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Motivating Application: Solving Systems of Equations

a(z,y,2) = 0
Find z,y, z satisfying F=4% b(x,y,2) =0
c(z,y,2) = 0

= A fundamental problem in scientific computing and
application domains

= Numerical methods are effective in practice
L, e.g. Newton's method, Homotopy methods, ...

= Symbolic Computation allows computing an
exact description of all solutions

L, foundational for (elliptic-curve) cryptography, robotics,
celestial mechanics, signal processing, ... [14]
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Incremental Decomposition of a Non-Linear System

Intersect one equation at a time with the current solution set

2 ry+z=1
F={z+y*+2z-=1

Try+2°=1

{a?+y+2=1}
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Incremental Decomposition of a Non-Linear System

Intersect one equation at a time with the current solution set

2 ry+z=1
F={z+y*+2-=1

Try+2°=1

{a?+y+2=1}
F[21

z+y’+z=1
v (22-2)2 +y+ (22 -2) =0
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Incremental Decomposition of a Non-Linear System
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Intersect one equation at a time with the current solution set

2 ry+z=1
F={z+y*+2-=1

Try+2°=1

{a?+y+2=1}
Fl21 |
z+y’+z=1
yrr(22-2)2 +y+ (22 -2)=0
F[3] v v N N



Irregular Parallelism in Solving Systems

= lIrregular Parallelism: dissimilar
tasks with unpredictable
dependencies [16]

= An intersection may fall into several
different cases depending on
particular values of parameters

—
/f—r(?

T

= An intersection may produce
multiple components

Cone: 22 =x?+1?

Plane: ax+by+cz=d = Discovering existence of multiple
components is as difficult as
solving those components

[ABMMX 23]
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Expression Swell in Symbolic Computation

{223y% = 223 — da”yP 2 + 5wy — P20 = 0)
| F[2] = 2232 - 3232 + 200 + 321 — 21322
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Expression Swell in Symbolic Computation

{223y% = 223 — da”yP 2 + 5wy — P20 = 0)
| F[2] = 2232 - 3232 + 200 + 321 — 21322

91y624 - 12my622 +4my6 - 26zy3z6 + 24my325 - 6my324 - 16zy323 + 24my322 - 8.1:y3 + 21228 + 261‘26 - 3mz4 - 12.'L‘z2 +4x - 3y626
+8y02t —a4y0:2 1 8yB:8 8yPT — 6820 1169320 — 1602 489327 5210 _ 828 1020 482t — 422 -0
—y926 - 3y925 + 6y924 —+ 2Oy923 - 12y922 - 12ygz + 8y9 + 3y628 + 6y627 - 17y626 - “3011625 + 42y624 - 72y623 + 36y622 + 24y62

10 _7y329 4429357 4214326 1335525 65521 1524523 364322 - 124

3o p24y® 421243210 2328 1120162 11222 -8=0

2440 34532

| F[3]=-4z?+4z+1+y*+21-222
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Expression Swell in Symbolic Computation

{223y% = 223 — da”yP 2 + 5wy — P20 = 0)
| F[2] = 2232 - 3232 + 200 + 321 — 21322

9my624 - 12m9622 +4my6 - 26zy3z6 + 24my325 - 6m9324 - 16zy323 + 24my322 - 8.1:y3 + 21228 + 261‘26 - 3mz4 - 12.'L‘z2 +4x - 3y626
+8y02% — 4022 184328 _ 84327 —64320 1164520 169522 184522 — 5210 2828 1 0.0 1822 422 -0
—y926 - 3y925 + 6y924 —+ 201,19243 - 12y922 - 12ygz + 8y9 + 3y628 + 6y627 - 17y626 - 3Oy625 + 42y624 - 72y623 + 36y622 + 24y62
24y 2353210 _ 75829 1424527 1214520 1335525 64322 1524323 — 364522 — 12982 42448 + 212 13210 2328 _ 11201622 11222 _8=0
2 2 4 2
| F[3]=-4dzz*+4x+1+y“+2" -2z
9wy ="~ 1229° 2% 4 day® - 26wy° = + 242y’ =" ~ 6wy’ 2!~ 162y’ = + 200y 2% - Bay® +20w2" +2622° — 3w — 1207 44w - 3520 4 8y° 2t —ay®=? 4 8y° 20 —8y° 2T —63°=° 4165720 ~16y° 20 4 8% - 5210 -82" 402" 482 42?20
17281 it “et 1 * 77340511 5 164345221 o am
2842600320707143088653046402202027581491747757477831354032645387y "% + 4507491592171577745281415354161 11144 1y a1 161 4
-~ 145517666 157777 337852353907705% = - 39311783 3269 2 4 42200 51680671 977y
+1 1 1 0 1963978y ™ -1 22746y
6202 characters to encode [,

.
+ 48981 302 4+ 11477452114986578374) 17103747

: el [BGMY 23] [ , ,
. Lassatra 143504, » - 14247005830 44828220 os0s02 only 37 unique solutions 158216

+ 1988174 12767419668491141 211 1 17 197852584
+46420237212051 7tz + 049547581 1 1387138557967 2 1501721 5 105722
— 8681671454787269173240760504934315799056401872738861611: * 40371211 927798161 2 4 235161 1055011 15117424024431804000588
.t 188469 811 79281567168580y%! = - 3511 1909103756221 3306491y + 73818538018054693: 1662
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Research Themes and Interests

Software Performance Engineering

L. lrregular Parallelism and Unstructured Parallelism
L, Dynamically Data-Intensive Computation

L, Adaptive, dynamic scheduling and cooperation
L, Data locality, cache-efficient algorithms
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Research Themes and Interests

Software Performance Engineering

L. lrregular Parallelism and Unstructured Parallelism

L, Dynamically Data-Intensive Computation
L, Adaptive, dynamic scheduling and cooperation
L, Data locality, cache-efficient algorithms

Scientific and Symbolic Computation
L, Polynomial system solving

L, Data structures for large, potentially infinite objects

L, Making previously intractable problems tractable

Branches of F'(z,y) = 0 as power series,

Alex Brandt

F(x,y) =y° x+§x3 s

[BKM 20] [BM 21]
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Research Themes and Interests

Software Performance Engineering [
L, lIrregular Parallelism and Unstructured Parallelism ® L]
L, Dynamically Data-Intensive Computation u Ia

L, Adaptive, dynamic scheduling and cooperation

L, Data locality, cache-efficient algorithms
Scientific and Symbolic Computation
L, Polynomial system solving
L, Data structures for large, potentially infinite objects

L, Making previously intractable problems tractable

Software Engineering for Science
L, Mathematical and Scientific Software Design
L, Supporting End-User Programming
L, Performance, maintainability, adaptability, reproducibility, capability
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Solving a Non-Linear System of Equations

Via Grobner Basis we can “solve” a non-linear system

2
T+yY+2 -1=0

9 Buchberger's Algorithm y2 - Z2 —y+z= 0
rz+y“+z2=1 =
F4 or F5 Algorithm 222+ 24 -22=0

2
r+y+z°=1
4 204t 4232220
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Solving a Non-Linear System of Equations

Via Grobner Basis we can “solve” a non-linear system

2
T+yY+2 -1=0

9 Buchberger's Algorithm y2 - 2:2 —y+z= 0
rz+y“+z2=1 =
F4 or F5 Algorithm 222+ 24 -22=0

r+y+22=1

28420+ 423 -22=0
“Solving” a system is not just about finding particular values, rather:

“find a description of the solutions from which important data is easily extracted”
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Solving a Non-Linear System of Equations

Via Grobner Basis we can “solve” a non-linear system

2
T+yY+2 -1=0

9 Buchberger's Algorithm y2 - 22 —y+z= 0
rz+y“+z2=1 =
F4 or F5 Algorithm 222+ 24 -22=0

r+y+22=1

28420+ 423 -22=0
“Solving” a system is not just about finding particular values, rather:
“find a description of the solutions from which important data is easily extracted”

Why?
= A positive-dimensional system has an infinite number of solutions
= Underdetermined linear systems, most non-linear systems
= For polynomials of degree > 4, their solutions (usually) cannot be described in radicals
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Triangular Decomposition of a Non-Linear System

) r+y+22=1
rT+y+z=1
GrébgBasis (y+Z—1)(y—Z) =0

22(22+2y—1)=0

22(22+2z—1)(z—1)2=0

r+y’rz=1
r+y+22=1

ﬂTriangular Decomposition

-2=0 x=0 =0 z-1=0
y-z=0, y=0 , y-1=0 , y=0
224+422-1=0 1=0 2=0 2=0

In triangular decomposition, multiple components are found,
suggesting possible component-level parallelism [17], [ABMMX 20], [ABMMX 23]
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In triangular decomposition, multiple components are found,
suggesting possible component-level parallelism [17], [ABMMX 20], [ABMMX 23]
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Triangular Sets, Triangular Decomposition

Polynomials in variables X =z < 23 < --- <z, form an algebraic ring K[ X]

Triangular set T c K[ X]]

L, a set of polynomials with pairwise
different maximum (“main”) variables

2y + ba)x — by + a?
(2y Y
292 ~by-a® ¢ c Qb<a<y<uz]

a+b

Initial: the lead. coeff. w.r.t. the main variable

hy = [ initial (¢)

tel

Alex Brandt Engineering Irregular & Data-Intensive Scientific Computation February 22, 2023 10 / 28



Triangular Sets, Triangular Decomposition

Polynomials in variables X =z < 23 < --- <z, form an algebraic ring K[ X]

Triangular set T c K[ X]] Algebraic Variety V(F)
L, a set of polynomials with pairwise L, set of common solutions of a
different maximum (“main”) variables polynomial system F c K[X]

i-C t
(2y + ba)a - by + a® Quasi-Componen

22 -by-a® ¢ ¢ Qb<a<y<z] W(T)=V(T)NV(hr)
a+b

Triangular Decomposition: find T; s.t.
Initial: the lead. coeff. w.r.t. the main variable

hy = [ initial (¢)

tel

W (L) =V (F)
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Decomposition of the Solution Space: Intersect

{y +w} ytw
o S5w? +y
xz+ 25+ 2

I
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Time (s)
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Decomposition of the Solution Space: Intersect

{y +w}
12

)

Alex Brandt

y+w
o S5w? +y
= 3
TZ+2°+ 2

} I

0.00 002 0.04
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Decomposition of the Solution Space: Intersect

{y +w} g*;”
5wty
Lrer N F= T+ 25+ 2
5,.3

5y+1 y T~ +x" +z2
{5w—1} {w}

Lo N

r+22+1 x+22+1
5y + 1 Y
Sw-1 w
oy + 1 Y

z z

5w -1 w L]
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Time (s)
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Decomposition of the Solution Space: Intersect

{y +w} ytw
o S5w? +y
\RAC N “lazz+23+2
5y+1 y $5+$3+Z
{5w—1} {w} '/.
Lo N\ ©
r+22+1 r+22+1
5y + 1 Y
5w —1 w .
z z
5w —1 w .
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e .. Time (s)
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Decomposition as a Case Discussion

To compute an intersection, initials must be regular: non-zero nor a zero-divisor
Regular Chain: a special triangular set where every initial is regular

Split computations via a case discussion: either the initial is zero or it is non-zero

f=(y+1)a? -

2
~1=0
T7=-17Y
z—1=0
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Decomposition as a Case Discussion

To compute an intersection, initials must be regular: non-zero nor a zero-divisor
Regular Chain: a special triangular set where every initial is regular

Split computations via a case discussion: either the initial is zero or it is non-zero

=0
_ f=u v
f=(y+1)a? - XVQ le{yH_O - Tz3=q y+1=0
v z-1=0 2-1=0
2

1=

r=1" 0

z-1=0
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Decomposition as a Case Discussion

To compute an intersection, initials must be regular: non-zero nor a zero-divisor
Regular Chain: a special triangular set where every initial is regular
Split computations via a case discussion: either the initial is zero or it is non-zero

fou =0
B 2 Q y+1=0 — _ _
f=+1)az" -z N7 T, = Tz=4 y+1=0

1
ng/Y z—1=0 2—-1=0
T_{y2—1—0
- 1 = 2 _ o
2-1=0 e i {y—lzo oot 202~z =0
2:

—_— T: —1:
z—-1=0 4 y 0

z—-1=0
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Algorithms for Triangular Decomposition

Triangularize Workpile pattern

! Algorithm TriangularizeByTasks(F)
Intersect
. Tasks ={(F,@) };, T=0
. while |Tasks| > 0 do
(P,T) := pop a task from Tasks

IntersectFree

l

1
2
3
Regularize <—— CleanChain Intersect Choose a polynomial p e P; P':= P~ {p}
] O Algebraic 5 for T" in Intersect(p,T) do
VARG if |P/| =0 then T := T u{T"}
7
8

RegularGCD
Extend cgiar else Tasks:= Tasks U {(P',T")}

O

: return T
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Algorithms for Triangular Decomposition

Producer-Consumer, Pipeline patterns

Triangularize

!

Algorithm Regularize(p, T)

1: for (g;,T;) € RegularGCD(p,T,,T, ) do
Intersect 2: | if dim(T}) < dim(T}) then
IntersectFree 3: for T; € Regularize(p,T;) do
l 4: | yield T;
Regularize < CleanChain 5: else if gi ¢ K and deg(gi,v) >0 then
(3 \ Intersect  6: yield T; v gi
l Algebraic  7: yield T3 u pquo(T%, g:)
/ U 8: for T} ; € Intersect(lc(g;,v),T;) do
Extend RegularGCD 9: for T’ € Regularize(p,T;,;) do
QO 10: | yield T’
11: else
12: | yield T
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Support for Cooperative Irregular Parallelism

Input

_,[. TEX .}—l

Function Execution

= Object-oriented library on top
of C++11 threads [B 22]

= Shared thread pool

= Parallel patterns and their composition:

L, Map, Workpile, Fork-Join, [. . . .

Output

= Asynchronous Generators (coroutines) support

L, Producer-Consumer, Pipeline '
= Priority threads allow temporary oversubscription an ¥4
. . w
L, Start coarse-grained tasks as soon as possible % /é\
L, Prioritize tasks with potential to expose more parallelism
L, Self-regulating distribution of resources

Basic Polynomial Algebra Subprograms
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Parallel Speedup in Triangular Decomposition

Kalkbrener, Tasks & RRC Kalkbrener, Tasks & Generators & RRC
9 x 9 - /T 30+
8 . 8 " F27
= u L 24
S 71 . 7
& [ | F21
L 6l . 6 I [ T |
g‘ u L18
T 5 | ] .
9 . 15
@ A
Q 4 L]
) .an . F12
o 3 u
© [ T | ] Mo
H "
g 2 I j [ | L 6
1 reeeememeeee = Ta'TR | R 5
1 el = ¥
L - - - - - - L - - - - - - Lo
1073 1072 101 10° 10! 102 103 10* 1073 102 1071 10° 10t 102 10° 104
ISSAC 2020 Serial Runtime (s)
Parallel speedup on 12 cores [ABMMX 20]
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Range of Regularity in Parallelism

Regular parallelism:

L, algorithms guaranteed to decompose
into independent tasks regardless of
problem instance

ail  G21 G331 (41 b1 ba €11 €21 €31 Ca1 ) .
L, classic scalable parallelism
ai2 G2 (32 G472 by o by C12 [ C22 (€32 C42
X = .
ma aas aaa ass | | bug bua | | eis s s cas L, Regular and data parallelism
ws ane as an | | b b s s s cas well-supported by AVX, AMX, Cilk,
OpenMP, TBB, CUDA
Regular Irregular Unstructured
Parallelism Parallelism Parallelism

S Y
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Range of Regularity in Parallelism

Irregular parallelism:

L, sparse data structures, graphs

L, available parallelism changes
with each problem instance

Unstructured parallelism:
L, tasks/data dynamically generated
L, state-space search, game theory, symbolics

L, dynamically data-intensive computation

Regular Irregular Unstructured
Parallelism Parallelism Parallelism

o el >
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Up Next: Supporting Irregular Parallelism

Goal: computational model for unstructured, data-intensive computation

= Dataflow [18], Codelet [20] effective for
irregular, sparse graph algorithms

= Work, Span, Parallel Speed-Up difficult to
quantify for unstructured problems
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Up Next: Supporting Irregular Parallelism

Goal: computational model for unstructured, data-intensive computation

= Dataflow [18], Codelet [20] effective for
irregular, sparse graph algorithms

= Work, Span, Parallel Speed-Up difficult to
quantify for unstructured problems
Goal: practical support for unstructured parallelism

= composition, cooperation of parallel regions
[ABMMX 20], [ABM 21], [BM 21], [B 22]

= locality-aware scheduling, resource (re-)distribution [21]
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Up Next: Supporting Irregular Parallelism

Goal: computational model for unstructured, data-intensive computation

= Dataflow [18], Codelet [20] effective for
irregular, sparse graph algorithms

= Work, Span, Parallel Speed-Up difficult to
quantify for unstructured problems
Goal: practical support for unstructured parallelism

= composition, cooperation of parallel regions
[ABMMX 20], [ABM 21], [BM 21], [B 22]

= locality-aware scheduling, resource (re-)distribution [21]
Questions:

= How much parallelism is available for a given problem instance?

= What amount of potential parallelism was exploited?

= Adaptive, auto-tuned scheduling as problem evolves at runtime?
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Up Next: Supporting Irregular Parallelism and Exploiting it!

Goal: computational model for unstructured, data-intensive computation

= Dataflow [18], Codelet [20] effective for
irregular, sparse graph algorithms

= Work, Span, Parallel Speed-Up difficult to
quantify for unstructured problems

Goal: practical support for unstructured parallelism

[

= composition, cooperation of parallel regions
[ABMMX 20], [ABM 21], [BM 21], [B 22]

= locality-aware scheduling, resource (re-)distribution [21] i

Questions:
= How much parallelism is available for a given problem instance?
= What amount of potential parallelism was exploited?
= Adaptive, auto-tuned scheduling as problem evolves at runtime?
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The BPAS Library [2]

= Open-source library for fundamental polynomial data
structures, arithmetic, operations [BAMM 19]

= Finite fields, integers, rational numbers, intervals

= GCDs, factorization [B 2022]

= Polynomial system solving [ABMMX 20], [ABMMX 23]

P /g\‘/

Basic Polynomial Algebra Subprograms

= Multivariate power series and polynomials over power
series [BKM 20], [BM 21]

BLAS for Polynomials = Optimized for cache complexity and multicore execution;

generic support for composed parallelism [B 22]

= Over 600,000 lines of code
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Towards Performance, Maintainability, and Ease-of-Use

Layered Architecture of BPAS [BMM 20]

User-friendly C++ code

Performance-critical code implemented in C Parallelization 2

Lightweight C++ class interface for ease of use Internal C++ code

Class templates and abstract classes for extensibility

Parallel constructs completely encapsulated
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User-friendly C++ code

Performance-critical code implemented in C Parallelization 2
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Towards Performance, Maintainability, and Ease-of-Use

Layered Architecture of BPAS [BMM 20]

User-friendly C++ code

= Performance-critical code implemented in C Parallelization 2

= Lightweight C++ class interface for ease of use

Internal C++ code

= Class templates and abstract classes for extensibility Parallelization 1

= Parallel constructs completely encapsulated -

= Make it hard to do the wrong thing

= Encapsulate all complexity on the developer’s side
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king with Algebraic Types

Algebraic types naturally form a hierarchy

Rings define addition and multiplication of elements

Integral domains add the notion of divisibility

IntegralDomain

Unique Factorization Domains: every element is a product of primes

| UniqueFactorizationDomain | w  Eyclidean domain have division with remainder

Field: every element has an inverse

EuclideanDomain
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Working with Algebraic Types

Algebraic types naturally form a hierarchy

Rings define addition and multiplication of elements

Integral domains add the notion of divisibility

IntegralDomain
JAY

Unique Factorization Domains: every element is a product of primes

| UniqueFactorizationDomain | w  Eyclidean domain have division with remainder

Field: every element has an inverse

EuclideanDomain
JAN

Different concrete types of rings are mathematically incompatible
L, Z is a Euclidean domain; so are univariate polynomials over a finite field
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Make it Hard to do the Wrong Thing: Algebraic Type Safety

In existing algebra software, type safety
is only a runtime trait

= One class for the ring itself
= One class for elements of a ring

= Singular: instance variables of
Booleans and enumeration [13]

= CoCoALib: method overrides
return Booleans; TamField() [1]

Alex Brandt Engineering Irregular & Data-Intensive Scientific Computation February 22, 2023 22 /28



Make it Hard to do the Wrong Thing: Algebraic Type Safety

In existing algebra software, type safety
is only a runtime trait

Alex Brandt

One class for the ring itself
One class for elements of a ring

Singular: instance variables of
Booleans and enumeration [13]

CoCoALib: method overrides
return Booleans; TamField() [1]

Engineering Irregular & Data-Intensive Scientific Computation

BPAS enforces static type safety

Algebraic class hiearchy of class
templates

Rings: classes. Ring Elements:
objects of that class

Curiously Recurring Template
Pattern

Compile-time function resolution
enforces safety

[BMM 20]
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Make it Hard to do the Wrong Thing: Algebraic Type Safety

template <class Derived> BPAS enforces static type safety
class EuclidDomain : GCDDomain<Derived> { . .
Derived remainder (const Derived div); u Algebralc class hlearchy of class
i templates
class Integer : EuclidDomain<Integer> {}; . Rings; classes. Ring Elements:

//Integer remainder (const Integer div); .
& € objects of that class
class RationalPoly : EuclidDomain<RatonalPoly> {};

= Curiously Recurring Template
//RationalPoly remainder (const RationalPoly div);

Pattern
Int ; RationalPoly p; 0 . .
SR g BERREeE R ey = Compile-time function resolution
//compiler error: EuclidDomain<RationalPoly>:: enforces safety
remainder takes RationalPoly as parameter
RationalPoly r = p.remainder (x); " [BMM 20]
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Extensibility and Flexibility

At present:

= User-defined types automatically integrate into hierarchy

= Template metaprogramming and compile-time
introspection allows polynomial classes to
automatically adapt to their coefficient type

Alex Brandt

Ring is not an integral domain

1
Ring,Derived . . . .
j Tine Derive _: Ring is an integral domain

B

IntegralPoly Tester

Ring is not a|GCD domain

[ttt Rl
{ Ring,Derived |

== Ring is a GCD domain

(I

-
Ring,Derived |
- - -
> BasePolynomial I-
IntegralDomain
| il
Ring,Derived |
- - -
> IntegralDomainPoly

GCDDomain

_____ il
Ring,Derived |

GCDPolyTester T
[ "
j Ring,Derived |
L — =
Polynomial
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Up Next: Extensibility and Flexibility

At present:

= User-defined types automatically integrate into hierarchy

= Template metaprogramming and compile-time
introspection for polynomial classes

Goals:

= Integrate with interactive environments for rapid
prototyping, accessibility, usability

= High-performance bi-directional symbolic computing
software stack, polynomial system solving
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Up Next: Extensibility and Flexibility

At present:

= User-defined types automatically integrate into hierarchy

= Template metaprogramming and compile-time
introspection for polynomial classes

Goals:

= Integrate with interactive environments for rapid
prototyping, accessibility, usability

= High-performance bi-directional symbolic computing
software stack, polynomial system solving

Questions:

= How to handle performance, data locality in software
stack with expression swell?

= Can types defined in the interactive environment ®
be used in algebraic class hierarchy?
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The Next Five Years

Goal: Irregular and unstructured parallelism in theory and practice

= Continued development of cooperative parallelism for irregular applications

= Metrics to quantify success of per-problem irregular parallelism speed-up

000 025 050 075 100 125 150 175
Time (s)
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The Next Five Years

Goal: Irregular and unstructured parallelism in theory and practice

Goal: Automatic parallel program parameter optimization

Grid

Block(0, 0) | Block(1,0) | Block(2,0)

= Program parameters: values which control
how tasks and mapped to resources Brock(o, 117| Blocki, 1) [ Blockiz, 1)

= Particularly important for CUDA
as thread block configurations [BMMPW 19]

Block(1, 1)

= Extend to dynamic scheduling of
irregular parallelism on multicores
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The Next Five Years

Goal: Irregular and unstructured parallelism in theory and practice
Goal: Automatic parallel program parameter optimization
Goal: SOFTWARE MODULARIZATION is NP-complete?

= No formal proof of tractability of
SOFTWARE MODULARIZATION exists

= Model as a graph problem which considers
inter-module edges and intra-module edges

= Provably near-optimal approximation algorithms
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Research Vision in a Post-Moore Era of Computing

With the end of Moore’s Law:

Performance engineering in symbolic and scientific computation

Design and engineer lasting, high-performance, easy-to-use mathematic software

Software engineering practices for scientific research software, end-user programming
“Only by building on top of high-quality, high-performing,

reusable code can researchers hope for the continued
development of novel software solutions to scientific problems.”
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