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Section Summary

* Definition of a Function.
e Domain, Codomain
e Image, Preimage
* Injection, Surjection, Bijection
* Inverse Function
* Function Composition
* Graphing Functions
* Floor, Ceiling, Factorial



Functions

Definition: Let A and B be nonempty sets. A function f
from A to B, denoted f:A — Bis an assignment of
each element of A to exactly one element of B. We
write f(a) = b if bis the unique element of B assigned

by the function fto the element a of A. ol il

* Functions are sometimes
called mappings or Carlota Rodriguez

transformations. Sandeep Patel

Jalen Williams

Kathy Scott
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Functions

* A function f A — B can also be defined as a subset of
AXB (arelation). This subset is restricted to be a
relation where no two elements of the relation have
the same first element.

* Specifically, a function f from A to B contains one, and
only one ordered pair (a, b) for every element a€ A.

v - 4 g B g

and

Ve e el e A b e Bl 1 1b



Functions

Given a function f: A — B:
* We say f maps A to B or
fis a mapping from A to B.
* A is called the domain of f.
* Bis called the codomain of f.
* If fla) = b,
e then b is called the image of a under f.
e ais called the preimage of b.

* The range of f is the set of all images of points in A under f.
We denote it by f(A). The range is a subset of codomain B.

* Two functions are fg[ual when they have the same domain, the
same codomain and map each element of the domain to the
same element of the codomain.




Representing Functions

* Functions may be specified in different ways:
e An explicit statement of the assignment.
Students and grades example.
e A formula.
f(x) =x+1
e A computer program.

- When given an integer n, a program (e.g. in Java) can produce
the n-th Fibonacci Number (covered in the next section and also in Chapter 5).
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Questions
fla) 7 ~

The imageotdis? z

The domainof fis? A

The codomainof fis ? B

The preimageofyis ? b

f(A) — {Y’ Z}

The preimage(s) of z is (are) ? {a,c,d}



Question on Functions and Sets
*If f: A— B and Sisasubsetof A, then

£(5) = {f(s)ls e 5} , |




“many-to-one”

NOTE: in general, a function can map many
elements in the domain on the same element in
the range (many-to-one mapping)

e.g. each of elements a,c,d is mapped to z
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Injections (i.e. one-to-one)

Definition: A function f is said to be one-to-one, or
injective, if and only if f{a) = f(b) implies that a = b for
all a and b in the domain of f. A function is said to be
an injection if it is one-to-one.




Surjections (i.e. onto)

Definition: A function f from A to B is called onto or
surjective, if and only if for every element b € B
there isan element ¢ € A with f(a) =b. A
function f'is called a surjection if it is onto.

NOTE: as in the example of the right,
function could be surjective (onto)
but not injective (one to one). Why it is not?

Vice versa, the example on the previous slide
shows that a function could be injective (one-
to-one) but not surjective (onto). Why?




Bijections
Definition: A function f is a one-to-one correspondence,

or a bijection, if it is both one-to-one and onto
(surjective and injective).




Showing that f is one-to-one or onto

Suppose that f : A — B.

To show that f is injective Show that if f(x) = f(y) for arbitrary x, y € A with x # y,
then x = y.

To show that f is not injective Find particular elements x, y € A such that x # y and
fx) = f).

To show that f is surjective Consider an arbitrary element y € B and find an element x € A
such that f(x) = y.

To show that f is not surjective Find a particular y € B such that f(x) # y forall x € A.



Showing that f is one-to-one or onto

Example 1: Let f be the function from {a,b,c,d} to {1,2,3}
defined by fla) = 3, f(lb) = 2, flc) =1, and f{d) = 3. Is fan

onto function?

Solution: Yes, fis onto since all three elements of the codomain are images of elements
in the domain. If the codomain were changed to {1,2,3,4}, f would not be onto.

Example 2: Consider function f: Z— Z defined for any xeZ
by equation f{x) = x2. Is this function onto Z (surjective)?

Solution: No, fis not onto because there is no integer x with x> = —1, for example.
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Showing that f is one-to-one or onto

Example 3: Consider function/mapping f: Z— Z* defined
by equation f{x) = x2. Is this function onto?

Solution: No. There is no integer such that x*> =2, for example

Example 4: Consider function/mapping f: R— R* defined
by equation f{x) = x2. Is this function a onto?

Solution: yes.

[s it a bijection?

Solution: No. It is onto but not one-to-one



Showing that f is one-to-one or onto

Example 5: Consider function/mapping f: R*— R* defined
by equation f{x) = x2. Is this function a bijection?

Solution: Yes, Why?
NOTE: properties like injection (one-to-one),

surjection (onto), or bijection (one-to-one correspondence)
depend on the definition of the function’s domain and codomain.
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Inverse Functions

Definition: Let f be a bijection from A to B. Then the
inverse of f, denoted f—1, is the function from B to A

defined as f—l(y) — e

No inverse exists unless fis a bijection. Why?

)




Inverse Functions




Questions

Example 1: Let f be the function from {a,b,c} to {1,2,3}
such that fla) = 2, f{b) = 3, and f{c) = 1. Is f invertible

and if so what is its inverse?



Questions

Example 1: Let f be the function from {a,b,c} to {1,2,3}
such that fla) = 2, f{ib) = 3, and f{c) = 1.

Is f invertible and if so what is its inverse?

Solution: The function f'is invertible because it is a one-to-one correspondence.
The inverse function f* is  f'(1)=¢, f'(2)=a, and f*(3) = b.



Questions

Example 2: Let f: Z 2 Z be such that f(x) = x + 1.
[s finvertible, and if so, what is its inverse?



Questions

Example 2: Let f: Z 2 Z be such that f(x) = x + 1.
[s finvertible, and if so, what is its inverse?

Solution: The function f'is invertible because it is a one-to-one correspondence.
The inverse function f” reverses the correspondence so f*(y)=y - 1.



Questions

Example 3: Let £ R — R be such that f(z) = 2
[s finvertible, and if so, what is its inverse?



Questions

Example 3: Let £ R — R be such that f(z) = 2
[s finvertible, and if so, what is its inverse?

Solution: The function f'is not invertible.
It is not a bijection (neither injective nor surjective, why?)




Questions

Example 4: Let f: R — R* be such that f(x) = x?
[s finvertible, and if so, what is its inverse?

Solution: The function f'is not invertible.
It is not a bijection (surjective, but not injective, why?)

f(z) =2

R+ A

~



Questions

Example 5: Let f: R* - R* be such that = .
[s finvertible, and if so, what is its inverse?

Solution: Yes, the inverse is f_l (y) e \/g :

- ) — 0 P




Composition

* Definition: Let f: B— C, g: A = B. The composition of
fwith g, denoted f o g is the function from A to C

defined by foglel — [lglr])

(f © g)a)

f(g(@)




omposition




Composition
Example 1:If f(z) = z° and ¢g(z) = 22 + 1, then

Flg(e)) = (22 + 1)3

and

g(f(z)) = 22* +1



Composition Questions

Example 2: Let g be the function from the set {a,b,c}
to itself such that g(a) = b, g(b) = ¢, and g(c) = a. Let f
be the function from the set {a,b,c} to the set {1,2,3}
such that fla) = 3, f{ib) = 2, and f{c) = 1.

What is the composition of fand g ?

Solution: The composition fog is defined by
Fog (@=f(e(a) = (B) —2.
fog (b)=f(g(b)) =f(d) =1.
feg (09=f(&(9) =f(a) =3.

Note that the composition geof is not defined, because the range of f is not
a subset of the domain of g.



P

Composition Questions

Example 2: Let f and g be functions from the set of
integers to the set of integers defined by f{x) = 2x + 3
and g(x) = 3x + 2.

What is the composition of fand g, and also the
composition of g and f?
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Composition Questions

Example 2: Let f and g be functions from the set of
integers to the set of integers defined by f{x) = 2x + 3
and g(x) = 3x + 2.

What is the composition of fand g, and also the
composition of g and f?
Solution:

fog (x)=flg(x)) =fBx+2)=203x+2)+3 =6x+7
gof (x)=¢g(f{ix))=g(2x+3)=302x+3)+2 =6x+11
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Graphs of Functions

* Let fbe a function from the set A to the set B. The
graph of the function fis the set of ordered pairs

{(a,b) | a €eAand f(a) = b}.

OOOOO
OOOOO
OOOOO
OOOOO

OOOOO

OOOOO

OOOOO

Graph of fin) =2n + 1
from Z to Z

®(-3,9)

0 (-2,4)

-Le

2,4)e

e (L1

3,9e

0,0

fromZto?Z

Graph of f(x) = x?
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Some Important Functions

* The floor function, denoted
flz) = |z]

is the largest integer less than or equal to x.

* The ceiling function, denoted

flz) = |z

is the smallest integer greater than or equal to x
3.5] =4 3.5] =3
15 = |1 | [5 = 2

Example:



Floor and Ceiling Functions

3 3 —e
2 o——0 2 o—=e
1 —0 1 —e
A | | | oS
¥ 1 ] T N
3 2 | 1 2 3 3 =2 =1 1 2 3
ol— O—=e { —
*—-0-2 + Oo—=e -2 +
—0 -3 + -3 +
(@) y=[x] () y=1[x]

Graph of (a) Floor and (b) Ceiling Functions



Floor and Ceiling Functions

TABLE 1 Useful Properties of the Floor
and Ceiling Functions.
(n 1s an integer, x 1s a real number)

(la) |x] =nifandonlyifn <x <n+1
(Ib) [x] =nifandonlyifn —1 <x <n
(Ic) |x] =nifandonlyifx — 1 <n <x
(1d) [x]=nifandonlyifx <n <x +1

(2) x—=l=|x]l=<zx<[x] <x+1

(3a) [—x] = —[x]
(3b) [—x] = —[x]

(42) Lx+n=lx]+n
4b) [x+nl=1[x]+n




Proving Properties of Functions

Example: Prove that x is a real number, then
|2x]= |x] + [x+ 7]

Solution: Let x = n + €, where n is an integerand 0 < e< 1.
Case1: €<%
e 2x=2n+ 2¢ and |2x] =2n,since 0 < 2e< 1.
e |[x+1/2]=nssincex+ % =n+(1/2+¢€)and0< 2 +e< 1.
e Hence, |2x] =2nand |x] + |[x+ 1/2|=n+ n =2n
Casez =15
e 2x=2n+2¢= (2n+1)+(2¢ — 1) and |2x] =2n+ 1,
since() <2e-1<1.
e |[x+1/2|=|n+1/2+4+¢)|=|n+1+ (¢-1/2)] = n+ 1since
0<e-1/2<1.
e Hence, |[2x] =2n+1and |x]+ |x+1/2|=n+ (n+1) =2n+ 1.
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Example: Factorial Function

Definition: f: N — Z*, denoted by f{n) = n! is the
product of the first n positive integers when n is a
nonnegative integer.

) = ey en v e gl =it

ExampleS: Stirling’s Formula:

A 1 o(n) = VIrn(n/c)"
- f) =nl ~ g(n)

f6) =6!=1-2-3-45-6=720 e o)

f(20) = 2,432,902,008,176,640,000.
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Section Summary

* Sequences.

e Examples: Geometric Progression, Arithmetic
Progression

® Recurrence Relations
e Example: Fibonacci Sequence

e Summations



Introduction

» Sequences are ordered lists of elements.
 1,2,3,5,8
¢ 13 g &
* Sequences arise throughout mathematics, computer

science, and in many other disciplines, ranging from
botany to music.

* We will introduce the terminology to represent
sequences and sums of the terms in the sequences.
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Sequences

Definition: A sequence is a function from a subset of
the integers (usually either the set {0, 1, 2, 3, 4, .....} or
{1,2,3,4,...} )toasetS, thatis, f:N—>S

* The notation a, isused to denote the image of the
integer n. We can think of a, as the equivalent of

fln) where fis a function f: N - S. Wecall a, a term
of the sequence.

a, |= f(n)




Sequences

Example: Consider the sequence {a,, } where

1
Ap — g {an} — {al,az,ag,...}

DN | —
| =
=~ | =



Geometric Progression

Definition: A geometric progression is a sequence of the form:

2, n
(90 8 I 0 B o R e et

where the initial term a and the common ratio r are real numbers.

Examples:
1. Leta=1andr=-—1.Then:

{b,} = {bg,b1,ba,b3,b4,...}+ = {1,-1,1,-1,1,...}
>. Let a=2andr=5.Then:
{eob = {encrencnicn i F= 2010509504250 v}

3. Leta=6andr=1/3. Then: 5 o o
{dn}:{do,dl,dg,dg,d4,...}:{6,2,§,§,E,...}



Arithmetic Progression

Definition: A arithmetic progression is a sequence of the form:

O S M L SR a, = a-+nd
where initial term a and common difference d are real numbers.
Examples:

1. Leta=—-1andd-=4:
foo b lspsisigng b B B3Rl )

>. Let a=7andd= —-3:
B R s

3. Leta=1andd = 2:
for=lwpuniuiuzns =03 509 |



Strings
Definition: A string is a finite sequence of characters

from a finite set (an alphabet).

» Sequences of characters or bits are important in
computer science.

* The empty string is represented by A.

* The string abcde has length 5.
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Recurrence Relations

Definition: A recurrence relation for the sequence {a,}
is an equation that expresses a, in terms of one or
more of the previous terms of the sequence, namely,
a,a, .. a,_, forall integers n with n = n_, where n_ is a
nonnegative integer.

* A sequence is called a solution of a recurrence relation
if its terms satisfy the recurrence relation.

* The initial conditions for a sequence specify the terms
that precede the first term where the recurrence
relation takes effect.
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Questions about Recurrence Relations

Example 1: Let {a,} be a sequence that satisfies the
recurrence relationa, =a, + 3 forn=1,2,3,4,.... and
suppose that a, = 2. Whatare q,, a, and a,?

|Here a, = 2 is the initial condition. |

Solution: We see from the recurrence relation that
a, = a,+3=2+3=5
a, =5+3=8
a;, =8+3=11
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Questions about Recurrence Relations

Example 2: Let {a,} be a sequence that satisfies the
recurrence relationa,=a,  -a,, forn=2,3,4,... and
suppose that a, = 3 and a, = 5. What are a, and a;?

|Here the initial conditions are a, = 3 and a, = 5. |

Solution: We see from the recurrence relation that
a=a,-a,=5-3=2

a,=a,-a,=2-5=-3
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Fibonacci Sequence

Definition: Define the Fibonacci sequence, f,,f,,f.,.., by:
e Initial Conditions: f,=0, f, =1

e Recurrence Relation: f, =f . +f.

Example: Find fyf3,f4,f5 and f; .

Answer:
fo = 0
fi = 1
L=fi+fi =1+0=1,

L= +fi=1+1=2,
fi=f(+f=2+1=3,
fo=f.+f; =3+2=5,
fo=fc+f, =5+3=8.
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Solving Recurrence Relations

* Finding a formula for the nth term of the sequence
generated by a recurrence relation is called solving the
recurrence relation.

* Such a formula is called a closed formula.

* Various methods for solving recurrence relations will be
covered in Chapter 8 where recurrence relations will be
studied in greater depth.

* Here we illustrate by example the method of iteration in
which we need to guess the formula. The guess can be
proved correct by the method of induction (Chapter 5).
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lterative Solution Example

Method 1: Working upward (forward substitution)

Let {a,} be a sequence that satisfies the recurrence relation a, =
a,,+ 3 for n=2,3,4,... and suppose that a, = 2.

a, =2+3
@ w7 Lol Ee )
a, = (2+2:-3)+3=2+3"-3

observed pattern (quess) a,,= 2 +3(m-1)

a,=a,, +3 =(2+3-(n-2))+3=2+3(n-1) (confirmed)

(prove by induction, covered in Chapter 5)
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lterative Solution Example

Method 2: Working downward (backward substitution)

Let {a,} be a sequence that satisfies the recurrence relation
a,=a,,+ 3 forn=2,34,... and suppose that a, = 2.

a, =a,,;+3
=(a,,+3)+3=a,,+3-2
=(an_3+3)+3'2 =Cln_3+3'3

pattern a,=a, . +3-m

=a, +3(n-2) =(a,+3)+3(n-2) =2+3(n-1)
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Financial Application

Example: Suppose that a person deposits $10,000.00 in
a savings account at a bank yielding 11% per year with
interest compounded annually. How much will be in
the account after 30 years?

Let P, denote the amount in the account after n years.
P satisfies the following recurrence relation:

P-P +01lP —(111)P
with the initial condition P, = 10,000

Continued on next slide =
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Financial Application

PP Gilp (DD
with the initial condition P, = 10,000

Solution: Forward Substitution
P (1P
P ir (1P

=, i 3
P3 (1'11.)1)2 (1'11) PO observed pattern (quess) P,,= (1.11)™ P,
B o= (1.11)Pn_1= (1.11) (1.11)~ P o= (1.11)" P, (confirmed)

(prove by induction, covered in Chapter 5)

P =(1.11)" 10,000
P,, = (1.11)% 10,000 = $228,992.97



Useful Sequences

TABLE 1 Some Useful Sequences.

nth Term First 10 Terms
n? 1,4,9, 16, 25, 36, 49, 64, 81, 100, .
n3 1,8,27,64, 125,216, 343, 512,729, 1000, .
n* 1,16,81,256,625,1296,2401,4096,6561,10000,.“
2" 2,4,8,16,32,64, 128, 256, 512, 1024, ...
3" 3,9,27, 81,243,729, 2187, 6561, 19683, 59049, . ..

1,2,6,24,120, 720, 5040, 40320, 362880, 3628800, . ..

L Ly 2y 35 3y 8, 155 21 54y D53 895 5 »
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Summations

* Sum of the terms Gy, Qin+1, - - - , An, from the sequence {a,, }
* The notation:
T
A n 5 X
Z Y Zj:m a; ngjgn L%
j=m
represents

am—l_am—l—l_l_"'_I_an

* The variablej is called the index of summation. It runs
through all the integers starting with its lower limit m and
ending with its upper limit n.



Summations

* More generally for a set S:

Zjesa

n

* Examples: POttt = ) )
0

If $ = {2,5,7,10} then ) a; = az + a5 + a7 + a1
JjES



Product Notation

® Product of the terms Qm, A1, ..., Qp

from the sequence {a., }
* The notation:
n
j=m

represents



Geometric Series

Sums of terms of geometric progressions

4 g e
Z a,rj = | ! ?é 1
(n+1l)a r=1

Continued on next slide =



Geometric Series

Sums of terms of geometric progressions
mn n+1

Zarj = 'r*—l— ’I“7é1
(n+1l)a r=1

=
n ' To compute S, first multiply both sides of the
Proof: Let g — Z ar’ equality by r and then manipulate the resulting sum
jzo as follows:
n
FREE Z ar’
j=0
n
- Z ardt! Continued on next slide -



Geometric Series

- j+1 .
e Z o From previous slide.

= e Removing k = n + 1 term and
. adding k = 0 term.

ar"tl —g
Sn: gy lfI‘ #+1
ey A o
> s L rE=r



Some Useful Summation Formulae

TABLE 2 Some Useful Summation Formulae.

Geometric Series: We

Sum Closed Form A 2

- / just proved this.
Zark(r#()) &,r#l
| r—1

n Later we
Z k nn+1) A
2 5 will prove

. (n+1)@n+1) / some of

2 nn n

>k 6 these by
k=1 7 .

p <———induction.
Z i3 n%(n + 1)
k=1 s

e 1

3k xl <1 — < Proof in text

k=0

o0
Y kb x <1
k=1

- (requires calculus)
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Section Summary

* Definition of a Matrix
* Matrix Arithmetic
* Transposes and Powers of Arithmetic



Matrices

Matrices are useful discrete structures that can be used in many ways.
For example, they are used to:

e describe certain types of functions known as linear transformations.
 express which vertices of a graph are connected by edges (see Chapter 10).
e represent systems of linear equations and their solutions

In later chapters, we will see matrices used to build models of:
e Transportation systems.
e Communication networks.

Algorithms based on matrix models will be presented in later chapters.

Here we cover the aspect of matrix arithmetic that will be needed later.



Matrix

Definition: A matrix is a rectangular array of numbers.

e A matrix with m rows and n columns is called an mxn matrix.

The plural of matrix is matrices.
e A matrix with the same number of rows as columns is called square.

e Two matrices are equal if they have the same number of rows and the same
number of columns and the corresponding entries in every position are
equal.

3 x 2 matrix

e I
(GG NI




Notation

* Let m and n be positive integers and let

ail a1 R a1n
aa1 a929 Ay aon

AR
| Gm1l Om2 ... (mn

* The i-th row of A is the 1x nmatrix [a,, a,,,...,a;,].

(il n

The j-th column of A is the m x 1 matrix: | «;

a2j

* The (i,j)-th element or entry of A is the element a;.

* We can use A = [q; ] to denote the matrix with its (i,j)th

element equal to a;;.
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Matrix Arithmetic: Addition

Definition: Let A = [a;] and B = [b;] be m x n
matrices. The sum of A and B, denoted by A + B, is the
m x nmatrix that has a; + b;; as its (4)-th element.

[n other words, if A +B=[c;] thenc;=a; +b;.
Example:

o] 3 o) Y
R e I P ==t Pegdosa b
3 4 0 —1 1 2 2 D 2

Note that matrices of different sizes can not be added.



Matrix Multiplication

Definition: Let A be an n x k& matrix and B be a & x n matrix.
The product of A and B, denoted by AB, is the m x n matrix
that has its (i,j)-th element equal to the sum of the products of
the corresponding elements from the i-th row of A and the j-th
column of B. In other words, if AB = [c;] then

c;j = ayby+ apby + ... + ayby;

)
Example: o o C,, = Ay1by1 + ay,by1 + aysbsy
(21 1 g
) $YA0e e % 7 gaoed 1
i) 8 2
Matrices of size : 4x3 3Ix2 4 x2

The product of two matrices is undefined when the number of columns in the first
matrix is not the same as the number of rows in the second.



lllustration of Matrix Multiplication

® The Product of A = [aij] and B = [bij]

aii N g L Y

azq aze ... Q2
bag v ban vy
B =
A = a a a ; A
il S AT ik
R DR
g am1 am?2 ceo Qmk _
C11 C12
C21 C22
AB =
| Cm]_ Cm2 SVETVE

Cij = @i1b15 + ai2ba; + - - - + Gikbi;

b11 (8 3 B B

beivoo

Cin

iy iy e

Cmn




" Matrix Multiplication is not Commutative

i

Does AB = BA?

Example: Let

AB BA

(OL I V)

Solution: [

(GO )
PSS53555555555]
|
ee2seczzecceel
o

Do W
3353333333333

AB # BA
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ldentity Matrix and Powers of Matrices

Definition: The identity matrix of order n is the mx n
matrix [, = [5;], where §; = 1ifi=jand §; = 0 if i#).
RO
3 A Rt
. - AL - | A = A
when A is an m x n matrix

Powers of square matrices can be defined. When A is an
n x n matrix, we have:

n

A= A" = [AAA--A,
|

r times
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Transposes of Matrices

Definition: Let A = [a;] be an m xn matrix. The
transpose of A, denoted by A! ,is the n x m matrix
obtained by interchanging the rows and columns of A.

If At = [bij], then b, =a; fori=12,..,n andj=12,..,m.

Sy W
W N
ssp et B3 S

The transpose of the matrix ! i g ] is the matrix
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Transposes of Matrices

Definition: A square matrix A is called symmetric if

A = A". Thus A = [q;] is symmetric if a; =a;foriand;
with 1<i<n and 1<j< n

} is square.

(Square) symmetric matrices do not change when
their rows and columns are interchanged.

The matrix [

e
RS
o= O



