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> Studying the integer solutions of linear systems of equations and
inequalities is of practical importance in various areas of scientific
computing:
> combinatorial optimization, in particular, integer linear
programming,
> compiler optimization in particular, the analysis, transformation,
and scheduling of nested loops in computer programs.
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> All these components are libraries, except IntegerHull, NumberOf IntegerPoints
and PILP which are commands.

> All libraries and commands are MAPLE code, except FME_SatMat which is is written in
C/C++ in support of efficiency critical routines.
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2. Integer hulls of polyhedra
2.1 Integer hulls, lattices and Z-polyhedra
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» A subset L ¢ Z9 is called an integer lattice (or lattice)
L={xeZ|(IteZ) x= At + b}
for AcZ9¢, beZ ceZsy.

if

» A Z-polyhedron is the intersection of a polyhedron P ¢ Q9 and a

lattice L ¢ Z9, denoted ZPolyhedron(P,L).

Input system:

Tx+12y +31z = 17, -
3x+by+14z = 7,
x+y = 0,
y-x < 0.

Equivalent Z-Polyhedron:

x = =-13z-1, X -13 -1
5z+2, and yl=| 5 |t+] 2 | e Lattice
z -1. z 1 0

<
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©® Recall: ZPolyhedron(P, L) is the intersection (in Z9) of the
polyhedron P ¢ Q9 and the lattice L ¢ Z¢.

@® Denote by x; < X, < -+ < x4 the coordinates of Z¢. We say that
ZPolyhedron(P, L) is normalized if

® it is non-empty, and P is given by a system of linear inequalities of

the form
a <x1< bo
a <x< b
; ) (2.1)
an-1 <Xq < bn—17
where

® a; (resp. b;) is either —oo (resp. +00) or an expression of the form
max(i1 ...l ) (resp. min(4i1... 4 )), and

® each 4;j € Q[x1,...,xi—1] with degree at most 1, so that

® all the integer points of P are obtained by back substitution, that
is, by specializing x1 to every integer value vy in the interval (ag, by),
then by specializing x2 to every integer value v» in the interval
(a1(v1), b1(v1)), and so on.

@® The algorithm IntegerPointDecomposition [7] decomposes any
Z-polyhedron into normalized Z-polyhedra.
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3. Integer point counting for parametric polyhedra
3.1 Generating functions of non-parametric polyhedral sets
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» The univariate quasi-polynomial Q(s, m,fy,...,fm_1) is the
function defined on Z, and taking values in Q[ X] given
> the switch s € Z[ X]
> the modulo m, a positive integer
»> the constituents m polynomials fo(k), ..., fm-1(k) € Q[k]
so that, for 0 </ < m, we have
Q(s,m,fo,....fm1)(k) = i <= s(k)=i modm. (3.1)

> Propositions:
@ For every quasi-polynomial g1 := Q(s, m, fy, ..., fm-1), there exists a
quasi-polynomial g2 := Q(X, m, g1,...,8m-1), such that we have
g1 = g2. We denote by Q[ X mod m] the set of all univariate
quasi-polynomials of the form Q(X, m,fo, ..., fm_1).
@ For q1:= Q(X,m,fo,...,fm-1) and g2 := Q(X, m, go,...,&m-1) in
Q[X mod m], we define the sum g1 + g2 and the product q; - ¢» as

q1+q2:(X5m7f6+g07"'afm*1+gm*1) (32)

g1 q2=(X,m, fogo,..., fm-18m-1)- (3.3)
© Equipped with this addition and multiplication, the set Q[ X
mod m] is a commutative ring.
@ Unless m =1, this ring has zero divisors and is isomorphic to the
direct product of m copies of Q[X].
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What is Integer Linear Programming?

max(ormin) ¢'x s.t. Ax<b

where xeZ9 , AeR™9 is a matrix and b e R™ is a vector.

max y
X,y€Z

-x+y<1
3x+2y <12
2x +3y <12
x20,y>0

FIgU F€: https://commons.wikimedia.org/w/index.php?curid=79967308
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P(y) ={xeZ™| Mx < Ny +p, (;() el}

where M € Q%*™, N e Q°*", p € Q°, y is a vector of parameters taking
values in Z", and s € Zsg, m € Zsg, n € Zsg and L is a lattice of Z™*",

Goal:
We want to compute two functions:
Max:Z" - Z

y = max{g(x,y) [x e P(y)}
and

Xnax: 2" — 2%
y = {x|g(x,y) =Max(y), xe P(y)}



Reduction to IntegerPointDecomposition (IPD)

Key idea: introduce an auxiliary variable z and consider
F(z,y) = 3xeZ™: z=g(x,y) A xeP(y)
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Reduction to IntegerPointDecomposition (IPD)

Key idea: introduce an auxiliary variable z and consider
F(z,y) = 3xeZ™: z=g(x,y) A xeP(y)
Then Max(y) =max{z€Z| F(z,y)}.

Algorithm outline:

X
@ Apply IPD to (z € V§_; ZPolyhedron(P;, L;) with variable ordering

y
XI> > Xp >Z> Y1 > > Y,

® Obtain normalized ZPolyhedron(P;, L;) such that each P; has at
most one upper bound for z

©® For each ZPolyhedron(P;, L;), extract Max(y) as a piecewise
quasi-polynomial
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Reducing to One Upper Bound for z

After IPD, each normalized ZPolyhedron(P;, L;) may have several upper
bounds for z: byz< A;(y) and byz < Ax(y) .

The idea: Let / =lcm(by, b2), c1 =1/b1, co = 1/bs. The two upper
bounds together say:
Iz<Ai(y) and Iz < Ax(y)
This is equivalent to a case split on y:
» Region Ajp: c1Ai(y) < ©aAx(y) where only the bound
b1z < Ai(y) is active

» Region Aj: Ax(y) < c1Ai(y) where only the bound
byz < Ax(y) s active
On each region, IPD is called again to produce normalized Z-polyhedra.

This time with at most one upper bound for z.

The process repeats until all pieces have at most one upper bound for z.
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combination of a free integer parameter t and the y-variables:
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Extracting Max from Each Piece

Once every ZPolyhedron(P;, L;) has at most one upper bound for z, reading off
Max(y) is straightforward.

The idea: Because the ZPolyhedron is normalized, the lattice L; expresses z as a linear
combination of a free integer parameter t and the y-variables:

Z:ql”t+ff(Y)7 teZ, quQ

To maximize z, we simply maximize t, which is bounded above by the single upper

bound b;z < A;(y):
¢ < Ai(y) - bifi(y)
biqi
Plugging the maximum t back in gives
Ai(y) - bifi(y)

Max(y) = q; { b J +fi(y)

a piecewise quasi-polynomial in y, valid over the region of P;.

Edge cases: If no upper bound exists on z, then Max(y) = +oo. If g; =0, then z is
constant and Max(y) = f;(y) directly.



Two Strategies for Finding the Optimizer

Given Max = z*, they differ in how the optimizer (x{,...,xn,) is recovered.
Sample Point Method Locus Method
® Set z=2z" ® Set z==Z"
® Pick a concrete integer point ® Back-substitute through the
from the resulting feasible slice. polyhedron structure to express

each x; as a closed-form
function of the parameters
Po, P1,- ..

© Return the full parametric
optimizer locus.

© Return that point as
Oy Xm)-
Key idea: existence of a solution is
guaranteed by normalization; any
witness suffices.

Drawback: may require solving an Key idea: normalization of IPD
auxiliary ILP to find the witness, output enables direct symbolic
which can be expensive on hard back-substitution without search.
instances. Advantage: avoids auxiliary ILP;

slightly faster in practice.



The Three PILP Implementations

For each parametric Z-polyhedron P(y), we solve both min,.p(yy g(x) and
Maxyep(y) £(X), where g(x) = xi + - + Xpm.



The Three PILP Implementations

For each parametric Z-polyhedron P(y), we solve both Minyep(y) g(x) and
Mmaxyep(y) &(X), where g(x) = x1 + -+ + Xm.
1. islpip by Feautrier [3, 8]

> Lexicographic by default; introduce z = g(x) and place z first to optimize a
general objective

> Output: each line gives [params] — variable values | parameter constraints



The Three PILP Implementations

For each parametric Z-polyhedron P(y), we solve both Minyep(y) g(x) and
Mmaxyep(y) &(X), where g(x) = x1 + -+ + Xm.
1. islpip by Feautrier [3, 8]

> Lexicographic by default; introduce z = g(x) and place z first to optimize a
general objective

> Output: each line gives [params] — variable values | parameter constraints

2. lexmin by Verdoolaege / Barvinok [1, 8]
> Based on rational generating functions, not parametric simplex

> Computes only lexicographic minima; to maximize g(x), introduce z = —-g(x),
minimize, then negate



The Three PILP Implementations

For each parametric Z-polyhedron P(y), we solve both Minyep(y) g(x) and
Maxyep(y) £(X), where g(x) = xi + - + Xpm.

1. islpip by Feautrier [3, 8]

> Lexicographic by default; introduce z = g(x) and place z first to optimize a
general objective

> Output: each line gives [params] — variable values | parameter constraints

2. lexmin by Verdoolaege / Barvinok [1, 8]
> Based on rational generating functions, not parametric simplex
> Computes only lexicographic minima; to maximize g(x), introduce z = —-g(x),
minimize, then negate
3. IntegerPointDecomposition [6]
> Run IPD once with z = g(x) introduced
> Both min and max extracted from the same Z-polyhedron decomposition

> Implemented in Maple QuantifierEliminationOverZ [4, 5]



Test

Feautrier (C)

Barvinok (C)

Sample Point (Maple)

Locus (Maple)

boulet 0.032 0.021 2514 2.493
bouleti 0.039 error 13.069 12.795
cgl 0.024 0.027 1.205 1.167
cnt_sum?2 1.114 not supported >30 mins >30 mins
difficult 0.079 0.555 1136.988 1133.288
esced 0.051 0.026 394.609 390.996

ex 0.027 0.030 0.900 0.900
ex2 0.027 0.030 0.907 0.900
fimmel 0.038 0.038 0.644 0.640
jcomplex 583.280 not supported >30 mins >30 mins
max 0.026 0.030 1.437 1.397
negative 0.021 0.028 0.521 0.521
phideo 0.764 >30 mins >30 mins >30 mins
seghir—el 0.068 error 1278.216 1265.387
seghir—e3 0.031 0.067 73.585 73.353
seghir—e4 0.045 11.675 >30 mins >30 mins
seghir—e5 0.147 2.533 >30 mins >30 mins
seghir—e6 0.045 0.366 447.975 445.734
seghir—e7 0.029 0.111 55.668 55.795
seghir—e8 0.031 0.075 925.595 903.961
seghir—e9 0.332 >30 mins >30 mins >30 mins

small 0.018 0.026 1.209 (ILP) 1.200 (ILP)
sorld 0.024 0.022 0.455 0.453
square 0.027 0.029 0.916 0.958
sven 0.024 0.019 0.228 0.278
tobi 0.026 0.025 45.504 45.355




Array Bound Checking: Setup & F, Analysis

Input Setup

Triply-Nested Loop
for (h =0; h < Ry; ih++)
for (b =0; i < Ry —i1; i++)
for (i3 =0; i3 < R3 —i1; i3++)

Alir + i +1][i + 22 + 1][274 + 3] <
» Domain (D): A-prism
> (i, ia, i3) € Z3
»0<ii <Ry
»0<h<Ry-i
» 0<iz<R3-1ip

» Reference Functions:
)‘-2(1.17 i2, I3) = i1 + 2I2 +1
f3(ir, in, i3) = 20y + i3

Formulation & Solving

Safety Condition via PILP

max hHh<M,A max K< Ms

(i1,i2,i3)€D (i1,i2,i3)€D
| — —_———
F F3

Exact Piecewise Maxima (F,)

f_[2Re+1 iR
> 1 if RL=0,R,=0

» Max achieved at /4 =0 (due to
i2 < R2 - ll)

> Naive cuboid: R +2R, +1
(over-conservative).



F5 Analysis & Final Safety Checks
Input Setu
'? P Key Trade-off
Tr'Ply’N§5ted !_OOp Increasing i, increases the 2i; term
for (i =0 i < Ry; ii++) but reduces the available range for
for (i2 =0; o < Ry — i1; in++) ; ;
for (i3 = 0; 3 < Rs — it is++) i3. Optimal boundary depends on
) which constraint binds.

Al + 2 +1][A + 20 +1][20 + ] ... Formulation & Solving

» Domain (D): A-prism
> (1,0, i3) € 73

»0<ih <R F_{R1+R3 if Ry < Ry
> 0<ih<R—i > 2R, if Rl > R
» 0<i3<R3—-1i

» Reference Functions: Final Runtime Conditions

Exact Piecewise Maxima (F3)

fz(l'l, i2, 13) = il + 2[2 +1

f?)(il,i2,i3):2i1+i3 2R2+1§M2

and
Ri+R3<M; ifRi<R;
2R3 < M3 if Rl > R3



Concluding remarks

Summary and notes
@ We have presented software libraries for computing integer hulls and
Z-polyhedra.

@® They support integer point counting of parametric polyhedra (=
computing Ehrhart polynomials) as well as Presburger arithmetic (=
quantifier elimination over the integers).

® One can replace this QE problems with a number of problem
instances from parametric integer linear programming (PILP).

® The algorithm IntegerPointDecomposition plays an essential role.

©® Most of these functionalities are available in Maple 2025, except QE
and PILP.
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