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> Studying the integer solutions of linear systems of equations and
inequalities is of practical importance in various areas of scientific
computing:
> combinatorial optimization, in particular, integer linear
programming,
> compiler optimization in particular, the analysis, transformation,
and scheduling of nested loops in computer programs.

> One important objective for us is to support

Presburger arithmetic, that is, quantifier elimination over the
integers, see our ISSAC 2025 paper.
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> All these components are libraries, except IntegerHull and NumberOfIntegerPoints
which are commands.

> All libraries and commands are MAPLE code, except FME_SatMat which is is written in
C/C++ in support of efficiency critical routines.
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2. Integer hulls of polyhedra
2.1 Integer hulls, lattices and Z-polyhedra
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® A subset L c Z9 is called an integer lattice (or simply a lattice) if
L={xeZ|(3teZ) x=At+b}
holds, for a matrix A € Z9%¢ and a vector b € Z9, where c is a
positive integer.
® It is convenient to see this lattice as the solution set of the systems
of congruence relations x=b mod A.
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® all the integer points of P are obtained by back substitution, that
is, by specializing x1 to every integer value vy in the interval (ao, bo),
then by specializing x2 to every integer value v» in the interval
(a1(w1), b1(v1)), and so on.

® The algorithm IntegerPointDecomposition [3] decomposes any
Z-polyhedron into normalized Z-polyhedra.
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3. Integer point counting for parametric polyhedra
3.1 Generating functions of non-parametric polyhedral sets
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@ the first-order theory of the integers with addition, equality and order

@ extended by the divisibility predicates Dy : x — k | x, for all k € Z,.

A Presburger formula F in prenex normal form has the form:
F = lel Qme ¢(X17 s Xmy Y1, e 7yn)7
where:
@ Qix1--Qmxm is a sequence of quantifiers (existential or universal)
and bound variables,
® y1,...,Y, are free (or unbounded) variables,
® O(x1,---yXmyY1,---,Yn) IS a quantifier-free formula, where each
atom (= formula free of quantifiers and connectives) is either
® a non-strict inequality £(x1,. .., Xm, Y1,--.,¥n) <0,
O or a divisibility relation k | £(x1,...,Xm,Y1,---yYn),
where:

® ke Zso is a constant, and
O {(x1,...,Xm, y1,--.,¥n) is a linear integer polynomial, thus with
total degree at most 1.



Quantifier elimination

Theorem 1
Presburger arithmetic admits quantifier elimination.



Quantifier elimination

Theorem 1
Presburger arithmetic admits quantifier elimination.

Remark 1
Recall
F=Qixi QuXm ¢(X15- s Xm, Y1, -+ Yn),
Our goal is to determine the set D(y1,...,y,) € Z" of ALL integer tuples
of (y1,...,yn) for which the formula F(x1,...,Xm,¥1,--.,Yn) IS true.



Concluding remarks

Summary and notes
@ We have presented software libraries for computing with integer hulls
and Z-polyhedra.

@® They support integer point counting of parametric polyhedra (=
computing Ehrhart polynomials) as well as Presburger arithmetic (=
quantifier elimination over the integers).

® The algorithm IntegerPointDecomposition plays an essential role.

O Most of these functionalities are available in Maple 2025, except QE.

Work in progress

@ In the presence of free variables, QE tend to split computations more
than necessary and we are developing algorithms dealing with this
issue.

® We are extending our implementation of Presburger arithmetic to
support certain class of non-linear expressions that are of practical
interest in compiler theory [2].
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