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Continuous Space and
Infinite-dimensional Optimization

m
Motion of a hypersurface
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Application domains: dC
N . 0lution equation:. —— = F'71i
* Fluid mechanics dt

e Optimal design
« Computer Graphics
e Computer Vision

Energy minimization: F(C') — min
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Evolution of Explicit Boundaries
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Evolution of Explicit Boundaries

Cremers, Tischhauser, Weickert, Schnorr, “Diffusion Snakes”, IJCV '02
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Evolution of Explicit Boundaries
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Cremers, Tischhauser, Weickert, Schnorr, “Diffusion Snakes”, IJCV '02
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Evolution of Explicit Boundaries

Cremers, Tischhauser, Weickert, Schnorr, “Diffusion Snakes”, IJCV '02
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Statistical Learning of Explicit Shapes
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Alignment of Explicit Contours
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Segmentation with Statistical Shape Prior
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Cremers, Tischhauser, Weickert, Schnorr, “Diffusion Snakes”, IJCV '02
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Tracking with Kernel Shape Prior

Nonlinear Shape Statistics in Tracking . Nonlinear Shape Statistics in Tracking Nonlinear Shape Statistics in Tracking

Prior shape knowledge
[ ‘_':-.-.,1':...

. . .
o cim Prior energy projection ey, i Prior energy projection L Prior energy projection

Wh prl scalevarlance
Cremers, Kohlberger, Schnorr, ECCV 2002
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Limitations of Explicit Representations

Insufficient resolution / control point density
requires control point regridding mechanisms

Fixed topology
requires heuristic splitting mechanisms

Daniel Cremers, Bonn University Level Set Methods in Computer Vision 13




Boykov, Cremers, Kolmogorov Graph Cuts versus Level Sets

The Level Set Method

Osher, Sethian, J. of Comp. Phys. '88
Dervieux, Thomasset, '79, '81
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The Level Set Method
ade
dt

Assume the interface evolves according to: — /i

At all times the interface is the zero level of ¢ :

qb(C(t),t) =0 V¢t

Then the total time derivative of must vanish:

d dC
9= acb(c’(t),t) =V¢— "+ o

dC
We obtain an evolution equation for ¢ : 0t = —V¢ e = Yo bt

. Vo . .
Using 1 = |V—qb , We obtain the level set equation:

O = —F |V|.
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The Level Set Method

Thus the contour evolution
dC'

o

corresponds to an evolution of @ given by:

=

O = —F |V|.

The scaling by —|V¢| is easily verified in one dimension:

d(x) A

dp = —|V¢|dC

X4

>
dC/ L

/
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Some major challenges

What are meaningful choices for the speed function F'?
Interior versus exterior forces: liquids, gases,
compressibllity, viscosity, conservation laws, ...

How should one discretize respective quantities?
choice of grid: Cartesian, unstructured, adaptive, ...
symmetric differences, upwind schemes, stencils, ...

(b?:'—l Cbz ¢i+1 | | | | | |
——e & ~ gL, gl m L (gHogiY)

2

What is the order of convergence upon refinement of the grid?

Level set methods in computer vision:
Image segmentation, tracking, statistical shape modeling,
multiview reconstruction, ...
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Efficient Implementations
There are numerous methods to speed up level set methods. In
combination these lead to segmentation speeds close to real time
for volumetric data of 512 x 512 x 64 voxels.

Popular methods include:

1. Narrow band methods - Evolve level set function around zero level:
Adalsteinsson, Sethian '95

2. Multiresolution implementation - coarse-to-fine schemes.

3. Implicit discretization schemes, additive operator schemes:
Weickert ‘00, Goldenberg et al. '01

4. Implementations on Graphics Hardware:
Rumpf, Strzodka '01, Lefohn et al. 03
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Overview

Some examples: graphics & 3D reconstruction
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Multiview Reconstruction with Level Sets
pAR K B BJ

““;!:‘;!;

Keriven, Faugeras '98: based on matching via cross correlation
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Multiview Reconstruction with Level Sets

Yezzl, Soatto, Stereoscopic Segmentation, [JCV '03
“3D Segmentation”: Jointly estimate shape and intensity
of object and background
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Multiview Reconstruction with Level Sets
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Stereoscopic Segmentation
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Multiview Reconstruction with Level Sets

Kolev, Brox, Cremers '06: Probabilistic Formulation
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Multiview Reconstruction with Level Sets
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Multiview Reconstruction with Level Sets

Kolev, Brox, Cremers '06
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Multiview Reconstruction with Level Sets

Jin, Cremers,Yezzi, Soatto, CVPR '04.:
Sheding Light on Stereoscopic Segmentation

Daniel Cremers, Bonn University Level Set Methods in Computer Vision 26




Boykov, Cremers, Kolmogorov Graph Cuts versus Level Sets

Multiview Reconstruction with Level Sets

Stereoscopic Segmentation
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Multiview Reconstruction with Level Sets
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Multiview Reconstruction with Level Sets
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Jin, Yezzi, Soatto, ECCV ’'04:
dynamical evolution of surface and contours
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Multiview Reconstruction with Level Sets

Labatut, Keriven, Pons '06: Based on image-to-image matching
and cross correlation, one of most accurate and fastest,
GPU implementation takes ~ 240 s (see comparison in CVPR '06)
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Some Related Work

The Level Set Method Level Sets for 3D Reconstruction
Dervieux, Thomasset '79, '81 Keriven, Faugeras '98
Osher, Sethian '88 Yezzi, Soatto '03
Sethian '96, '99 Goldluecke, Magnor '04
Osher, Fedkiw '02 Jin, Cremers, Yezzi, Soatto '04
Osher, Paragios ‘03 Pons, Keriven, Faugeras '05

Kolev, Brox, Cremers '06

Level Sets for Segmentation Shape Knowledge for Level Sets
Caselles et al. 93 Leventon, Grimson, Faugeras '00
Malladi, Sethian, Vemuri '95 Tsai et al. '01
Caselles, Kimmel, Sapiro '95 Rousson, Paragios '02
Kichenassamy et al. '95 Rousson, Paragios, Deriche '03
Paragios, Deriche '00 Charpiat, Faugeras, Keriven '03
Chan, Vese '01, Tsal, Yezzi, Willsky '01 Cremers, Sochen, Schnérr 03
Heiler, Schnoerr '03 Riklin-Raviv, Sochen, Kiryati '04
Cremers, Soatto '05 Rathi, Vasvani et al. '05
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Overview

Level set methods for image segmentation
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Image Segmentation: Edge-based

Kass, Witkin, Terzopoulos, “Snakes” ‘88:

E(C) = — f|VI(C)|2d3—I—/{1/1|CS|2 + 12| Css?} ds

external energy internal energy

Image [ : 2 — IR, parametric contour C' : [0, 1] —

Caselles et al.’93, Caselles et al.’95, Kichenassamy et al. ‘95:

1
E(C =/ C'(s))ds Gl —
(©) = [9(C(s)) ;) T
1 edge indicator function smoothed image
9(x) geodesic active contours:
09
Vo|div
A\ ot = |V ((fﬁ)i |)
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Image Segmentation: Edge-based

Goldenberg, Kimmel, Rivlin, Rudzsky, IEEE TIP ‘01
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Image Segmentation: Region-based

F(u, K) = /(I—u)zda: ~+ )\/|V’u,\2daz + vo H' (K)

Q Q\K
2 _ Mumford, Shah '85, '89
QC R Image domain Blake, Zisserman '87
e g - g Input image
an 2§ — iR Segmented image
K C 2 Discontinuity set
A — 0O . piecewise constant model

E(u, K) —Zf (1(z) —w;) de + v]|K]

Mumford, Shah '89
spatially discrete: Blake '83
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Image Segmentation: Region-based

E(u, K) —Zf (1(z) —w;) de + v]|K]

piecewise constant model

XN
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Image Segmentation: Region-based

E(u, K) —Zf (1(z) —w;) de + v]|K]
piecewise constant model
/f
A

alN o

- M\

"V- v -
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L A WV o
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Quantitative Comparison on 1-D

Input image Intensity along 1D slice

Cremers, Rousson, Deriche, 1JCV '06
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Quantitative Comparison on 1-D

Energy of 1D segmentation for
and region-based energies

Input image

Cremers, Rousson, Deriche, 1JCV '06
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Quantitative Comparison on 1-D

local minima
remain

smoothing smears
edge location

Input image Energy for region-based and

Cremers, Rousson, Deriche, 1JCV '06
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Level Set Formulation of Mumford-Shah
Chan, Vese '99, Tsai et al. '00

i R
.‘.'...’ v““'x‘ Q 1, | f qb > O
L . H¢ = H(¢) =
0, @clge
O % )
,j_.;;j_' ...................................................................... ‘. £ Use smoothed step function

‘e o
. .
. .
.
-------
" .
.........
........
..................

2
dol = oIE : Vo 2 2
E__a_qb_é(@ (Z/dlv (IV¢I) e ) i) )
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Level Set Formulation of Mumford-Shah

Chan & Vese '99 , Implementation: D. Cremers
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Level Set Formulation of Mumford-Shah

3

ol e TR e N

Chan & Vese '99, Implementation: D. Cremers
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Multiphase Level Set Formulation
Vese, Chan '02

wp =0 Sk S

w0 Sy | S

E(61, 62, u)= [ (I=uy)? Hoy Hoo+(I—u,)? (1— Hor) Hoo da
Q2

0 / (I—u3)?Hpy (1-Heo) +(1—u,)?(1-Ho ) (1-Heo) da
Vi

O g

ol Vsz -
VZ,;:J' byl da =
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Multiphase Level Set Formulation

Chan, Vese '01
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Combined Mumford-Shah on Difference

Goldenberg, Kimmel, Rivlin, Rudzsky '05
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Overview

Segmenting texture and motion information

Cremers, Rousson, Deriche, [JCV 2006
“A Review of Statistical Approaches to Level Set Segmentation:
Integrating color, texture, motion and shape”
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Texture Segmentation

L -i-_" | . v R TR i s T ..l--
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Texture Segmentation

1. Generate sparse texture features “ﬁéﬁ '.
by nonlinear diffusion filtering -

Brox, Weickert '04, '06
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Texture Segmentation

2. Mumford-Shah segmentation 5%&
of vector-valued features

Brox, Weickert '04, '06

Daniel Cremers, Bonn University Level Set Methods in Computer Vision 50




Boykov, Cremers, Kolmogorov Graph Cuts versus Level Sets

Texture Segmentation

efficient coarse-to-fine scheme

Brox, Weickert '04, '06
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Efficient Multiphase Formulation

2-phase solution multiphase solution
Brox, Weickert '04, '06
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Efficient Multiphase Formulation

Brox, Weickert '04, '06
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Low-level Criteria for Segmentation

Intensity

Motion
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Bayesian Motion Segmentation

Goal: Determine the most likely velocity field given the intensity gradients

P (V3 |v) P(v)
P(V3I)

Maximize P (v|V3l) =

where Vsl = (VI, ;)"

v(z) =v;+n in R; P(v) x exp (—v|C|)

. lv,] V3I|? Segmentation
E({u},0) =Y [ fizgrmde + vIC] A
z /& Motion Estimation

Cremers, CVPR '03, Cremers, Soatto IJCV 05
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Motion Competition

Original sequence data courtesy of D. Koller and H.-H. Nagel
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Motion Competition

Cremers, Yuille, '04
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Motion Competition

What is moving?

Daniel Cremers, Bonn University Level Set Methods in Computer Vision 58
e



Boykov, Cremers, Kolmogorov Graph Cuts versus Level Sets

Motion Competition

Cremers, Yuille, '04
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Motion Competition

Piecewise Parametric Motion
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Cremers, Soatto, IJCV '05: Piecewise Parametric Motion
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Motion Competition via Graph Cuts

Image data courtesy of Wang & Adelson
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Motion Competition via Graph Cuts

piecewise constant piecewise affine

Schoenmann & Cremers '06
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Overview

Statistical shape priors for level set functions
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Graph Cuts versus Level Sets

Corrupted Low-level Information
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Input sequence with 90% noise
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Shape Priors for Level Set Segmentation

Leventon, Grimson, Faugeras '00, Tsai et al. ‘01, Rousson, Paragios '02
Charpiat, Faugeras, Keriven '03, Cremers, Sochen, Schndrr '03
Rousson, Paragios, Deriche 03, Riklin-Raviv, Sochen, Kiryati '04

Rathi, Vasvani et al. '05, Cremers, Osher, Soatto '06, Cremers '06
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Level Set Segmentation

as Bayesian Inference

Find the most likely level set function given the image
by maximizing the conditional probability

P(o|1) =

P |¢) P(9)
P(I)

This Is equivalent to minimizing its negative logarithm:

E(¢,I)

—log P(¢|I)

—logP(I|¢) — Iog

Eimage(¢a I) =l Eshape(qb)

Cremers, Osher, Soatto, Int. J. of Computer Vision '06
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Shape Distances for Level Sets
C = {z | o(x) = 0}, Co = {z | ¢o(a7) = 0}

(9, 00) = [ (Ho() — Hoy(2))? da

1,if >0
0, else

H¢:{
C

Co
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Shape Distances for Level Sets
C = {z | o(x) = 0}, Co = {z | ¢o(a7) = 0}

(9, 00) = [ (Ho() — Hoy(2))? da

1,if >0
0, else

H¢:{
C

Co

Zhu,Chan '03, Charpiat et al. ‘04, Riklin-Raviv et al. '04
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Invariance by Intrinsic Alignment
C={z|¢(x) =0}, C,=/{z]|dy(x) =0}

(6, 69) = [ (Ho (057 + pg) — Hog(@))”

where‘ /a:hqsdg; e fﬂ¢d$

Center of gravity

i@ = (| (e — ma)” o aks i
o= ([ (o~ ) hods)

intrinsic scale

—p (Closed-form solution, accurate shape gradients

Cremers, Osher, Soatto, Int. J. of Computer Vision '06
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Invariance to Translation and Scaling

zero level of normalized surface

small medium large

E($) = E;ppppe(6) + ad (6, ¢)

Cremers, Osher, Soatto, Int. J. of Computer Vision '06
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Training Shapes

Cremers, Osher, Soatto, Int. J. of Computer Vision '06
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Kernel Density Estimation for Level Sets

e

Estimated Density in 3D
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Kernel Density Estimation for Level Sets

Nonparametric prior

Cremers, Osher, Soatto, IJCV '06
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Dynamical Models for Implicit Shapes

Training seguence

Daniel Cremers, Bonn University Level Set Methods in Computer Vision
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Dynamical Models for Implicit Shapes

1. Low-dim. representation via PCA (Leventon et al. ‘00, Tsai et al. '01):

di(x) Apo(@))+ > aipi(x)

=
Qjj = /(@'—%) Y dx 78 = (@1l o - o 5 )

2. Autoregressive model for the shape coefficients:

k
o =t it Z Ajo_; H M

p==hj

3. Synthesize shape vectors and embedding surfaces:

&1(2) = go(a) + [ af (@) da

Cremers, IEEE Trans. on PAMI 06
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Statistically Sampled Embedding Functions

Cremers, IEEE Trans. on PAMI 06
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Dynamical Priors for Level Set Tracking

Bayesian Aposteriori Maximization:

& = arg mo?xP (o || [} @q-4—1)
t

P (o | I, e1:4—1) o< P (It | g, 1) P (ot | Gep:p—1)

Cremers, IEEE Trans. on PAMI 06
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Dynamical Priors for Level Set Tracking

Bayesian Aposteriori Maximization:

Gy = arg max P (ot | It, @1:4—1)

P (o | Ity 0e1:4—1) o<|P (It | og) | P (o | €e1:4—1)

E = —log P(atUta 651:15—1) 3 Edat(ata It) Sl Edyn(at= &1315—1)

L . do OF
Optimization by gradient descent: I By
dr 8at

Cremers, IEEE Trans. on PAMI '06
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Dynamical Priors for Level Set Tracking
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Dynamical Priors for Level Set Tracking
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Tracking through an Occlusion

Pure deformation model
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Tracking through an Occlusion

Model of joint deformation and transformation

Cremers, IEEE Trans. on PAMI 06
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Multiple Known Objects
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Multiple Known Objects
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Multiple Known Objects

Chan, Vese, TIP '01, Author: D. Cremers

Daniel Cremers, Bonn University Level Set Methods in Computer Vision 86




Boykov, Cremers, Kolmogorov Graph Cuts versus Level Sets

Recognition-driven Segmentation
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Multiphase Dynamic Labeling
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I\/Iultlphase Dynamlc Labelmg
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Multiphase Dynamic Labeling

Segmentation Reconstruction

Changes in the input data induce an update of the labeling
functions and the embedded decision boundaries.
Energy minimization leads to joint segmentation and recognition.

Cremers, Sochen, Schnorr, ECCV '04, 1JCV '06

Daniel Cremers, Bonn University Level Set Methods in Computer Vision 90




Boykov, Cremers, Kolmogorov Graph Cuts versus Level Sets

Level Set Methods in Computer Vision

Label 1

Recognition Modeling
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