
Periods and binary wordsVesa Halava� Tero Harjuy Lu
ian IliezAbstra
tWe give an elementary short proof for a well known theorem of Guibasand Odlyzko stating that the sets of periods of words are independent of thealphabet size. As a 
onsequen
e of our 
onstru
tive proof, we obtain a lineartime algorithm whi
h, given a word, 
omputes a binary one with the sameperiods. We give also a very short proof for the famous Fine-Wilf periodi
itylemma.Keywords: word, period, binary image, binary word, Fine-Wilf lemma1. Introdu
tion and basi
 de�nitionsLet A be a �nite alphabet of at least two letters and A� the set of all words over A;the empty word is denoted ". For w 2 A�, jwj denotes the length of w and wi itsith letter. Therefore ea
h word w 2 A� has the form w = w1w2 � � �wjwj. An integerp, with 1 � p � jwj, is 
alled a period of w if wi = wi+p, for all 1 � i � jwj � p. Theset of all periods of w is denoted by P(w). Noti
e that P(w) = fjwjg if and only ifw is unbordered, that is, w = uvu implies u = ".The notion of period of a word is very 
entral in the theory of 
ombinatori
s onwords. There are many beautiful results on periods of words. Among them is thetheorem of Guibas and Odlyzko whi
h states that the sets of periods of words areindependent of the alphabet size. (Unary alphabets are, of 
ourse, out of dis
ussion.)Put otherwise, it says that, for every word w, there exists a binary one, say w0, su
hthat P(w0) = P(w); w0 will be 
alled a binary image of w.The proof given by [GuOd℄ to this unexpe
ted result uses properties of the
orrelation and is somewhat 
ompli
ated. In this note, we give an elementary shortproof for this theorem. As the proof is 
onstru
tive, we give also a fast algorithmwhi
h 
omputes a binary image of a given word. The algorithm runs in lineartime, so it is optimal. We shall give also a very short proof (the shortest to our�Turku Centre for Computer S
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knowledge) for the famous Fine-Wilf periodi
ity lemma in its form for words, 
f[ChKa℄ (Theorem 6.1) or [Lo℄ (Proposition 1.3.5). (Initially, Fine and Wilf provedthe result for real fun
tions, 
f. [FiWi℄.)For a word w, the powers of w are de�ned indu
tively by w0 = " and, for anyn � 1, wn = wwn�1. A word u is primitive if there is no word v su
h that u = vk,where k � 2. For two words u; v, we say that u is a pre�x of v if v = ux, for somex 2 A�; u is a fa
tor of v if v = xuy, for some x; y 2 A�.For basi
 notions and results on words we refer to [ChKa℄ and [Lo℄.2. Properties of words and periodsIn this se
tion we give �rst the announ
ed proof of Fine-Wilf lemma (Lemma 1) andthen prove some properties of words and periods needed in the proof of the maintheorem in the next se
tion.Lemma 1. If a word w has periods p and q and jwj � p+ q� g
d(p; q), then w hasalso period d = g
d(p; q).Proof. For a �xed d, by indu
tion on p+ q. The �rst step is trivial. Suppose thestatement holds for all integers smaller than p+ q. Assume p > q and put w = uv,where juj = p� d. Now, for any 1 � i � q � d, we have ui = wi = wi+p = wi+p�q =ui+p�q, and so u has period p� q. Sin
e u has also period q and g
d(p� q; q) = d,the indu
tive hypothesis shows that u has period d. Now, juj � q implies that thepre�x of length q of w has period d. Sin
e w has period q and djq, it follows that whas period d, too.Next lemma gives us the stru
ture of the set of periods. We 
all the leastp 2 P(w), the minimum period of w. Noti
e that, for any w;P(w) 6= ;, sin
eat least jwj 2 P(w). Hen
e the minimum period is well de�ned.Lemma 2. Let w 2 A� and p 2 P(w) be the minimum period of w. Then, for anyq 2 P(w) with q � jwj � p, q is a multiple of p.Proof. Sin
e p+ q � jwj, we get by Lemma 1 that g
d(p; q) 2 P(w). As p is theminimum period, we must have p = g
d(p; q), and so pjq.As a 
orollary, we obtain that if the minimum period satis�es p � jwj=2, then theset of periods 
an be partitioned into two sets, the �rst one in
luding the minimumperiod p and all of its multiples and the se
ond one in
luding all the periods forwhi
h q > jwj � p.Lemma 3. For any word w 2 f0; 1g�, w0 or w1 is primitive.Proof. For w = " both w0 and w1 are primitive. Let then jwj > 0, and assumethat w0 = vk; w1 = u`, for some primitive words u; v and integers k; ` � 2. Bothjvj and juj are periods of w, and, sin
e k; ` � 2, jwj = kjvj � 1 = `juj � 1 �2maxfjvj; jujg � 1 � jvj+ juj � 1. By Lemma 1, also d = g
d(jvj; juj) is a period of2



w. However, d divides jvj and juj, and sin
e v and u are primitive, we 
on
lude thatjvj = d = juj. Now u and v are pre�xes of w, and thus v = u, whi
h 
ontradi
ts thefa
t that v and u end with di�erent letters, 0 and 1, respe
tively.3. Main theoremWe prove in this se
tion our main theorem (Theorem 1). For a given word, were
ursively 
onstru
t a binary image of it. The re
ursion has two di�erent 
aseswhi
h, for 
larity, we study separately in Lemmata 5 and 6.In the following three lemmata, let w 2 A� be a word with the minimum periodp. Then there are words u; v 2 A� (possibly u = ") su
h thatw = (uv)ku where p = juvj; v 6= " and k � 1: (1)Lemma 4. Let w 2 A� be as in (1) with k � 2, and let q be su
h that jwj � p <q < jwj. Put q = (k � 1)p+ r, where juj < r < juj + p. Then q 2 P(w) if and onlyif r 2 P(uvu).Proof. For any 0 < i < jwj � q = p + juj � r, we have wi = (uvu)i andwi+q = (uvu)i+r. Hen
e wi = wi+q if and only if (uvu)i = (uvu)i+r whi
h meansexa
tly that q 2 P(w) if and only if r 2 P(uvu), as 
laimed.Lemma 5. Let w 2 A� be as in (1) with k � 1. Suppose that u0v0u0 is a binary imageof uvu, where ju0v0j = juvj. Then P(w) = P(w0) for the binary word w0 = (u0v0)ku0.Proof. The 
ase k = 1 is trivial. Assume thus that k � 2. Noti
e that p = juvj =ju0v0j 2 P(w0).First, 
onsider q with q � jwj � p. Assume q 2 P(w0). Now jw0j = jwj � p + q,and thus, by Lemma 1, d = g
d(p; q) 2 P(w0). Sin
e d � p = ju0v0j, also d 2P(u0v0u0) = P(uvu), and so djp implies d 2 P(w). By the minimality of p, we haved = p, and therefore pjq, whi
h implies q 2 P(w). On the other hand, if q 2 P(w),then Lemma 2 gives that pjq, and therefore q 2 P(w0), sin
e p 2 P(w0).Let then jwj � p < q < jwj, and put q = (k � 1)p + r, where juj < r < p + juj.Then, by Lemma 4, q 2 P(w) if and only if r 2 P(uvu) = P(u0v0u0) whi
h, also byLemma 4, is equivalent with q 2 P(w0). This 
ompletes the proof.Lemma 6. Let w = uvu 2 A� be as in (1) with k = 1. Let also u0 2 f0; 1g� be abinary image of u and assume that u0 begins with letter 0. For a 2 f0; 1g su
h thatu01jvj�1a is primitive, P(w) = P(w0), for the binary word w0 = u01jvj�1au0.Proof. Clearly, P(w) � P(w0), sin
e u0 is a binary image of u and all periods q ofw satisfy q � p = juvj = ju01jvj�1aj. Assume then that there is q 2 P(w0)�P(w) andalso that q is minimal with this property. Clearly, either q < ju0j or ju0j+ jvj � 1 �q < jwj, sin
e u0 does not begin with 1. 3



If q < ju0j, then, by the minimality of q, it is the minimum period of w0, andLemma 2 implies qjp, and so u01jvj�1a is not primitive, a 
ontradi
tion. If q =ju0j + jvj � 1, then a = 0, in whi
h 
ase we get u01 = 0u0, whi
h is impossible.Therefore q > p = juvj. Put q = p+ r; r > 0. Then, 
learly, r is a period of u0 andhen
e of u. But this implies q 2 P(w), a 
ontradi
tion. The proof is 
ompleted.Theorem 1. For any alphabet A and any word w 2 A�, there exists a word w0 2f0; 1g� su
h that P(w0) = P(w).Proof. By indu
tion on jwj. For jwj � 2, the 
laim is 
lear.Assume that the 
laim holds for all words of length less than or equal to n � 2.Let w 2 A� be as in (1) with jwj = n+ 1.For k � 2 we have juvuj � n and, by the indu
tive hypothesis, there exists abinary image u0v0u0 of uvu su
h that ju0v0j = juvj. Now, by Lemma 5, (u0v0)ku0 is abinary image of w.Consider next the 
ase k = 1. As v 6= ", we have juj � n and thus, by theindu
tive hypothesis, there exists a binary image u0 of u. If u0 = " then w0 = 01jvj�1is 
learly a binary image of w = v, sin
e, in this 
ase, P(w) = fjwjg. Otherwise,assume that u0 begins with the letter 0. By Lemma 3, there exists a 2 f0; 1g su
hthat u01jvj�1a is primitive. By Lemma 6, the word w0 = u01jvj�1au0 is a binary imageof w. The theorem is proved.4. The algorithmFrom the proof of Theorem 1, we obtain a re
ursive algorithm for 
onstru
ting abinary image of a given word w, denoted below by Bin(w).Bin(w)1. Find the minimum period p of w. If p = jwj, then output Bin(w) = 01jwj�1.2. Find u; v 2 A� and k � 1 su
h that w = (uv)ku, where v 6= " and juvj = p.3. If k � 2, then 
ompute Bin(uvu) = u0v0u0, ju0v0j = juvj, and output Bin(w) =(u0v0)ku0.4. Compute Bin(u) = u0.5. Find a 2 f0; 1g su
h that the word u01jvj�1a is primitive and then output Bin(w) =u01jvj�1au0.The 
orre
tness follows from the proof of Theorem 1. We �nally 
onsider the
omplexity of the algorithm.Theorem 2. The algorithm Bin runs in linear time and therefore is optimal.Proof. The algorithm is re
ursive, so let us 
ompute the 
omplexity of a single
all of the pro
edure Bin, say f(m), where m is the length of the 
urrent word forthis 
all, say x. 4



Consider �rst Step 1. A linear pattern mat
hing algorithm M (see e.g. [CrRy℄)
an be easily adapted to 
ompute the minimum period of x as follows. Assumethat, given two words (u; v), the algorithm �nds the leftmost o

urren
e, if any, ofu as a fa
tor of v. The 
omparisons done by the algorithm are of the type a ?= b,for letters a and b. We 
onsider a new letter (wild 
ard) # whi
h passes the test# ?= a, for any letter a. Put x = ax0, where a is a letter. Then we run the algorithmM on the inputs (x; x0#jxj). Clearly, an integer p; 1 � p � jxj, is a period of x ifand only if x is a fa
tor starting at position p� 1 of x0#jxj. Therefore, the leftmosto

urren
e of x as a fa
tor of x0#jxj (whi
h always exists) gives the minimum periodof x. Consequently, Step 1 
an be performed in linear time.Step 2 is performed in linear time, sin
e we know that p = juvj from Step 1.Step 3 is obviously performed in linear time. At Step 5 we have to test whi
h ofthe words u01jvj�10 and u01jvj is primitive. It is well known that primitivity 
an betested in linear time. Indeed, a word z is primitive if and only if z is not a properfa
tor of z2, that is, z2 = xzy implies that either x = " or y = "; see e.g. [ChKa℄.Consequently, we have shown so far that a single 
all of Bin requires f(m) =O(m) steps, where m is the length of the 
urrent word. More pre
isely, there is a
onstant 
 su
h that f(m) � 
m, for any m � 0.To 
al
ulate the time required for the whole algorithm on an input w of lengthn, we �rst see how fast the length of the 
urrent word de
reases from a 
all to thenext one. Consider x and y the 
urrent words for two 
onse
utive 
alls of Bin,respe
tively. We have that either x = (uv)ku; y = uvu; k � 2 (if Bin(y) is 
alled atStep 3 in Bin(x)), or x = uvu; y = u (if Bin(y) is 
alled at Step 4 in Bin(x)). Ineither 
ase, jyj � 23 jxj.Therefore, the time required by the algorithm to 
ompute Bin(w) is at mostXi�0f([(23 )in℄) �Xi�0
[(23 )in℄ � 3
n;hen
e it is linear, as 
laimed. Finally, it is 
lear that the algorithm is optimal, asthe problem requires at least linear time.Referen
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