized.
This symmetric di erence consists of the following two components. The rst one
(green) represents the region of the rst shape that is not a @rt of the second shape.
The second component (red) is the region of the second shapéadt is not part of
the rst shape

3.4.1 Contour Based vs. Region Based Approach

First, we will show how the presented method ofshape morphingexhibits a shape
metric that is more accurate than the region basedL ?-distance used in Chapter2.

To this end, we consider the three dierent hands in Figure 3.8. The di erence

between the rst and the second hand is from a perception poihof view negligible.
In fact, the hands only di er in a slight bending of the thumb. But these two hands
di er somewhat more from the third hand. This is because for the third hand, the

distance between the thumb and the index nger and the distarce between the ring
nger and the pinky is much larger than the respective distances for the rst two

images. Hence, we expect the shape distance between the tthihand and one of the
rst two hands be twice as big as the shape distance between # rst two hands.

In Figure 3.9, we see the result of the region basedl ?-distance. This distances is
measured as the area of the symmetric di erence of twshape images To compare

this distance to the morphing distance, we minimized the regpon based distance with
respect torotation and translation (cf. (2.29). As you can see, this distance is very
sensitive to local deformations like the bending of the thunib or the stretching of

thumb and pinky.

Computing the geodesic on the shape spac®; via the path shortening methodre-
sults in the three morphings of Figure 3.10. For the rst two shapes (rst row in

Figure 3.10), this morphing looks very natural. But if we consider the morphing
between the third shape and either of the rst two shapes, this morphing looks
less natural. The thumb and the pinky for example thickens duing the morphing.
Hence, the morphing can cope with some restrictions of the igion basedL ?-distance,

3The shape databaseMPEG7 CE Shape-1 Part B is online available and can be downloaded at
http://www.cis.temple.edu/ ~latecki/TestData/mpeg7shapeB.tar.gz
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Figure 3.10: Morphing paths between three hands. Between the three hand
shapes, there exist three di erent morphing paths. The morghing between the rst
and the second shape (rst row) results in a slight bending ofthe thumb. For the
second and the third morphing paths, a thickening of the thunb and the pinky is
necessary in order to minimize the geodesic length of the clsen preshape manifold.

but it is still not perfect. On the other hand, we are only inte rested in the distance
and whether this distance re ects the object similarity that humans would perceive.
The three pairwise distances de ne a triangle in the shape sace that can be iso-
metrically embedded into R2. Doing this, results in two di erent triangles, one for
the region based distance and one for the morphing distance.

As you can see in Figure3.11, the morphing distance results in a triangle in which the

rst two shapes are closer to one another than the third shape Hence, the morphing

based distance results in a more descriptive triangle thante region based distance.
As a result, we assume that the metric induced by the minimal Ength of geodesic
based morphing is more descriptive than the mere region basel -distance.

3.4.2 Path-Shortening Method vs. Shooting Method
Symmetric Behavior

Now, we like to address the di erence between the computatia of the geodesic with
respect to the shooting method and with respect to the proposedpath shortening
method In Figure 3.12the results of both approaches are shown for the exemplarily
morphing from a seahorse into a star sh. We choose this spe@ example because
the distance between these two very dissimilar shapes is lge. Hence, the geodesic
re ects the structure of the preshape manifold C; more than the small distance for
the hand shapes used in Sectio3.4.1

The rst two rows of Figure 3.12 show the result of the shooting method whereas
the third row shows the geodesic computed with respect to thevariational path
shortening method The rst row shows shapes on the morphing path that starts at
the seahorse shape and for the second row the computation stad at the star sh

shape. All these morphings are valid geodesics but the caltated alignments, i.e.,
the chosen star sh preshapes are di erent. This leads to a dé&intersection in the
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Figure 3.11: Induced Metrics of Dierent Shape Spaces. The pairwise

distances of the three hand shapes is represented as a tridegn the real plane. The

left triangle represents the metric structure of the region based stochastic shape
space. The right triangle is shown with respect to the the shae spaceS;. The

metric structure of S; detects a higher dissimilarity between the rst two shapes

and the third shape.
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Figure 3.12: The Computed Morphing Paths. The morphing of a seahorse
towards a star sh is calculated via two di erent methods. Th e green shape sym-
bolizes the initial value of the used methods - these shapesere not altered. The
rst two rows show the results of the shooting methodstarting at the seahorse(1st
row) and the star sh (2nd row). The variational path-shortening method (3rd row)
xes both the seahorseand the star sh.

[
$
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Figure 3.13: Run-time for Di erent Morphing Methods. The computation
time in seconds to calculate geodesics is plotted against ¢éhdiscretization size of a
morphing. The variational method has two advantages with respect to its compu-
tation time. Symmetry: The geodesic calculation does not depend on the starting
shape, whereas the run-time for the shooting method variesyoca. 25%. Run-time:
The variational method is faster by a factor of 1000.

rst cases, whereas in the third case, the tail of the seahomrsunrolls in an expected
natural manner. This is due to the di erent alignments of the target shape. It is
easy to see that the variational method moves the tip of the tal towards the tip
of one of the ve star sh extremities. Moreover, the rsttwo geodesics provide a
path length of 5.5447 and 5.5431, whereas the third geodesiwas the length 4.6371.
Therefore, the shooting method does not only get stuck in a loal minimum but also
it does not provide for symmetric results. In this example, we used a discretization
of N = 1000 for the preshapes. Therefore, there exist 1000 di enat alignments
for the target preshape. Calculating the geodesic distancéetween the preshapes
with respect to all of these 1000 alignments, we could con rmthat the distance
computed by the variational path-shortening method represents the global minimum
with respect to preshape alignment. Thus, the calculation é realignments in Line 10
of Algorithm 3 serves the purpose of nding the minimal distance between tw
given shapes. Overall, the proposed variational path-shdaening methods should be
favored over the commonly used shooting method in order to otain meaningful
symmetric distances.
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Figure 3.14: Point Correspondences for Shape Morphing. A morphing
transforms one shape into another. Thus, every pointx of the rst shape is moved
via this morphing onto a point y of the second shape. These paths are shown for
some chosen points. For the two hands, theseorrespondencesx $ y re ect a certain
local similarity . For the shapes on the right hand side, this similarity does ot exist
any more.

Run-time Behavior

In the last test, we showed the superiority of the path-shortening method over the
shooting method with respect to its exactness. Now, we will Bow that the path-
shortening method is also much faster than the shooting metbd.

Figure 3.13 shows the computation times of the morphings presented in Fjure 3.12

It varies from the computation time in [ 51] because we use highly resoluted preshapes
and the methods stop only if they can provide a very accurate esult. On the
horizontal axis the discretization resolution of the geodsic is noted. This is the
amount n of intermediate shapes that both methods are using. First ofall, we see
that the computation time is not symmetric for the shooting m ethod. Moreover,
the computation time varies by 20 to 30 percent. This is due tothe fact that the
shooting method depends highly on the curvature at the startng shape. Hence, not
only the result of the shooting method but also the computation time is asymmetric.

The variational method on the other hand is symmetric and thus, the runtime does
not depend on the starting shape. In addition, the calculation time is less than 100
milliseconds in the highly resoluted case. If we use the samesolution as in b1],

the variational method takes only a few milliseconds. To cowrlude our observations,
the variational path-shortening method does not only re ect the morphing induced

shape distance in the sense that it provides for symmetric reults. It is also faster
and thus computing distances as a length of geodesic becomatiractive for the

Computer Vision eld of Shape Analysis.
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3.5 Limitations of Morphings

We saw that shape dissimilarity measured as the geodesic Igth between two shapes
on the orbifold S; re ects the perceptional dissimilarity of humans better th an a mere
region basedL ?-distance as in Chapter2. Nonetheless, it is has its limitations. First
of all, we only computeda geodesicas de ned in De nition 12. Such a geodesic ful lls
the Euler-Lagrange equation of the energy functional 8.7). Thus, it may just be a
local minimum. Whether itis a global minimum s not clear at all. As a consequence,
we cannot be sure if the proposed method really computes theistance as de ned
in (3.8).

Another problem that already appeared is due to the chosen ngresentation of pre-
shapes. In Figure3.10 we saw already that the morphing may not be natural in
the way that morphing one hand into another results in thickening and afterwards
shrinking of certain ngers, e.g., thumb and pinky. This is in fact the result of the
chosen shape representation. The problem of this represeation is depicted in Fig-
ure 3.14. In this gure, we show how di erent points on the rst shape a re moved
in the plane during their morphing. As a result, we receive a st of points of either
shapes that are set in correspondence with respect to the mphing. This means
that for every t 2 [0; 2 ] the following two points are set in correspondence:

Xt = co(t) = € o and ye = ci(t) = € O

where ¢ is a representing curve of a shape and; : [0;2 ]! R is the respective
element of the preshape spac€,;. Since the curves are represented by arc-length,
for arbitrary s;t 2 [0;2 ] the following holds:

dist(co(s); co(t)) = js  tj =dist( ca(s); cu(t))

where dist( ; ) denotes the distanceon the speci ¢ contour. Because of this distance
preserving property, we obtain a sort of contour-based rigility. If we choose one
speci ¢ correspondence between points of di erent shapesall correspondences of
one contour with respect to the other is already de ned. For the example of the two
hands on the left hand side in Figure3.14, this works quite well. But for the toy
example on the right hand side of this gure, the restriction of this rigidity comes
to light.

While for the region based L ?-distance of Chapter 2 a rigidity of the whole shape

emerged (cf. Figure3.9), we are here confronted with only a parameterization based
rigidity. In the next chapter, we will address this problem. Instead of computing

a whole morphing, we will only be interested in nding correspondences between
points of di erent shapes. This approach is also known ashape matchingsince we
are looking for points that are similar to one another, i.e., points that match.
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Chapter 4

Shape Matching

In the previous chapters, we introduced two di erent methods to measure the dissim-
ilarity of shapes. This resulted in de ning a metric d( ; ) that assigns a non-negative
distance to an arbitrary pair of shapes. In this chapter, we wil make use of another
distance function. It diers from the previous distance function in the sense that
it is not a metric any more. Instead it is a relaxed version of ametric in the sense
that the triangle inequality of De nition 2 does not hold any longer. Such a concept
is known as apseudo-metric and has already been studied in the form of region-
based L ?-distances. Especially for level set approaches, pseudoetnics have been
successfully applied 28].

In order to de ne this new distance function, we consider the problem of shape
matching which is very popular in Computer Vision in order to classify a selection
of di erent shapes. Like in the preceding chapters, we stillrepresent a shape as a
mapping that is de ned over the circle St. The main advantage over the concepts
described above is that the invariance with respect to tranfation, rotation or scaling
will be directly incorporated into the description of shapes. Hence, we do not have to
consider orbits with respect to some group operations. In pactice, this means that
we use certain features that describe thdocal appearanceof every contour point.
Instead of representing a shape as a sequence of planar pantt is now modeled
as a sequence of feature values. A very prominent feature ihé curvature. This
feature has certain advantages over other features. Firstfaall, it is easy to compute
and secondly it only depends on a small neighborhood of a gimecurve point. Thus,
areas of the shape that are further away from a speci ¢ point @ not disturb the
computation of the curvature at this point.

This chapter is organized as follows. In Sectiort.1, we address the problem of shape
matching with respect to an arbitrary preselected feature. There we recapitulate
the development of shape matching and explain our approach tich is an important
extension of the work of Sebastianet al. [85] in the sense that our approach is
invariant with respect to re-parameterization. A closely related approach has been
rst introduced by Tagare [ 90], but the model of Tagare is di cult to handle since
instead of a matching function, Tagare used a matching relabn that in general can
neither be represented as a matching function from the rst siape onto the second
shape nor vice versa.
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Figure 4.1: Shape Matching. Left hand side: Matching two shapes amounts
to computing a correspondence between pairs of points on bbtshapes.Right hand
side: Instead of looking for a mappingM : C; ! C,, a matchingm : St! Slis
de ned on the parameterization domains.

In Section 4.2, we present a collection of di erent features. Especially,we present
a method of computing the curvature via an integration process. As a result, the
presented method to compute a curvature is numerically muchmore stable than
classical approaches which involve the computation of the econd derivative. In
Section 4.4, we present the classical method oDynamical Time Warping (DTW)
and the drawbacks of this speci ¢ method which results for elample in cubic runtime
with respect to the input size. In order to reduce the runtime, we present two
di erent methods in the succeeding sections.

In Section 4.4.1 we present a very rapid DTW approach which to our knowledge
is the fastest DTW based method and in Section4.5 the problem is cast agraph
cut problem In Section 4.6, we provide two dierent tests on publicly available

databases.

4.1 Pseudo-Metrical Shape Spaces

The problem of nding a match between two dierent sequences of data has a
rather long history in Computer Science. A very classic appoach is the nding of
a substring in a given text string. But besides these exact matchings, the looking
for approximate matchingshas also become an import task. One of the rst works
addressing this problem was 97]. Here a metric on the set ofstring characters
was assigned to model errors that may occur during the input 6the search string.
To nd this elastic match, dynamic programming techniques were applied. This
technique has a long tradition in the elds of string alignment, speech recognition,
stereopsis and handwriting recognition #, 55. In [22], this concept was rst applied
to the matching of shapes. To this end, we assume that a shape irepresented as a
closed loop in a preselected feature spade which is equipped with a metric d( ; ).
F can be any metric space but in practice,F is some Euclidean space likeR or
Rf. In order to compute the similarity of di erent shapes e cie ntly, we assume
that the metric d of F can be computed very rapidly. Further on, we assume that
transforming an arbitrary curve c¢: St! C into the feature loopf : S'! F can be
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done easily. Examples of sucHeatures will be presented in Section4.2. For now,
we want to de ne the general concept offeature based shapeshat di er from the
shape concept of the previous sections in the sense that we dwt need any group
operation in order to abstract from the contour:

De nition 13. A metrical space (F; d) equipped with a mapping F : Imm(St; C) !
Map(St; F) is called afeature spaceand the mapping F is called its feature trans-
formation. Further on, we call F invariant with respect to the group SE(2) of rigid
body transformations if for any curve ¢ 2 Imm(St; C), rotation R 2 C and transla-
tion T 2 C, the following holds

Flc()] F[R c()+ T] (4.1)

From now on, we assume that we deal with a preselected featurepace f;d;F)

such that F is invariant with respect to the group SE(2) of rigid body tra nsforma-
tions. Besides rigid body motions, othershape transformations are possible. In this
chapter, we want to detect local stretching or contraction. Hence, we are looking
for a direct correspondence mapping which maps the points obne shape to the
correspondent points of the other shape. Since the points ad shape form an arbi-
trary subset of the plane C, it is easier to nd the correspondence directly on the
parameterization domain St (cf. Figure 4.1).

To avoid self-occlusions during the matching process, enatching can be modeled via
an orientation-preserving di eomorphism m : St 1 Sl that maps points of the rst
parameterization domain to the corresponding points of thesecond parameterization
domain. On the space of these matchings, we will de ne a funéonal E : Di * (S') !
R¢ that measures the quality of a matching. The goal of a matchirg algorithm is
to nd the minimum of E which will mainly measure the L?-distance of the feature
di erences. This results in the following functional:

Z
Bl (M= _ d(fo(s)ifs m(9)%ds 4.2)

This functional was used by Cohenet al. [22]. But it has the disadvantage that it

is not symmetric in the sense that the equation®f ; (m) = Ef ; (m ') does not
hold in general. To overcome this, Sebastiaret al. [85] and Tagare P0O] propose
di erent approaches. Here we follow the concept of Tagare wh reformulated the
functional (4.2) as a curve integral on a torus. This is possible because thergph

( m) of a matching mappingm : St'! St can be represented as a closed loop on
the product spaceS!  S! which describes a torus (cf. Figure4.2).

To reformulate (4.2) as a line integral has the important advantage that the resuting
energy functional is not only symmetric, but also independat of the parameteriza-
tion of ( m). Hence, we use the following energy functional:

Z
B (M= _ dfo(9)ifs m(s)? I+ misids 43)
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Figure 4.2: Matching Loop. Matching points on either of two shapes is equi-
valent to a cyclic path on a torus. If two curves ¢y and c; are both parameterized
over a circle. The torus represents all possible corresportices. The graph (m) of
a matching m : St I S! describes a loop (blue) that covers both parameterization
spaces (horizontal and vertical red loops) exactly once. Irthis gure the matching
loop of the matching m(s) := s is sketched.

In this functional, the data term d(f o; f 1)? is therefore integrated along thematching
loop s 7! (s;m(s)). Since we u55 a line integral instead of a pure.2-distance
like in (4.2), the smoothness term 1+ m® is directly coupled to the data term.
As a result, we do not need any additional parameter in 4.3). Using this energy
functional, a distance function for shapes is induced as ftows:

q —
. — ; F
Dr(co;C1) = IS EE ol (e (M) (4.4)

The fact that (4.3) is parameterization invariant with respect to ( m) is very im-

portant from an implementation point of view, because we do mt have to take care
that m or ( m) is been parameterized in a certain sense. Di erent paramedrizations

will lead to the same energy functional. The freedom in parameterization reduces
the amount of restrictions for designing an e cient algorit hm. But this freedom has

to be paid o by loosing a property that all the shape distances presented above
had. This is the triangle inequality which does not hold any more. An example is
provided in Figure 4.3.

After presenting the general concept of shape matching, we ant to present two
di erent shape features in the following section. In Sectim 4.3, we will then address
the problem of solving this problem. In that section, we will propose purely discrete
approaches. These methods involve the computation of eithrea shortest path or the
minimal cut in a graph.

57



Y Z

Figure 4.3: Semi-metric. Here, we show an example of three shapes such that
their pairwise distance does not ful Il the triangle inequality. If we denote the shape
of the dog by X and the shapes of the two faces a¥ resp. Z, we obtain the following
distances: De(X;Y ) = 453, De(Y;Z) =79 and Dg(X;Z) = 547. Obviously, the
triangle inequality Dg(X;Z) De(X;Y )+ Dg(Y;Z) does not hold. As feature
spaceF, we used thelnner Shape Contextpresented in Section4.2.2

4.2 Shape Features

In the last section, we introduced the functional (4.3), which measures the quality

of a matching m. This functional highly depends on the preselected featurespace
(F;d;F). There exist numerous shape features which capture the la shape by
means of di erential or integral invariants [ 63], the most commonly considered de-
scriptor being curvature [69]. In this work, we are not focused on the introduction of

new invariants, but rather on the question of how to e cientl y compute a matching

given any local shape descriptor.

For the sake of completeness, this section presents certacommonly used features
like the curvature and the Inner Shape Context (ISC). Curvature is a good feature
for shapes but it is not very popular because normally curvatire is computed via a
second derivative. This computation is very sensitive to small noise. In Section4.2.1
we will present a novel method to compute the curvature at a ceain point that
results in an integration process instead of two di erentiation processes. Hence, it is
much more robust than the classical curvature computation. For the computation
of the ISC, we follow the ideas of §0] which we will brie y present in Section 4.2.2

4.2.1 Integral Curvature Computation

The shape matching as introduced above relies on local feates that are invariant
with respect to translation and rotation. In practice, these features need to be
computed in a robust manner. To this end, Manay et al. [63] introduced di erent
features that were all obtained by integration processes ath since these features were
invariant under rigid body motions, they were called integral invariants. One of these
integral invariants approximated the curvature by calculating the intersection of the
shape's interior and a circle of xed radiusr (cf. Figure 4.4). In contrast to [63],
we perform a Taylor approximation of the invariant which is exact up to the rst
order. As a consequence, we obtain a method to compute the cuature robustly by
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Figure 4.4: Curvature calculation. The curvature at any point along the curve
can be estimated from the intersectionA, of a ball with radius r centered at the

curve point with the interior of the shape. R = % is the radius of the osculating

circle (cf. (4.5)).

performing an integration instead of a di erentiation scheme.

If we now consider the closed curve : St ! C with its curvature function : St!

R. Near the point c(t), the curve c can be described via its osculating circle of
radius R(t) := % In fact, the Greek used this concept to measure the curvatue
of a curve. The osculating circle is an second order approxiation of c. Let us now

consider the set

Ar(t)= fx 2 int(ojkx c(t)k rg
that consists of all points inside the curvec that are also closer to the curve pointc(t)
than a preselected radiusr. Then, the area of this setA,(t) can be approximated
via

Z, p h p i
area(Ar) RZ 2 R rz 2d
a
a a
:§(R2+ r) R?cos?! % r?cos ! .
p
2Ra+a R2 a2+ r2 a2
| {z }
=R
_p2 1 @ 2 1 a
= — CcOos —  +r coSs — Ra
2 R r
“R%sin ! 2 +r2sn! 2  Ra
R r
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Figure 4.5: Gaussian noise. The matching between an original hand and a hand
added with Gaussian noise is visualized. From left to right he standard deviation
is =0;05;1,3,4. At =4 a matching starts to collapse (cf. point 4).

2
— 2 r2 ; [ 1 ;
whereasa= r s - Introducing ' :=sin > » We receive
2
area(Ar) R g T R
— — sin — COS + = —cos( ):
r2 r R 0) 2 r Q)

Because off; = 2sin(' ), we nally get the simpli cation

areaA;) 1 ' cos( )
r2 2 sin( )2 sin() 2

The linear Taylor approximation of the right hand side leads to the expression % .
Therefore, the curvature can be approximated via

2 3 3areaAr)

Note that the quadratic approximation error can be reduced by decreasing the radius

r. Moreover, =lim ¢Z2sin 2 36‘%(‘\—’) In our implementation, we used
the right hand side of (4.5 to calculate the curvature function of a given curve.
In Figure 4.5, the robustness of these feature with respect to high Gausah noise
is shown. For this test, we started with one contour and addedin the direction
of the curve's normal Gaussian noise of a preselected standhdeviation . We
observed that even at the presence of rather high Gaussian is®e, the matching is
quite accurate. The matching starts to collapse for = 4. But at this point it is

di cult to recognize the represented shape even for a human.

4.2.2 Inner Shape Context

The robustness of theintegral feature lies in the fact that we consider a larger
neighborhood of a given contour point. A similar concept wasused by Belongieet
al. when they introduced their Shape Context Featurein [5]. It involves the pairwise
distances between all contour points: For every point of a gien contour, a histogram
is computed that re ects the shortest paths to all other points of that contour. Hence
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Figure 4.6: Shape Context. To compute the Shape Context distances from
one point to all the other points of the contour are stored in ahistogram (left hand
side). TheInterior Shape Context considers only the shortest paths inside the shape.
Hence, it is robust to articulations like the position of the bunny's ear.

to every pair of points, the distance and the angle with respet to the contour's
tangent is computed and stored in a preselected histogram. fiis idea is sketched in
the left hand side of Figure 4.6.

This feature is very robust but it has also certain disadvantages. One of them is
the fact that articulated shapes exhibit very di erent feat ures. As a consequence,
those shapes are di cult to match. But since articulated shapes are very natural,
Ling and Jacobs proposed in§0] an extension of the original shape context. Instead
of the Euclidean distance that was considered in the originashape context, they
only considered paths that are inside of the given shape (cf.right hand side of
Figure 4.6). By considering only theseinterior paths, they came up with another
shape context { the interior shape context Since this feature turned out to handle
the matching of di erent shapes very well, we will use this feature in the following.
In fact, the methods that we will present in Section 4.3 are independent of the
preselected feature and the focus of the next section is to psent e cient methods
for shape matching for every possible feature spacd-(d; F).

4.3 Discrete Approaches

In the last sections, we addressed the problem of matching tar shapes with respect
to a preselected feature spaceH;d;F). The focus of this section is to minimize
the energy functional E of (4.3). From now on, we are only interested in purely
discrete approaches. Traditionally the problem of shape mgching has been cast into
a shortest path problem through a two-dimensional planar gaph, the edge weights
of which incorporate the distance of the local features§5, 39, 3, 2, 38, 57, 93, 85, 73].

This rather general approach is known asDynamic Time Warping (DTW) and will

be presented in Sectiord.4. Another approach that we rst presented in [82] results
in nding the minimal cut in a planar graph. This approach wil | be presented in
Section 4.5. Both approaches, the DTW approach and the graph cut approab suf-

61



fers from a rather high runtime. Thus, it is very costly to compare highly resoluted
shapes. To overcome this drawback, we use the fact that the uterlying graphs of
both approaches are planar. This leads to di erent methods éreducing the involved

runtime signi cantly by exploiting this important propert y of planarity. These meth-

ods are presented in Sectiond.4.1and 4.5.1 If we want to compare shapes that are
discretized by N feature points, the resulting methods compute the global mnimum

of E in almost quadratic runtime, i.e. in O(N?2log(N)). In Sections 4.4.2 and 4.5.2
we provide a run-time comparison of all the presented methos.

4.4 Dynamic Time Warping

Let us assume that two curvescy;c; : St'!'  C and their feature loopsfo;fq: St!

F with respect to a feature space F;d;F) are given. The goal now is to nd a
matching m : St St that minimizes its path length (4.3) on a torus. To simplify
this problem, let us also assume that we already know an initl matching, namely
m(Xg) = X1. This means, we know thatf o(Xg) should be matched tof 1(x1). If the
matching torus of Figure 4.2 is now cut open along the two red coordinate loops, we
obtain a atarea [0;2 ] [0;2 ] and the closed matching loop becomes a shortest
path from (0;0) to (2 ; 2 ). Since the problem of nding a shortest path through a
graph has been intensively studied, it makes sense to refounate the problem into
a graph theoretical problem. Therefore, we assume that eactof the two feature
loops is given as a discretized sequence bf feature points. This means that the

we expand this notation such that x; is de ned for any i 2 Z via Xj = X(i mod N)-

In order to nd the matching m, we have to nd a shortest path within a graph of
O(N?) vertices (cf. Figure 4.7) that we will now construct. The vertices Vij 2V
represent a possible match betweetio(x;) and f1(x;) and the integrand of (4.3) at
this pointis (fo(x;) f1(X; ))2. Therefore, the weightw of any edge ; i1 Vk:1) carries
the value of the path integral along this edge:

_ (Foxi)  Fa(xi)*+(folxi) fa(x1))?P

W(Vij; Vi) = 5 (G D2+ Kk)?

In order to allow only paths from (0;0) to (2 ; 2 ) that represent a di eomorphism,
only those edges are allowed that sample both coordinate aximonotonically. As a
consequence, we allow only horizontal edges to the right, vécal edges towards the
bottom and diagonal edges that combine a horizontal and a veical step.

Hence at each point-match, there exist only three di erent ways to proceed on the
two curves. These three ways are represented by the followgnthree outgoing edges:

1. One can proceed only on the rst contour, which leads to edgs of the form
(Vigj s Vis1:j),

2. one can proceed only on the second contour, represented lyiges Vi ; Vi;j+1)
or

3. one can proceed one step on both contours. This is repreded by edges of
the form (Vi;j;Vi+1:j+1).
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Figure 4.7: Shape Matching Graph: Left hand side: Matching ¢y onto c; results
in nding a shortest path in a regular graph. To this end, the n ode information have
to be carried forward to the right and to the bottom (blank nod es). Right hand side:
To nd the initial match, the graph has to be expanded to the ri ght.

C1

The problem of nding a shortest path from (0;0) to (2 ; 2 ) in the continuous
plane can therefore be cast as nding the shortest path fromvgo to vy.n in the
de ned graph G = (V;E:;w). This can be computed very e ciently in O(N 2) time
steps P7].

This e cient computation relies extremely on the fact that w e know an initial cor-
respondence. This is in general not true.Dg(co; ¢;) can therefore be calculated by
nding an initial correspondence (a;0) and afterwards looking for a path of minimal
weighted length from (a;0) to (a+ N;N). Since there is no natural way in nding
such an initial point-match, computing the shortest circular path on the torus could
be carried out with a brute-force method, where rst an arbitrary initial correspon-
dence is chosen, which is used as a starting point for compurtg a best matching
afterwards. After repeating this for all possible initial correspondences, the global
optimal match is computed at the cost of O(N ®) computation steps [65, 38]. This
can be achieved by expanding the involved graph to aN +1) (2N )-grid (cf. right
hand side of Figure4.7).

In this section, we will show that the shape matching problemcan in fact be solved
in O(N?log(N)). We developed two di erent methods that have this property. One
method is an extension of §1] that applies a binary search to the DTW approach.
Another approach is based on a reformulation of the shortesipath problem as a
graph cut problem. This will be the focus of Section4.5.

4.4.1 E cient Shortest Cyclic Paths on a Torus

As we have seen in Sectior.4, the minimal matching of planar shapes can be cast
as a problem of nding the shortest path through a graph. This graph is spanned
by the two shapes, where the nodes of the graph encode the Idcaimilarity of

respective points on each contour. While this problem can beolved using Dynamic
Time Warping, the complete search over the initial correspmdence leads to a cubic
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Figure 4.8. Search area. The path search is carried out on a graph of twice the
size of the input matrix. A viable solution has to start in the top-left blue area and
end at a matching node in the bottom-right blue area. The three allowed directions
of the edges are indicated with the three arrows on the left sle.

runtime in the number N of sample points.

We propose an algorithm to determine this shortest cycle whih has provably sub-
cubic runtime. In Section 4.4.2 we will see that this method is faster than all
other methods presented in this section. To the best of our knwledge, there is no
algorithm that is faster than the one we are presenting here.

When searching for the shortest circular path, we can restiit the search w.l.0.g.
such that the start-node of the path is of the form vjo, i = 0;:::;N 1. The
corresponding end-node is thervi; Ny (See Figure4.8).

In the description of the algorithm for computing the shortest circular path, we will
apply the following theorem:

Theorem 4. Let G = (V;E;w) with V = fv;g; be a graph and letp; = vj, :::vi,
and p = vj, :::Vj,, be paths of minimal length. Then we can state that ip; and p
have two nodesv, and vq in common, there is a pathpd = vy, :::vj, with the same
weighted length ag,, which has a common sub-patlv,  vq with path p;.

This theorem is based on theprinciple of minimality for shortest-path methods,
namely that any sub-path of a minimal path is itself a minimal path. A direct
consequence of this theorem is that for any two minimume-lenth paths ps; p2, there
exist two paths p?; p9 with the same start and end nodes, which cross at most once.
This property allows us to reduce the search area by constraing it on each side
with a previously computed minimum-cost path.

The algorithm for computing the minimum cost path vi.o Vit n:n With unknown

64



AV (1+1)/2;0

Figure 4.9: Step 2 and 3. A shortest-path tree rooted at Ve = V(j41)=20 IS
computed. The right-most nodevyoy for which ve  vgon still has a sub-path with
v is determined. The shortest path to this node is denoted ag,. Similarly, pr is
determined as the left-most path that still has a sub-path with p;.

i2f0;:::;N 1g proceeds as follows.

Step 1: The shortest path p; from vp0 to vN:n IS computed with a standard

DTW algorithm. Furthermore, we de ne the path p, as a copy ofp, shifted

by N elements in thei-direction, i.e., vn-o von:n - The paths p and pr

are depicted in Figure 4.8 as the bold path and the dashed path, respectively.
Note that these two paths constitute boundary paths which reduce the search
area from 2N?2 to at most N2+ 2N nodes.

Step 2. This step makes use of previously de ned left and right boundng
paths pp = vio  Vien:n @andpr = Vro  Veen:n. IN the rstiteration, the
paths are taken from the result of Step 1, so thatl =0 and r = N. In later
iterations, other bounding paths will be used.

We now compute a shortest-path tree, starting from the middle nodev; =
V+r)=2;0 at the top side of the graph (Figure 4.9). In one run of the DTW al-

at the bottom side. Considering Theorem4, we can limit the DTW computa-
tion to the area between the two bounding pathspy; p; .

Step 3: If we consider the shortest paths betweenv. and the bottom side
of the graph, we see that the pathv, Vi+n:n Obviously has a common
sub-path with p;, since both paths end at the same node. As we consider
destination nodesvy.y with k > | + N, there is generally a largestk® with
I+ N Kk® (I+r)=2+ N so that the shortest path v  vion still has a
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Figure 4.10: Step 4. Given p; and p;, we know that all shortest circular paths
ending in rangeR include the sub-pathv,  Vve. Hence, build a shortest-path tree,
rooted at v,, in the indicated direction on the shaded area. By combiningthese
paths with the sub-path v  ve and the shortest-path tree belowve, all circular
paths through the rangeR can be obtained. The pathp? is the shortest circular path
Vko N0 Vken, Which will be used as a bounding path in the following recurson
step.

common sub-path with p;. Let us denote the path fromv¢ to vgon aspg, like
it is depicted in Figure 4.9.

Similarly, we can nd a smallest k%ith (1+r)=2+N k% r+ N so that the
shortest path v vigooy still has a common sub-path with p,. This de nes

Step 4: According to Theorem 4, any circular path v Vign:N With i 2

the rst node of this sub-path as v, and the last node asve, the common
sub-path of p, and pr is Vva Ve. If the shortest path from v to Vitn:N
passes through the area bounded byr and p;, we have therefore found some
initial point-matches of the shape matching problem, namely any vertex on
the path v4  ve. Hence, this subproblem can be solved in one single DTW
step. Since we have already computed a part of this DTW step, ti su ces
to use DTW to compute a shortest-path tree, rooted at v,, extending to the
top-left and bounded by pr and p; (cf. Figure 4.10. The shortest-path tree
rooted at ve, extending to the bottom-right and bounded by pr and p; was
already computed as part of the shortest-path tree fromv. in Step 2.

We now have the shortest-path tree rooted atv, to all nodesv;.o, i+ N 2 R and
the shortest-path tree rooted at ve to all nodesv;.y, | 2 R. By considering the
sum of the cumulative costs for pairs of nodew;.o; vi+ n:n, We can identify the
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Figure 4.11: Step 5. All circular paths through the ranges L and R are already
computed. Only the shortest circular paths in the range in béween remain unknown.
This range is processed recursively, rst processing the @ph betweenp® and p, and
then betweenp, and pp.

shortest circular path for the node rangeR. A similar process can be carried
out to nd the shortest circular path for the node range L = fk®:::;1+ Ng
(cf. Figure 4.10).

Finally, we use the two shortest-path trees like above to extact the shortest-
circular paths p? = wo N0 Vkon and pP = Voo ng Vkoon . These two
paths will constitute new bounding paths for later processng iterations.

Step 5: The previous step has computed shortest paths for the subggh
bounded by p, and pl0 and the subgraph bounded byp® and p;. What remains,
is the subgraph bounded byp? and p?. Since we have already computed the
shortest path veo Ve n:n denoted aspg, we can now divide the remaining
subgraph alongp; into two subgraphs, bounded by the pathsp®to p; and pe
to p¥. Both of these subgraphs can be processed recursively by taging the
processing at Step 2 for each of them. In the recursion, the nep, := p? and
pr := pc for the left subgraph, and p; := pc and p; = p? for the right subgraph
(Figure 4.11).

Each processing of Step 4 gives up to two candidate shortesircular-paths. Once
the whole range of start nodes is processed, the path with theninimum-cost path
is selected as the global solution.

The question that we like to address now, is how e cient is the proposed method to
state-of-the-art methods. First of all, we will prove that t he worst case complexity
of our method is O(N?log(N)) where N is the number of sample points on each
shape. Afterwards, a direct runtime comparison will be provded.
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The proposed method de nes a planar graphG = (V;E) on a rectangular grid
V=1Fy;j0 i< 2N;0 j<N +1g. We are now looking for a shortest path
from vjo to vizn:n Wherei varies over the setf0;:::;N  1g. Since our method

Lemma 5. Let G°= (V2 EY be a connected subgraph a& containing exactly b > 1
corresponding boundary elements, i.e.

Vio2 (VO B1), Vienwn 2 (VO By);

Then the algorithm nds the shortest path connecting an elemant vi.o 2 Bj to its
corresponding elementvi; .y 2 B2. Moreover, for the number of calculation steps
T(n; b) the following holds:

T(n:b) 2(ogb 1)+1) (n+ N(b 1)) (4.6)

wheren := jV9§ is the number of vertices inG°

Proof. Since G®is a subgraph of G, any shortest path given a start vertex and
a target vertex can be calculated within n calculation steps using Dynamic Time
Warping (DTW). An upper bound for the run-time T(n;b) is clearly b n since
every DTW run used by our method computes at least one shortdspath from an
initial node in B1 towards the corresponding vertex inB,. These properties will be
used during the proof. We will prove this lemma by complete irduction over the
boundary length b.

Initialization: For b = 2;3;4, the expression on the right hand side of 4.6) is
always greater thanb n. Sinceb n is an upper bound of the method, @.6)
holds for these cases.

Induction step:  Assuming, we have proven the upper bound for all boundary
lengths ©B° ful lling 4 B’ < b. Now, we like to prove this upper bound
for b itself. First, the algorithm calculates a shortest path from the central
point of the boundary which takes n calculation steps. By doing so, the graph
GPis split into a left and a right subgraph with n_ resp. ng vertices whereas
n.+ng n+2N. If Step 3 and Step 4 has to be applied, an additional DTW
run has to be computed. Overall, we obtain the following

+1 b+1

5 + T ng; >

2(log(b 1)) (n+ng+N(b 1)+2n

2(log(b 1)) (n+ N(b+1))+2n
2(loglb 1)+1)(n+ N(b+1)) 2(b+1)

20ogb D+ 1(n+ N(b 1)+2(log(b 1 (b 1)
0

T(nb) T nL;b +2n

2(log(b 1)+1)(n+ N(b 1))

68



O

With this lemma, the worst case runtime of the proposed matching algorithm can
be characterized as follows.

Theorem 5. The proposed shape matching algorithm has a worst-case colexity
of O(N2log(N)).

Proof. SinceG = (V;E) is a subgraph of itself with b= N boundary elements and
n NZ2+2N vertices, Lemma5 guarantees that the shortest path can be calculated
in less than

2(log(N  1)+1) (N?+2N + N(N 1)=(@N?+2N) (log(N 1)+1)

time steps. O

4.4.2 Experimental Comparisons

The above bound of O(N 2log(N)) on the computation time was proven based on a
worst case analysis. In practice, the computation time is wi below this worst case
bound: As discussed in Step 4 of the algorithm, the algorithmcuts away parts of the

graph, for which it can immediately compute the optimal solution. For most shape

comparisons, such cases arise instantly, such that the recsion terminates after very

few iterations.

Figure 4.12 shows a quantitative benchmark test of the proposed method iad three
state-of-the-art shape matching algorithms that we like to present brie y:

Dynamic Time Warping For every possible initial match v;.o, we look for the
shortest path from the point vj.o to the point vi; .o within the graph G =
(V;E). To nd a match, we always need O(N ®) calculation steps.

Branch and Bound This method [1] starts with the initial matching set S :=

passing through S. If the shortest path is a valid matching, i.e. a cycle in

the graph G = (V;E), the method stops. Otherwise, S will be subdivided.

The worst case is still O(N3), but under certain conditions, an average case
of O(N?log(N)) is possible f].

Cyclic String Approach In [62], Maes presented a shape matching approach that
essentially uses Step 1, 2 and 5 of our approach. This approaprovides a worst
case complexity ofO(N 2log(N)).

For two shapes and an increasing discretization level whiclianges between 50 and
1000 points per shape, we compared the runtime of the descrinl methods. While all
algorithms compute the same matching, the proposed method»ibits consistently
lower run-times, in particular for larger discretization. Moreover, it 0 ers a more
predictable performance, in the sense that the computatiortimes exhibit a smaller
spread than those of Branch and Bound.
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Figure 4.12: Experimental runtime comparison. In contrast to DTW,
Branch-and-Bound and the cyclic-string approach p2], the proposed method ex-
hibits consistently lower run-times, in particular for lar ger problem sizes.

4.5 Shape Matching as Graph Cut Problem

While a shortest path through the shape matching graph can becomputed e ciently
using Dynamic Time Warping (DTW), one of the key drawbacks of this approach is
that Dynamic Time Warping requires a corresponding point pair for initialization.
The most current methods therefore apply DTW for all possible initial correspon-
dences, and then select the minimum of all computed shortegbaths as the distance
between the two shapes. We presented one of the most e cientdrmulation in Sec-
tion 4.4.1 But in this method, too, the search for an initial point-mat ch is done
independently of the search for the complete match. In the fowing, we want to
overcome this restriction.

Our goal is to develop a method that does not pursue a decoupig of the search for
the initial match from the search of the complete match. To this end, we show that
shape matching can be cast as a problem of nding a minimal cuthrough a network
G = (V;E;c;s;t). Such a network consists of a set of vertice¥ that are connected
via oriented edgesE  V V whereas the sources 2 V provides only outgoing edges
and the sinkt 2 V only incoming edges. Every edgee = (u;V) is equipped with a
positive capacity c(e) 2 R* and we callC  E an st-cut if there is no path from
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Figure 4.13: Dual Graph. A matching path in G (left hand side) describes a
cycle on the cylinderZ (right hand side). Z is constructed by identifying the vertices
along the red edges. The green edges form the boundaries ofigleylinder. Cycles in
Z are equivalenttoS T-cuts in the dual cylinder Z de ned by the dashed edges.

the sources 2 V to the sink t 2 V in the reduced network G¢c = (V;(E nC);c;s;t).
The problem of nding a minimal cut C can then be formulated as:

Problem 1 Minimal Cut
Input: Graph network G = (V;E;c;s;t) =
Output:  st-Cut C  E which minimizes , c(€)

A lot of classical Computer Vision problems have recently ben addressed by graph
cut approaches, because they allow to e ciently solve the urlerlying labeling or

correspondence problems in a globally optimal manner. In pdicular, researchers
have employed graph cuts for stereo reconstruction with covex neighborhood po-
tentials [13], for image segmentation 11, 41, 76], for image and video synthesis 36]

or for multi-view reconstruction [ 88, 96].

We will now show how the shape matching graphG of Section4.4 can be transformed
into a network Z on which we can apply a graph cut method in order to solve the
shape matching problem. The graphG = (V; E;w) of the DTW approach comprises
a planar grid structure and in order to nd an optimal match, w e look for shortest
paths from vij.o to vi+n:y for all possiblei =0;:::;N 1. If we now identify any
start-vertex vj.o of the graph with its target-vertex vi.+n:n, the graph G becomes a
cylinder and the formerly shortest path describes a shortescycle on this cylindrical
graph Z = (Vz;Ez;wz). Note that every such shortest path separates the two outer
boundaries of the graphZ (green edges in Figure4.13).

It is known that also cylindrical graphs like Z can be embedded into the plane.
Thus, the graph that we obtain after identifying the corresponding vertices can still
be embedded into the planeC. This means that the edges cut the plane open into
di erent faces that we pool in the set F. An import property of planar graphs is
that two di erent edges may not cross each other. Therefore, every edges 2 E;
has a well-de ned left facef,(e) 2 F and a well-de ned right face f;(e) 2 F. To the
cylindrical graph Z, we can therefore de ne the dual graphZ = (F;E,;w,) by
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Figure 4.14: Run-times of shape matching. Here, the runtime of the proposes
graph cut method and the commonly known shortest path methodusing DTW is

plotted against the sampling rate of both given shapes. We da see that there are
cases where the graph cut method outperforms the DTW method ad vice versa.

introducing dual edgese = (f|(e);f(€)) which connect the left with the right face
of an edge. To every dual edge we canonically assign the weightv, (e ) := wz(€).
Additionally, the two faces that are formed by the outer boundaries of the cylinder
Z will be denoted as sourceS and sink T (cf. Figure 4.13).

Interestingly, Whitney showed in [99] that for any planar graph Z, there is a one-
to-one relationship between cycles orZ and cuts in the dual graph Z . Therefore,
the value of a minimal edge cut will be Dg(fo;f1)? for given feature loopsfy and
f1. Mathematically, this can be summarized in the following theorem.

Theorem 6. Let fg and f; be two feature loops with respect to a feature space
(F;d;F). Then, the following equation holds
X
De(fo;f1)? = [min wz (e ) (4.7)
C stcutof z e 2C

To solve this graph cut problem, we can use the method providé by Boykov and

Kolmogorov [13] which works very fast for shape acquisition problems. In fat, a

linear time could be empirically observed. Unfortunately, this algorithm is not as

quick as expected for the dual shape matching cylinderZ . In Figure 4.14, we

see that for similar shapes the proposed method outperformshe classical DTW

method. On the other hand, for di erent shapes the opposite & the case. Therefore,
it looks like the graph cut method handles similar shapes que easier than dissimilar
shapes. This is because for similar shapds);f 1, the distance Dg(fo;f1) and thus

the maximum ow is quite small. In other words, the maximum o w is close to the
initial ow which is zero. Therefore, the amount of augmented paths that has to

be examined by the graph cut algorithm is rather small and the proposed method
works very rapidly in comparison to the classical DTW approach.

Overall the observed results are encouraging in the sense dh the coupling of the
initial point-match search with the complete match-search can be cast as a graph
cut problem. Nonetheless, the used graph cut method does ngterform very well
on this speci ¢ graph. Hence, we have to develop another grap cut method that
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is better designed for the shape matching graptZ . In Section 4.5.1 we will show
that by exploiting the planarity of the involved graph, we ar e able to provide a very
fast graph cut-based method for shape matching. For examplethis method needs
only O(N ?log(N)) computation steps to compute a shape matching if both invdved
shapes are discretized byN points.

4.5.1 E cient Planar Graph Cuts

In Section 4.5, we saw that the problem of shape matching can be cast as ndig
the minimal cut in a graph. In order to do this e ciently, we wa nt to present a fast
graph cut method for planar graphs. The method that we are abat to present is
based on the graph theoretical work of Borradaile and Klein 0, 9] and leads to an
e cient method that we will then apply to shape matching. In S ection 4.5.2, we will
provide a runtime test of this method applied to the shape mathing graph Z of
Section 4.5. For now, we assume that we have to deal with a general planarrgph
network G = (V;E;F;f,;f;;c;s;t) where

V denotes the set of vertices,
E V V denotes the set of oriented edges,
F denotes the set of faces,
fi:E ! F assigns to every edge itdeft face,
fr :E! F assigns to every edge itsight face,
c:E! R{ assigns to every edge a non-negative capacity,
s 2 V denotes thesource of the network and
t 2 V denotes thesink of the network.

To date the graph cut algorithm of Boykov and Kolmogorov is considered to be the
fastest existing algorithm for Computer Vision applications [L3]. Nonetheless, there
is no known polynomial upper bound for the runtime of the algaithm of Boykov and
Kolmogorov. A lot of e ort has been put into improving the run time of maximum
ow computation, by means of ow recycling [53], capacity scaling @7] or multi-
scaling R9]. While these strategies often lead to reduced computatiortimes, none
of them reduces the worst case complexity of the methods thathey were built on.
The runtime tests of Section 4.5 (cf. Figure 4.14) demonstrate the lack of a strong
upper bound on the graph cut computation time.

Nonetheless there are methods to compute the minimal cut in pvable polynomial
runtime. In the following we like to brie y present the devel opment in this area. A
major milestone to solve the general graph cut problem was ta Min-Cut-Max-Flow

theorem of Ford and Fulkerson B6] which stated that the Minimal Cut  problem is
equivalent to solving the Maximal Flow  problem. A ow f :E ! R{ assigns to
every edge a non-negative value that is bounded from above kihe capacity function

¢. Additionally, the amount of incoming ow to an edge should be identical to the
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amount of outgoing ow:

X X
8v2Vnfs;tg: f(e)= f(e)

e=(u;v)2E e=(Vv;u)2E

The problem of nding the maximal ow can then be cast as:

Problem 2 Maximal Flow
Input: Graph network G =(V; E'F;:;s;t)
Output:  Flow f ¢ maximizing ., f(v;t)

The main idea to solve theMaximal Flow  problem is to start witha ow f : E !
R¢ that assigns 0 to every edge 2 E and then to augment the ow along paths from
source to sink on which none of the involved edges are saturadl, i.e., f () < c(e).
This augmenting path strategysolves the problem and if we are only using shortest
paths, the problem can be solved in polynomial time B0]. Nonetheless, this runtime
is in general too high.

On the other hand, Weihe showed 98] that an almost linear runtime?! is an upper
bound for planar networks. Unfortunately, the proposed mehod requires a rather
complicated preprocessing step and hence is not ideally ged for practical imple-
mentations. To overcome this drawback, in P] a new method was proposed that
uses a simpler preprocessing step. The core idea of this mett is to always aug-
ment the leftmost of all paths from source to sink. To this end, we have to store
all leftmost paths towards the sink t in a suitable data structure, namely in a tree
spanning all vertices of the graph. One way to compute such aree is theright- rst
search This is a depth- rst search of the graph where we always conigler the edge
that is situated as right as possible This simple method produces certain di culties
if there are clockwise cycles in the graph. Hence, it makes Bge to eliminate these
clockwise cycles prior to the computation of the right- rst search tree:

Algorithm 4 Planar Maximal Flow [ 9]

Input:  Planar Graph network G = (V;E; F;f|;f;;c;s;t)

Output: Maximal Flow f :E! R*

: Remove from G all clockwise cycles

Initialize the ow f with O

while there is a non-saturated path fromsto t do
saturate the leftmost path from sto t

end while

return f

2 A B A

It has been shown that the elimination of clockwise cycles aabe done quite elegantly
by computing a shortest path tree through the dual graph [B]. Therefore, Step 1
of Algorithm 4 is a preprocessing step which can be computed i@(N logN). A
challenging implementation task is in fact Step 4. Like any aigmenting path method,
it (cf. Algorithm 5) maintains a spanning tree T of all vertices V to keep track of
the augmenting path from source to sink e ciently. Addition ally, the method also

1By almost, we are referring to the @-notation, i.e., nlog(n) = @&(n).
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Figure 4.15: Planar max ow method. Bold and dashed edges indicate the
spanning treesT and T resp. At every step, an edged of the tree T is substituted
by an edgee. When the method terminates (bottom right), neither T nor T are
trees anymore. Moreover, inT a circle emerges which describes the minimal cut.

handles a spanning treel of all facesF to support the updating scheme ofT. Since
the graph is planar, all edges which are not inT form the tree T (cf. Figure 4.15).
Lines 8, 9 and 13 of Algorithm 5 take care of this invariant.

It has been shown 9] that the repeat -loop is repeated at mostO(N) times and
that the usage of Dynamic Tree B9] for T and Euler Tour Tree [45] for T results in
an O(log N )-runtime for the Lines 4-13. Hence, the method computes thenaximal
ow in O(N logN).

Nonetheless, the test for the termination condition (Line 10) is a bottleneck of
Algorithm 5. The theoretical contribution of our work is to get rid of the Euler

Tour Tree and instead maintain T by an array which stores the parent of each
face. Originally, the Euler Tour Tree was used in order to tes$ Line 10 in O(log N ).

However, modi cation and parent access (Line 6 and 8) ofT then take the same
amount of time. We therefore propose an equivalent test onl instead of T . We

will present this alternative test and prove its equivalence in Theorem7. Instead of
Lines 10-12, we perform the test of Algorithm®6.

Surprisingly, the new test takes no additional time, since he path from x to u has to

be identi ed in Line 13 anyway. Furthermore, the T -related Lines 6 and 8 can now
be done inO(1) instead of O(logN). This runtime reduction makes this method

attractive for shape matching as we will see in Sectio.5.2 The following theorem

proves the correctness and e ciency of the proposed method:

Theorem 7. The proposed method solves the Maximum Flow problem (N logN).

Proof. Our approach substitutes Lines 10{12 of Algorithm 5 with Algorithm 6. As

75



Algorithm 5 Implementation of Step 4 [9]
1: Let T be the right- rst search tree backward from t.
2: Let T be the spanning tree ofF consisting of all edges oE T.
3: repeat
4:  Augment path from s to t, update the ow f and let d = (u;v) the closest
edge tot which is saturated.

5. Let (fq1;f,) the dual edged of d.

6: Lete =(fy;f3) be the parentedge off, in T .

7. Let e=(x;y) be the primal edge with respect toe .
8 T =T +f(faf1)g f (f2;f3)a

90 T:=T f dg+ feg.

10: if fq is a descendent of , within T then

11: return f

12:  endif

13:  Reverse inT the edges along the path fromx to u.
14: until false

Algorithm 6  Alternative Termination Condition for T
10: if there is no path from x to u in T then

11:  return f

12: end if

long asf; is not a descendant off ,, both approaches do not di er from one another.
This is due to the fact that Line 13 of Algorithm 5 implies the existence of a path
from x to u in T. Therefore, let us now assume thaf ; is in fact a descendant off 5.
Then, there exists a path fromf 1 to f, in the dual tree T . In Line 8 the dual edge
(f2;f1) isinserted into T and this data structure possesses now a counter clockwise
circle which encloses the vertexu (cf. Figure 4.15. Sincee was an edge that leftf ,,
the two vertices x and y are now outside of the just constructed circle. Therefore,
Line 10 of Algorithm 6 cannot nd a path from x to u and the proposed method
terminates returning the same ow as Algorithm 5.

Finally, we will prove that the extension (Algorithm 6) of the Algorithm 5 does not
increase the runtime. The Dynamic Tree B9] handles Line 13 as follows. Starting
from X, it attaches Dynamic Paths until either u or the root t of T is found. If the
sink t is found, we know that there is no path from x to u. Otherwise, a path from
X to u was explicitly found and can be processed in Line 13. In both ases, the
test of Line 10 in Algorithm 6 is natural extension of Line 13 and does not consume
any additional computation time. Hence, the proposed methal is always faster than
that presented in [9]. O

4.5.2 E cient Shape Matching via Planar Graph Cuts

As we have seen in Sectiort.5, the shape matching problem can be formulated as
nding the minimum cut through the planar graph network Z . Because of the
planarity of Z , we can apply the presented graph cut method of Sectiod.5.1 The
size of the graph isO(N ?) and the proposed method runs therefore inO(N 2 logN ).
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Figure 4.16: Run-times of Shape Matching. The runtime on the y-axis is

measured in seconds and depends on the amount of shape poiutiseach shape. The
proposed method outperforms the existing method of Boykov ad Kolmogorov and

is also faster than Dynamic Programming. The speed-up factoincreases with an
increasing shape resolution.

In Figure 4.16, the runtime for two di erent examples are given. As we can se, the
presented implementation outperforms the other methods ad provides a speed-up
factor of 2{4 with respect to the the original work of Borradaile. Interestingly, the
graph cut approaches are still faster at the presence of siar shapes. This fact
was already observed in Sectiom.5 for the method of Boykov and Kolmogorov.
Nonetheless the method is slower than the e cient DTW-based method presented
in Section 4.4.1 The advantage of this method lies in its formulation, namel that
the shape matching problem can be cast as a graph cut problemna can be solved
e ciently without iterating over possible initial matches . Hopefully, in the future
there will be more e cient methods for graph cuts such that a graph cut based
shape matching is competitive with DTW-based methods.

4.6 Shape Clustering

In this section, we will study whether the distance function (4.4) emulates human
notion for object similarity. In order to demonstrate this, we conduct a clustering

fi = F(¢). Subsequently, we compute the matrixD of pairwise distances
Dj = De(fi;fj); 8i;j =1;::5n:

Afterwards, we test whether shapes of small pointwise distaces look alike. In order
to do this, we used two di erent annotated databases, i.e. déabases that also provide
information which shapes should be similar to one another. n Section 4.6.1, we
used the curvature feature of Section4.2.1 and applied it to a subset of the LEMS
database B7]. In Section 4.6.2 we applied the Inner Shape Context §Q] to the
MPEG7 shape databasé. For both databases we obtained promising results.

2The shape databaseMPEG7 CE Shape-1 Part B is online available and can be downloaded at
http://www.cis.temple.edu/ ~latecki/TestData/mpeg7shapeB.tar.gz
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Figure 4.17: Clustering. On the left hand side, the pairwise dissimilarity of six
given shapes according to dist( ) are color-coded. On the right hand side, 40 shapes
are projected into the Euclidean plane based on their pairwée distance. In general,
this projection will not preserve pairwise distances sincedist( ; ) is not a metric.
But even this approximation indicates that the distance function incorporates the
human notion of shape similarity.

4.6.1 LEMS Database

The LEMS [87] database that we want to use here consists of 99 di erent caiours.
To cluster this database is considered to be rather simple. & use this database just
to show that the proposed curvature feature of Sectiord.2.1provides good matching
results. From this database, we selected 40 contours whichedcribe the shape classes
hand, human, ray and tool.

To visualize the computed result, we would like to plot the distance result in the
real plane. Since the shape space is not a metric, there is natural projection from
the shape space into the real plane. Hence, we need @&? approximation of the
shape space spanned by the feature loogds. To this end, we applied the method of
multi-dimensional scaling [54] that optimally preserves the pairwise distances, i.e.
we computed a set of points

X1;::1;%Xn 2 R?%; such that jx; — x;j? Dij2 8i:j

Figure 4.17 shows these 2D-points with their cluster membership colorcoded. The
clear separation of four clusters associated with the fourlsape classes indicates that
the computed pairwise distances reproduce the human notiowf shape similarity for
this data base. Obviously, it su ces to use the provided distance as a measure of
dissimilarity only. The shape clustering provided by the distance function coincides
exactly with the human classi cation of shapes. It is in fact possible to separate
human shapes and shapes of tools, rays and hands from one ahet.

4.6.2 MPEGY7 Database

A very challenging shape database is the MPEG7-database (cfFigure 4.18. It
consists of 70 di erent shape classes which are representdry 20 di erent shapes
each. Some of the retrieving results are presented in Figurd.18
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For the so called Bull's Eye Test, one calculates the 40 closest shapes to a given
shape according to the used distance function. If among thesshapes, there arek
shapes of the same class as the query shape, the retrieval eaits %. The mean of all
1400 retrieval rates is the retrieval rate of the database. A we can see in Tablet.1,
the retrieval rate depends on the discretization size. For BO shape points of every
shape, the retrieval rate increases up to almost 76%. Besigehis important retrieval
rate, we are also interested in how good the retrieval for thanost challenging class
works. For 100 shape points the worst average retrieval ratewithin one class is
155% whereas this values increases to 280 for a ne discretization size of 500
shape points. Also the amount of classes that provide for a X% retrieval rate with
respect to the Bull's Eye test increases from 13 to 16 classes. Overall, we see that
increasing the discretization size improves the performace of a shape matching in
general. For theBull's Eye Test, almost 2 million pairwise shape distances have to
be computed. Hence, e cient shape matching methods like theone presented in this
section are necessary to obtain good retrieval rates. To péorm the Bull's Eye Test
on a standard PC with 500 shape points, this method took about84 hours which is
considerably faster than a purely DTW based method.
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| Shape Points | Bull's Eye Test Worst Retrieval Rate Optimal Classes |

100 67.07% 15.5 % 13
200 73.35% 245 % 14
300 75.04% 25.7 % 15
400 75.71% 25.0 % 15
500 75.97% 26.7 % 16
Table 4.1: MPEG?7 retrieval rate. Some retrieval rates for the MPEG7 shape

database are provided. The results are given with respect tohe used discretization
size (B! row). Besides the retrieval rate of the Bull's Eye Test (29 row), the average
retrieval rate of the worst performing class (3¢ row) and the numbers of optimal
performing classes (#) is given.

Figure 4.18: MPEG?7 retrieval samples. While for shape classes that are
easily confused, retrieval rates can drop below 50% (shapdassLizard), the average
retrieval rate is above 75%. The proposed graph cut method &bws to substantially

accelerate the required shape distance computation.
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Chapter 5

Conclusion

5.1 Summary

In this work we presented certain e cient methods to solve classical problems of
Shape Analysis. In order to do so, we presented three di ereinde nitions of shape
In Chapter 2, we introduced the concept of stochastic shapes that assigto every
pixel of the image domain R? the probability that this pixel is part of the
presented object. As a consequence, this shape model is a imgbased model. In
the following chapters, we focused on contour-based shapeatels.

In Chapter 3, we introduced group operations under which a shape shouldéinvari-

ant. A shape was then de ned as the set of all smooth curves (pameterized via

immersions) divided by these group operations. Here we di eentiated between two

di erent group operations. The rst group operated as a reparameterization group

and the other group modeled rigid body transformation in the image domain. Divid-

ing both groups out of the set of smooth curves, we received #nset of shapes. This
very technical approach towards the concept of shapes has éhadvantage that every
shape can be represented via a function : [0;2 ]! R and all these functions form
an orbifold on which we can compute a geodesic. Nonethelesthis model allows

only curves that are parameterized by arc-length. This restiction was corrected

with the shape concept that we used for shape matching.

In Chapter 4 the problem of abstracting from a contour was solved by using certain
feature space that describes a contour in a way that this desiption is invariant with
respect to rigid body transformation. Instead of abstracting from the whole set of
contours c: St C, the abstraction happens at every point of the contour. Evey
point c(s) is described with respect to its neighboring points such that this local
descriptor does not change if a rigid body transformation isapplied to the whole
curve. We called these shapeteature loops

For all these di erent concepts of shape, we presented methis to solve classical
Computer Vision problems. The focus of this work was on the e ciency of these
methods and in certain cases we could also prove that the prested methods always
provide a global optimal solution with respect to certain energy functionals.
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Shape Acquisition

The problem of acquiring a shape from an image was solved via fnctional that
combines classical image segmentation functionals with stpe prior models. As
purely image segmentation functionals, Mumford-Shah likefunctionals and Geodesic
Active Contour like functionals are possible. We also presated three very classical
shape priors that can be used in order to obtain a functional hat is convex with
respect to the used stochastic shape model. This shape modelas far as we know
one of the rst convex shape models every designed for shapeipr driven image
segmentation.

The advantage of the presented method over other methods lein the fact that
we can quickly nd the global optimum of the used functional with respect to pos-
sible deformations. This is possible because the considefdunctional is a convex
functional over the convex domain of possible shapes.

Secondly, we could benet from the fact that the considered @ergy functional is
Lipschitz continuous with respect to rigid body transformations. Thus, a Lipschitz
optimization technique could be used in order to globally opimize the given func-
tional also over possible rigid body transformations. In gaeral, a Lipschitz opti-
mization is slower than gradient descent methods. Thus, it nakes sense to put much
e ort into convexifying the shape model, because afterward only an optimizing over
a relatively slow space has to be considered, namely the 3+diensional space of rigid
body transformations.

Knowing that we always nd the global optimum of the speci ed energy functional
helped us to detect occlusions by simply considering the dat term of the involved
image segmentation neglecting the part of the energy functinal that controls the
shape prior.

Concluding, we were able to globally optimize a quite generavariational approach
for image acquisition which is governed by shape prior and aareliably detect oc-
clusions.

Shape Morphing

In order to solve the problem of shape morphing, we presenteé completely new
method of nding a geodesic on an arbitrary submanifold. This quite general ap-
proach rejects the commonly usedshooting method and proposes instead goath-
shortening method. This method applies a gradient descent method on anrergy
functional. Thus, it is not necessary to exactly solve eithe a partial di erential
equation or an ordinary di erential equation . Instead we just shorten a given path
until a geodesic is found.

One important advantage of the path-shortening method is its e ciency. We showed
that it is faster by a factor of 1000 depending on the used redation. This e ciency
boost is in fact not the only advantage of the proposed method We also showed
that not only the formulation of the method but also the computed distances on the
considered shape space is symmetric. Thus, it makes sensedompute the induced
shape metric with this method in order to obtain a symmetric distance function.
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Shape Matching

For the problem of shape matching we proposed two di erent aproaches which
both resulted in a worst-case complexity ofO(N ?log(N)) if both shapes are given
as N discrete, ordered points. This is an important contribution since a lot of
researchers of the Computer Vision community still use metlods that have a worst-
case complexity ofO(N3). The rst approach that we presented was based on a
DTW graph and the problem that had to be solved was the shortes path problem.
In fact, not only one but N dierent paths in a grid of size O(N?) had to be
computed. The presented method is an extension on the methodf Maes who
proposed to subsequently subdivide the set of initial matchpoints and the involved
graph. Our method has the advantage that it performs not only a subdivision of the
graph, but it also cuts o certain areas of the graph and thus, improves the run-time
dramatically. As a result, a shape matching for two shapes tlat are discretized each
by N = 1000 shape-points could be computed in about 400 milliseqads. We also
demonstrated that the proposed method does not only providehe best worst-case
complexity with respect to all previously proposed methods It is also in practice
much faster than probabilistically motivated methods like the popular Branch-and-
Bound method.

The second approach that we proposed addresses the problerhaihape matching as a
graph cut problem. We could show that this formulation is equivalent to the shortest

path problem in the DTW graph. But instead of computing multi ple shortest paths,
we have only to considerone single graph cut. Thus, the prior separation between
initial point-match and the actual matching computation do es not exist any more
for the graph cut framework that we proposed. This is an impotant improvement

in the area of shape matching. Nonetheless, this does not medhat shape matching

can really be computed more e ciently than the cubic run-tim e based DTW based
shape matching.

In order to improve the runtime of the graph cut problem, we proposed a graph cut
method that exploits the planarity of the involved graph. Th e presented method
is an extension of a recent work of Borradaile and Klein. Whié the original work
used two quite sophisticated data structures in order to redice the run-time for any
planar graph, we were able to drop one of these data structureand obtained a more
e cient method in the process. As a result, also the graph cutformulation computes
the shape matching in sub-cubic runtime, namely inO(N 2 log(N)).

Shape Classi cation

We showed the result of two dierent shape classi cation methods, namely the
method of shape clustering and the method of shape retrievain the form of the
Bull's Eye Test for the challenging MPEG7 shape database. Weshowed that the
retrieval rate depends highly on the resolution of the shapepoints. Thus, it is very

important to improve the e ciency of shape matching methods. Instead of just per-
forming shape matching for 100 shape points, we could compatthe retrieval rate
for up to 500 shape points in justi able time. With a standard PC, the two million

comparison of the MPEG7 database could be computed within Iss than four days.
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5.2 Future Work

Shape Acquisition

In this work we showed how the quite simple shape metric for sichastic shapes,
namely the region-based.? distance, can be e ciently used for shape acquisition. In
general, this distance is not descriptive enough in order t@mulate human notion of
object recognition. An important extension of the presentad shape prior driven shape
acquisition would be the incorporation of more sophisticaed shape dissimilarity
measure into shape acquisition. Two of such measures were ggented which were
either induced by the problem of shape morphing or the problen of shape matching.
The main challenge of such an approach lies in the fact, thatobust shape acquisition
in normally de ned as a region based energy functional whilerobust shape distance
functions are usually de ned as an edge based energy functi@al. To combine these
two approaches is very challenging and should be addressed the future.

Shape Morphing

One important drawback of the presented shape morphing liesn the fact that arc-
length represented shapes were used. We believe that the gboetrieval results that
we obtained with shape matching lies in the exibility of all owing di erent param-
eterization of the shapes. Note that a matching mappingm : St ! S! between two
shapes reparametrizes the second shape in order to nd a goadatch with respect
to the rst shape. Therefore we think that allowing di erent parameterizations for
one shape should improve the results we obtain with shape mphing.

Shape Matching

We presented two di erent methods to compute a shape matchig between two
shapes represented as loops in a preselected feature spaB®th methods provided
for a very low worst-case run-time complexity. Thus, also skapes which are given
at a quite high resolution could be matched in a justiable time. Future work
should be focused on exploiting the fact that shapes given aa ne discretization
can be matched. One important task would be the improving of €atures for these
nely represented shapes. Hence, it would make sense to apph more sophisticated
measure on involved histograms like the two presented shapeontexts. Besides this
very classical approach of shape matching, future work shdd also be focused on a
more general form of shape matching, namely partial shape ntehing. In practice,
we often have to deal with occlusion. Future work should not amly focus on detecting
this occlusion like we did in Chapter 2, but also detecting partial occlusion should
be addressed in future work. A major challenge is to automatally divide a shape
into its parts and to perform a shape matching of these parts.To provide a general
framework that solves this problem automatically should beaddressed in the future.
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Shape Clustering

While clustering with respect to distance driven methods wak quite well for some

shapes, it may fail for other shapes. This is especially thethe case if the involved
distance function does not handle all presented shapes cattly. As a result, outliers

with respect to the involved distance function should be hamlled more appropriately.

Thus not only distances but also stochastic tools like averging shapes or the com-
putation of a shape covariances should be addressed in thetfire.
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