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Sparse Multivariate Interpolation

o Interpolation is about finding a function which equals certain values
at certain points. These points, are called the interpolation nodes.

o Interpolation is a fundamental technique for computer algebra,
numerical analysis, engineering...

o Can approximate very complex functions
o Find a function for discrete data points
o Evaluation-interpolation schemes in computer algebra

o We are interested in interpolating sparse functions in many variables.

L, Number of terms in a polynomial explode exponentially with increasing
number of variables

o Convenient interpolants are polynomials and rational functions.
L, Easy to compute derivatives, integrals, evaluations, etc.
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Introduction: Polynomial Definitions

o Variable - a symbol representing some number.
T, Yy Zy e

o Monomial - a product of variables, each to some exponent.
x0yz3

o Coefficient - a numerical multiplicative factor of a monomial.
13, 7/9, 2.1463

o Polynomial - a summation of coefficient-monomial products.
1325y23 + Toa3y? + 11

o (Total) Degree - the maximum sum of exponents of any monomial

in a polynomial.

o Partial Degree - the maximum exponent of a particular variable in a
polynomial.



Introduction: Sparse vs Dense Polynomials

Sparse and Dense have dual meanings for polynomials. A polynomial can
be sparse or dense while also can be represented sparsely or densely.

o A polynomial is sparse if it has few non-zero coefficients.
Conversely, a polynomial is dense if it has few zero coefficients.
2 4+1 vs. 3ot 4+ 723+ 422 +1

o A polynomial is represented sparsely if only its non-zero coefficients
are stored while a polynomial is represented densely if all coefficients
are stored.

-2 +1-2% vs. 1-22 +0-28 +0-2" + ... + 120



Introduction: Black-box functions

A black-box is some function, procedure, encoding, etc. of a mathematical
function.

o Takes as input an evaluation point,

o Returns the value of the function at the input point.

The black-box is “opaque”
@ One knows nothing of the underlying function

o Can only obtain evaluations at arbitrary points.

ML, T,y .y Ty B(my,ma, ..., Ty)
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The Problem of Interpolation

Problem 1: Given a set of point-value pairs, (m;,3;), i = 1..n, find a
function f such that f(m;) = 5;

Problem 2: Given a block-box encoding of a function, 3, find a function,
f, such that B(m;) = f(m;) at sufficiently many ;.
L. If B is known to encode a polynomial (rational function) then the
exact function can be recovered.
L, Additional information is needed to define “sufficiently”. Generally,
the degree of the resulting interpolant.



The Problem of Interpolation

23— 222 — 51 +6
m ={-2,—1,1.5,3.5}

10




The Problem of Interpolation

Different “flavours” of interpolation exist
o Polynomial, Rational Function, Piece-wise Linear, etc.

One may define a function basis for the interpolation, a set of functions
¢j, j = 1..m, such that f is a linear combination of ¢;.
f=a161(X) + a2¢2(X) + - + pdm(X)

= [ = and1(m) + aoda(m;) + -+ + Qmdm ()

The choice of function basis produces different flavours of interpolation.
Choosing ¢; to be the set of monomials, we obtain polynomial
interpolation.

o In the univariate case this set is {1,z, 2%, 23, 2%, ...}



The Problem of Interpolation

Given a basis of functions it is easy to set up a system of linear equations.

Bi = a101(m;) + azpa(m;) + - - + amdm(m) =

$1(m1)  @a(m) ... Pm(m) | | B1
p1(ma)  P2(ma) ... m(m2) | | a2 B

() da(m) oo dmma)| Lam| |G

This matrix is called a sample matrix.



The Problem of Interpolation: Sparsity is a Necessity

The size of the multivariate monomial basis is exponential in the number
of variables.

As the number of variables increases, it becomes prohibitively large to
interpolate every coefficient for every monomial.

2 2 2 2 2 2 3 3 3
{17 z, Y, 2z, Y, Tz, Yz, TYz, Y, Tz, Y, Yy 2, Tz, Yz, T, Yy, 2 }

)

If the underlying function is sparse, then we want to take advantage of this
structure to interpolate only the non-zero coefficients.
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Univariate Interpolation

Univariate polynomial interpolation is the simplest. There is only one
variable to determine.

Very straight-forward, direct solutions exist.
o Linear system solving
o Lagrange interpolation

o Newton interpolation (see [1, Chapter 13])



Univariate Interpolation: Linear system solving

Using the basis of functions: {¢1, ¢o,¢3,...} = {1,2,22,...} and
point-value pairs (7;, 3;) we get the system of equatlons.

2 m—1
1 m =7 ... m o1 61
1 7 7 ... W;n_l Qs B
1 m, 777% ... 71';”_1 Qo Bn

For n = m this system can be solved to obtain a unique solution for
Qai, ...,y and thus a unique interpolating polynomial.

o The sample matrix produced by univariate monomials is a
Vandermonde matrix

o It is non-singular as long as 7; are pair-wise distinct



Univariate Rational Function Interpolation

Univariate rational functions can be interpolated by linear system solving
with a simple modification.

a(x) a4 T
R(z) = — = R(m) = —& = —
b(x) byt + -+ by
ﬁll .. 77?" =Byt .. =fimm a1 0
ng . Wg”' —Bomst ... —fami™ : :
: : by ~lo
ng .. WZ"’ —Bemgt ... —Pemi™ :

This homogeneous system of equations either has the trivial solution or
infinitely many solutions.

L, Normalize one coefficient to 1 by multiplying R(x) by ¢/e = 1
L, Add a row to the system forcing one a; or b; to be 1

L, Cannot guarantee a particular a; or b; is non-zero to be
normalizeable, should try many.



Univariate Interpolation: Lagrange Interpolation

While linear system solving is possible, it is arithmetically expensive.

Lagrange Interpolation is more direct, providing an exact formula for the
coefficients and basis functions of the interpolant.

2) =Y Bio;(x) H i ”’
7j=1 =1

1#]

() = (x—m)...(r—mj—1)(x — Tj41) ... (x — 7y)
d)]( ) (77]'_Wl)---(ﬂj_ﬁjfl)(wj_7Tj+1)~-(77j_7Tn)




Univariate Interpolation: Lagrange Interpolation

f@) = S oo o= [TE2
i= i£]

o Coefficients are just function values, j;
o Basis polynomial are designed so ¢;(7;) = 1, ¢j(m;) =04 # j

o Hence, f(mj) = B; as required.

—m) .. (m —mia) (M — mj) - (5 — )
— 7). (= mie) (M — mja) - (5 — )

oy - (T
b (mj) o
1

f(mj) = Bioa(my) + -+ + Bjgj(mj) + -+ + Bnodn(my)
B1-0 +---4 ﬁj‘l +--4+ B,-0
= /Bj



Univariate Interpolation: Lagrange Interpolation

Calculating the ¢; polynomials effectively is not immediately obvious.

For data locality while traversing the input data one can pre-compute
many values and then never use the input data again.

o Calculate modified coefficients f; = 8; / [];.;(m; —m),

o Generate factors fact; = (x —m;) fori=1..n

Expanding each ¢; can be effectively implemented by realizing one
operand of each multiplication is always a monic binomial.
o Multiplication by a binomial can be implemented by a simultaneous
shift, coefficient multiplication, and addition.
L oa-(x—¢)=(ax —ac;)
L, ax is an increment of exponents of a, ac; is only coefficient arithmetic.

Summation of ¢; can be done in-place to minimize memory allocation.



Univariate Interpolation: Experimentation
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Sparse Polynomial Interpolation

The seminal work of Zippel [2] introduced a probabilistic method for
sparse polynomial interpolation of a black-box. Zippel later extended this
to be deterministic in [3].

Problem (Zippel's Sparse Polynomial Interpolation):

Given a black-box, B, in v variables, and a degree bound for the
interpolant, d, find a polynomial f such that they are equal at ¢ = (
points.

)

B(m;) = f(m;), fori=1..1

The maximum number of terms in a polynomial of v variables and degree
dis (”zd).



Sparse Polynomial Interpolation
Zippel's method involves interpolating each variable, one at a time.

This is accomplished by fixing higher-ordered variables at a specific
starting point ™ = ((1,C2,...,Cy)

The structure (sparsity) of the polynomial is maintained at each step,
interpolating only the non-zero polynomial terms.

FO = f(¢, G, G) €K,
O = fa1, ¢, G) € K],
f(2) = f(.%'l,.’lfg, .- '7C’U) € K[xbe]a

f = f(U) = f(xla‘er"'?xv) EK[SEl,...,l’U]



Sparse Polynomial Interpolation

With the starting point © = ({1, (2, ...,(y), a single variable can be
interpolated by varying one value in the tuple.

Varying x1, we can interpolate the points (1, w1, ...,wy and values
B, B, ..., B4 to obtain f1), say by Lagrange interpolation.
o d+ 1 points to interpolate a maximum degree of d.

B(C1y o Co) = By fY@) =B,
B(wi, Co, -+, C) = B, FOw) = B,
B(ws,C2, ..., G) = P2, FD (wa) = Bo,

B(‘*’d»CQw--an):ﬁd f(l)(wd>:5d



Sparse Polynomial Interpolation

The result of the univariate interpolation has a special structure, each
coefficient is really the evaluation of some function g;(z2,...,z,) at

(427 .. ')Cv)'

f(l) :f(3317C2>---7Cv)

= gd(C?) sy CU)J:(li + gd—1(€27 ceey CU):E?il + -+ 90(€27 ey Cv)

= qaaf + a2+ 450

There are d + 1 different coefficient functions. Some of these may be
identically zero while others may be zero at ((a,...,(y).

Coefficient functions which are zero are assumed to be zero, leading to a
probabilistic method.

L, Choosing (; randomly from a larger set decreases probability that
gi(Ca, ..., Cy) will evaluate to zero.



Sparse Polynomial Interpolation

Each non-zero g; should now be interpolated for one variable, just as f!)
was for x1.

o Requires obtaining g;(v},(3,...,(n), vj # G2, for j =1..d
Let gyl,(yj) = gi(yj7c3a .. '7(1)): B/(:El?l/j) = B(xla l/j7<37 s >CU)

We can obtain g;(v;) as the solution to a linear system formed by
evaluations of B’. This makes use of the sparsity in f(!) compared to more
univariate interpolations. Choosing w; randomly:

B/(wh’/j) =g
B'(wa,v5) = g



Sparse Polynomial Interpolation

Solving d systems of equations yields the values of each g; at d distinct

points.
Combined with the original f(!) = ~, :L“li + Yd—1 x‘ffl + -+ 4+ 79 we have
d + 1 points to interpolate a degree d polynomial in x-.

f<$17<27"'7<11) = de? +’Yd71x?_1

flan,ve,. G) = galv))af +gq () af ™ + - + gy (1)

f(l’l,l/d, .. 'aCU) = gél(l/d) :B(li + gél—l(yd) :Ecll_l +o-t g(/](yd)

o Each g; is interpolated as a function in xo by basic univariate
interpolation using the points (2,11, ...,y and values

%’agi(’/l), .. 7gé(yd)



Sparse Polynomial Interpolation

Lastly, each numerical coefficient ; in f(1) is replaced by g;(z3) to obtain:
f(2) = f($1,$2,... >C11)
= gy(zo)af + ghy (@) 2{™" + - + gy(a2)
(’Yd,divg +oee Tt ’Yd,o) al ot <’Yo,d5€g +--t ’Yo,o)

We repeat this process for each variable, adding one variable at each step:
(i) Solve linear systems to obtain evaluations of coefficient polynomials

(77) Univariate interpolation of a single variable in each coefficient
polynomial



Sparse Polynomial Interpolation: An Example

We look to interpolate p = 2%y? + 2%yz 4+ y2% + yz with degree bound
d = 4. Written recursively:

peKly, 2][z] = (y* + y2)a® + (y2* + y2)a’
peK[z][z,y] = (D2%y® + (2)a’y + (z° + 2)y

o Choose some starting point @ = ((z, (y, (), B(7) = B.
o d =4 = b5 evaluations to interpolate each variable.
Stage 1: Interpolate f(V) € K[z]

L. Vary . (g, w1, ws, ws,ws, while holding y and z constant at ¢, and
(.. Let these points evaluate by B to 3, 51, B2, B3, B4.

L Use (G, B), (w1, B1), (w2, B2), (w3, B3), (w4, Ba) as input to some
univariate interpolation, like Lagrange.

L, Obtain f®) =122 4+ ¢3, ¢1,¢0 € K.



Sparse Polynomial Interpolation: An Example

Stage 2: Interpolate f® e K[z, ]

fO =z +ep = fU = g1(¢ ¢)2% + 92(Gy. )
o Need 5 evaluations each of g; and go to interpolate them.

o Vary y at the points ¢y, 1,2, 3,14, holding z fixed as (..

©

For each new point, we solve a system of linear equations. Choose
new, random, distinct points for x: ws, w;.

[ ] [0 [Bten )

$2|wt x0|wt gQ(”i)CZ) B(Wt,l/i,gz)

©

Using the points (y, v; and values ¢1((y,(2), 91(v4,¢2), i = 1..4,
interpolate ¢1(y,(.) = c3y? + cay € K[y]

Similarly for g2, obtaining g2(y, () = ¢5y

Expanding f(V, g1, g2 yields f?) = c3229? + cazy + csy

(]

©



Sparse Polynomial Interpolation: An Example

Stage 3: Interpolate f = f®) e K[z, y, 2]

FP = ey + car’y + sy = [P = g3(G)2%7 + 9a(G)7Py + 95(C)y
o As before, we need 5 points. Reusing ¢, we then need to solve 4
linear systems for the new points 1, po, i3, f4.

©

New random, distinct points for z: ws, wy, w, and y: Vs, V4, Uy,
xzyy(u}s,us) xzy|(ws,us) yl(ws,ys) g&(,uz) B(Wm Vs, ,uz)
vy lwiw) Yl wive)  Ylwen) | | 9a(pi) | = | Blwe, ve, i)
Yy |(W7ml’u) m2y‘(“}74,71/u,) y|(W1uVu) gs (,U/Z) B(Wu, Vs IU/Z)

©

Using the points (., i; and values g3((y), g3(pi), i = 1..4,
interpolate g3(z) = 1 € K[z]

(+]

Similarly for g4 and g5, obtaining g4(2) = 2, g5(2) = 22 + 2

Expanding /), g3, gu, g5 yields
O =2 4 ?yz+y +yz=f=p

(]



Deterministic Sparse Polynomial Interpolation

The sources of error in the probabilistic methods are:

1) Choice of starting point 7 = ({1, (2, ..., (,) causing coefficient
gp
polynomials to evaluate to zero at ((k, ..., Cy)

(77) Singularity of matrix in each system of linear equations



Determinism: Choice of starting point 7

f(l) = gd(C?v R 7Cv)xcll + gd—l(CZa .- '7(1))'7;%_1 et go(@, e 7C1))

o Some g;((a,...,(,) maybe be identically zero while others may
unluckily vanish at ((o, ..., ().

Proposition: For non-zero polynomials g1, ..., gs € K[x1,...,2,] where
#(q1) + ... + #(gs) =T, if ™ is a sequence of v different primes in K,
then 35 € Z, 0 < j < T — s, all of g;(77) are non-zero. [1, Proposition 102]

In a very brute-force way one can iterate through 1" — s choices of starting
point, choosing the one which yields the most non-zero g;.

L, #(g;) is unknown beforehand. In implementation T is really a
parameter which gives an upper bound on the number of terms.



Determinism: Singularity in Linear Systems

B (wi,v5) = gy(vj)wi + gj_ ()i + - + go(v))
B'(w2,vj) = ¢4(vj)wd + g1 (vj)wy "+ -+ g (v))

' d—1
Bl (wa, vj) = gy(vi)wi + gy (vj)wq ™ + -+ go(v))
When working on variable x2, the polynomial is univariate and the matrix
is a Vandermonde matrix in w;.

L, It is non-singular as long as w; are distinct.

In later stages when interpolating xj one must choose random points for
all Zj, j < k. Say, CUZ = (wiyl,wm,. . .wi7k_1).
o Choosing &; = (2¢,3%,5%,7%,...), the first k — 1 primes raised to the
power %, ensures uniqueness when evaluating multivariate monomials
and thus non-singularity [4].



Probabilistic vs Deterministic

Running time for interpolating a sparse 3 variable function, f

Probabilty (10%)

T=#(f)+3 T =#(f)+20 T =(d+1)°

o Green is probabilistic, purple is deterministic
o Probabilistic method varies with probability of getting incorrect result

o Both vary by partial degree bounds, d
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Sparse Rational Function Interpolation (SRFI)

Problem (Sparse Rational Function Interpolation):

Given a black-box B, encoding a rational function, R(x1,...,z,), and a
total degree bound for the numerator and denominator, d and e, find the
rational function R while being sensitive to its sparsity.

Cuyt and Lee propose a method for sparse rational function interpolation
using a homogenizing variable [5].
o This method depends on both (dense) univariate and (sparse)
multivariate interpolation.

o The use of sparsity in the rational function interpolation relies on the
use of sparsity in the sparse multivariate interpolation.



SRFI: Homogenization

Given a rational function R(z1,...,z,) = %
yeemsby

introduced to produce an auxiliary rational function, R.

a new variable is

R(z,x1,...,2y) = R(z21,...,21,)

Ao(x1, . xy) - 20+ Ay, xy) - 28+ o+ Ag(ag, .. 2y - 29
1+ By(1,...,@y) - 2L+ + Be(21,...,3,) - 2°

o The variable z groups together terms in a and b whose total degree is
equal to the exponent on z.

o Assume By(z1,...,xy) =1

o R can easily be interpolated as a univariate function in z



SRFI: Univariate Rational Interpolation

To interpolate z in R(z,21,...,2y) fix (z1,...,2,) to be (C1,...,¢) = f

and interpolate the univariate function R(z,(1,..., ().

This requires d + e + 1 points for z. Use distinct w; as points and 3; as
values, obtaining 5; from black-box evaluations:

B(wigla cee 7wiCU) = R(wiCh s )win) = R(wi)<l7° . ~an) = /B’L

This yields a univariate function whose coefficients are the evaluations of
the polynomials A; and B; at ((1,...,G).

B d) = Ao(Q) -2+ AL(Q) -2t 4 -+ Aa(Q) - 21

1+ Bi(() - 21 + -+ Be(() - 2¢




SRFI: Multivariate Polynomial Interpolation

Univariate interpolation yields the evaluations of A; and B;. Many
interpolations at various ((¥) can obtain many evaluations for each A; and
B;.
Using these evaluations, we can perform sparse multivariate interpolation
on each A; and B;.

L, The choice of multivariate interpolation scheme decides the values for

()

L, Example: (®) = (2%, 3% 5k, 7F . ..) for deterministic Zippel

Notice each term in A; has total degree i. One could create a specialized

interpolation method since the degree of all terms are equal and known a
priori.



SRFI: Algorithm

Sparse Rational Function Interpolation
Input: Block-box, B(z1,...,,), degree bounds, d and e

. _ e XU 4edan X9
Output: R(x1,...,2y) = T S—

o For k=0,1,... until all A;, B; are interpolated

o Decide %) based on sparse multivariate interpolation scheme
o Using pairwise distinct wy,...,wq+e+1, and evaluations

B(wjék), e ,chvgk)) interpolate R(z, C{k), cee ,Sk))
o Add evaluations A;(¢(*)) and B;(((®) to their respective ongoing
multivariate interpolations and attempt to interpolate



SRFI: An Example

We look to interpolate the rational function R(x,y) with a degree bound
d=e=3.

2 3
Ty t+ Yy +x
R(z,y) = w2 +y2+1

Conceptually, homogenization produces the auxiliary function R(z, x,y):

22)?(2 2y)® + (2x
R(z,z,y) = R(zz,zy) = ( )(Z;)%)_:_((z;)é :1( )

By + 293 + 2
220? + 222 + 1

(2%y + y*)23 + ()2
(22 4+ 9?22 +1




SRFI: An Example

_ 2 3) 3 A 34 A
R R R COF s(.9) + Ai(w,y)z

(x2 +y2)22 + 1 N By(z,y)z?2 + 1

Use the probabilistic sparse polynomial interpolation method. For degree

bound d = e = 3 each bi-variate polynomial coefficient needs at most 16
points to be interpolated.

o Generate (dk), ék)) as needed by sparse interpolation for k = 1..16.
The same points can be used for each A;, B;.

o For each k pick distinct wi,...,Wi1er1=7

o Evaluate each B(widk),wiék)) and interpolate a univariate rational
function in z using wi,...,wr

P I e (S RN (SRS E
Bo(¢®, ()22 41




SRFI: An Example

With each R(z,ék),(ék)) we gain evaluations of A3(C£k),C£k)),
k) (k k) (k
AP ), Bae? o).
o The very first univariate interpolation reveals this structure.

o Simultaneously A3, Ay and By can be interpolated by the points
(Cyg), Cék)) and their respective evaluations.

Sparse interpolations yield Asz(z,y) = 2%y + v3, Ai(z,y) = =,
By = 2% + y?. Simply ignore z and combine A; to form numerator and B,
for denominator.

R(iC y) _ AB(x7y) “rAl(aj’y) B x2y+y3 g



SRFI: Shifted Basis

The previous discussion assumed that the denominator did not vanish at
(0,...,0), that is bp X% =1

L, Guarantees ability to normalize the rational function

L, In general, one cannot guarantee any particular term is non-zero, so
normalization cannot occur.

Using a shifted power basis, we can instead force the normalization of the
auxiliary function.

Let & = (o1,...,0,) be a point at which R(&) is defined.

R(z,z1,...,2y) = R(zx1 + 01,229 + 092, ..., 2Ty + 0y)
_a(z)
B b(z)
B Ag(xy, .. 20)20 + -+ Aglan, .., xy) 20
B Bo(1, . . . )20 4 -+ Be(xl, ey Ty)2E



SRFI: Shifted Basis

b= bee“.. x = I;(z)=b(zx1+01,...,zxv+av)

m

Z (z1 + 01)9 o (2 + 0y)

Evaluating batz=0 yields the constant term, By # 0.
L, R can be normalized, forcing By(x1, ..., ,) = 1

L, With normalization the univariate interpolation can occur

9>

b(0) = Bo(z1, ..., 2y)

I
NgE

bi(01)% .. (o)
1

(01,...,00) #0

o>~ .



SRFI: Shifted Basis

R(z,x1,...,my) = R(zx1 + 01, 222 + 02, ..., 2%y + 0y)
Ao(.’El, ... ,$v)ZO + -+ Ad($1, ce ,CL‘U)Zd
1 +Bl(x1,...,xv)zl + -+ Ee(xl,...,ﬁv)ze

Finally, one can interpolate each A; and Bj as before.
L, With the shift, each /L and Bj has densified.

L, Once the shift is removed, many terms will become zero and the
sparsity recovered.

L, More advanced schemes exist to recover sparsity while in the shifted
basis.



Future Work

Sparse interpolation schemes lend themselves to parallelization.

o Multivariate Polynomial Interpolation

L, Each coefficient polynomial g; can be interpolated in parallel.
L, For the deterministic variation, the interpolation for each choice of

starting point can be run in parallel.
L, With many threads, it is likely that the deterministic algorithm could

surpass the probabilistic.

o Multivariate Rational Function Interpolation
L. The coefficient polynomials A;, B; can all be interpolated in parallel.
L, Current experimentation focused solely on number of black-box
evaluations, look to view actual running time.
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