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ABSTRACT

We investigate our early termination criterion for sparse pol-
ynomial interpolation when substantial noise is present in
the values of the polynomial. Our criterion in the exact case
uses Monte Carlo randomization which introduces a second
source of error. We harness the Gohberg-Semencul formula
for the inverse of a Hankel matrix to compute estimates for
the structured condition numbers of all arising Hankel ma-
trices in quadratic arithmetic time overall, and explain how
false ill-conditionedness can arise from our randomizations.
Finally, we demonstrate by experiments that our condition
number estimates lead to a viable termination criterion for
polynomials with about 20 non-zero terms and of degree
about 100, even in the presence of noise of relative mag-
nitude 1075,
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1. INTRODUCTION

The fast solution of Toeplitz- and Hankel-like linear sys-
tems is based on the classical 1947 Levinson-Durbin prob-
lem of computing linear generators of the sequence of en-
tries. When with exact arithmetic on the entries a singular
leading principal submatrix is encountered, look-ahead can
be performed: this is the genesis of the 1968 Berlekamp/
Massey algorithm. In the numeric setting, the notion of
ill-conditionedness substitutes for exact singularity, and the
algorithms need to estimate the condition numbers of the
arising submatrices. By a result of Siegfried Rump [22], the
structured condition number of an nxn Toeplitz/Hankel ma-
trix H is equal to its unstructured condition number ko (H):
we have a Hankel perturbation matrix AH with spectral
(matrix-2) norm ||AH ||z = 1/||H |2 = ||H||2/k2(H) such
that H + AH is singular [22, Theorem 12.1]. Thus Trench’s
[23] (exact) inverse algorithm can produce upper and lower
bounds for those distances from the Frobenius (Euclidean-
vector-2) norm estimates for 1//n||[H Y| < |[H 2 <
|H !||r. The look-ahead algorithms, such as the Berle-
kamp/Massey solver, however, need such estimates for all
k x k leading principal submatrices H* for k = 1,2,... of
an unbounded Hankel matrix. Here we show how the 1972
Gohberg-Semencul “off-diagonal” (JL)U-representations [17,
7] can give estimates for all ro(H™) in quadratic arithmetic
overall time. Although our estimates are quite accurate (see
Figures 1 and 2), the computation of the actual condition
numbers of all leading principal submatrices in quadratic
arithmetic time remains an intriguing open problem. We
note that fraction-free implementations [2, 21] of the Berle-
kamp/Massey algorithms and inverse generators only pro-
duce values of polynomials in the entries, and our numeric
Schwartz/Zippel lemma [20, Lemma 3.1] is applicable. In
Section 3 we will discuss the numeric sensitivity of the ex-
pected values in that Lemma.

Our investigations are motivated by numeric sparse pol-
ynomial interpolation algorithms [11, 12, 20, 13]. In the
Ben-Or/Tiwari version of this algorithm, one first computes



for a sparse polynomial f(x) € C[z] the linear generator for
hy = f(w'th) for [ = 0,1,2,... In some exact as well as
numeric algorithms, w is selected as a random p-th root of
unity. Then by the theory of early termination of that al-
gorithm [18], the first ¢ x ¢ leading principle submatrix H
in the (infinite) Hankel matrix H with entries in row ¢ and
column j, (H)ij = hitj—2 where k =1,2,... ¢,

[ ho hi h2 hs -1
h1 h2 hg h4 hk
gk he  hs  ha hs P41 (1)
hs ha hs e :
Lhe—1 hi  hrga hak—2]

that is singular has with high probability dimension ¢ = the
number of non-zero terms in f. For technical reasons in proof
of the probabilistic analysis, we must skip over the value
f(w®) = f(1). Hence, by the previously described algorithm
for lower and upper bounds of the condition numbers of H [k],
we can determine the number of terms t.

The Berlekamp/Massey algorithm solves the problem of
computing Padé forms along a diagonal of the Padé table.
Cabay and Meleshko gave an algorithm to bound from above
the condition numbers of all the principal submatrices of
the associated Hankel system in the well-conditioned case
[8], which has been further refined and extended, for exam-
ple, see [1, 6]. Here we focus less on stably computing the
Gohberg-Semencul updates (see those cited papers—we re-
quire no look-ahead), but on fast and accurate lower and
upper bounds of the condition numbers, which constitute
the early termination criterion. We add that our approach
here, namely testing submatrices for ill-conditionedness, is
problematic for the approximate GCD problem (cf. [5, 4]):
we know now that Rump’s property is false for Sylvester
matrices: the unstructured condition number of a Sylvester
matrix can be large while the structured condition number
is small (see [19, Example 4.2]).

We approach the problem of incrementally estimating Han-
kel submatrices through a numerical interpretation of the
Berlekamp/Massey algorithm [21] that combines with an ap-
plication of the numerical Schwartz/Zippel lemma [20]. We
report some experimental results of our implementation in
Section 4. For a 20 term polynomial of degree 100 the algo-
rithm correctly computes ¢ = 20 in quadratic time (given the
polynomial evaluations h;) (see Table 1). There are several
issues to scrutinize. First, we only have bounds on the con-
dition numbers and must verify that our estimates are suf-
ficiently accurate. One would expect since for h; = f (le)
the Hankel matrix H* in (1) has additional structure that
the upper bound estimates for the Rump condition numbers
are good indicators of numeric non-singularity. Second, early
termination is achieved by randomization, whose probabilis-
tic analysis, namely the separation of the decision quantities,
i.e., determinants or condition numbers, from very small val-
ues (in terms of absolute values), applies to exact computa-
tion. We can relate the numeric sensitivity of those decision
quantities via a factorization of H! to clustering of term
values on the unite circle, which is partially overcome by
evaluation at several random w simultaneously.

Throughout the paper, we will use the boldfaced letters x
and y to denote the vectors [x1, ..., %)%, [y1,...,yn]", Te-
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spectively; H™ denotes the k x k leading principle subma-
trix; w(H) = ||H|| - ||H || denotes the unstructured condi-
tion number of H.

2. CONDITION NUMBER ESTIMATE

Suppose a n x n Hankel matrix H is strongly regular, i.e.,
all the leading principle submatrices of H are nonsingular.
Following an efficient algorithm for solving Hankel systems
[14], we present a recursive method to estimate the condi-
tion numbers of all leading principal Hankel submatrices in
quadratic time.

For simplicity, in this section we only consider the condi-
tion number of the Hankel matrix with respect to 1 norm,
ice., ki(H) = ||H|1-||H ', since all other operator norms
can be bounded by the corresponding 1 norm.

In order to estimate the condition numbers of all lead-
ing principal submatrices, we need to estimate the norms
of all leading principal submatrices as well as their inverses.
Since a Hankel matrix H has recursive structure, the norm
of H"* can be obtained in O(3) flops if the norm of H!¥ is
given, which implies that computing the norms of all leading
principal submatrices can be done in O(n?) flops. There-
fore, our task is to demonstrate how to estimate the norm of
(HE =1 i linear time if one has the estimate of the norm
of (HMh)~1,

As restated in Theorem 1, the Gohberg-Semencul formula
for inverting a Hankel matrix plays an important role in our
method. Note that for a given Hankel matrix H, JH is a
Toeplitz matrix, where J is an anti-diagonal matrix with 1
as its nonzero entries.

Theorem 1 Given a Hankel matriz H, suppose x andy are
the solution vectors of the systems of the equations Hx = e1,
Hy = en, where e; = [1,0,0,...,0] and e, =[0,...,0,1]%.
Then if xn # 0 the inverse H™' satisfies the identity

H'=
T1 Zr2 Tn—1 In Y1 Y2 Yn—1 Yn
1 T2 T3 Tn 0 0 w Yn—2 Yn—1
Tn—1 ITn 0 0 0 0 Y1 Y2
Tn 0 0 0 0 0 0 Y1
JIL, Ry
Y2 Y3 yn 07 O a1 Tpn—2 Tn—1
1 |Ys v 0 0|10 O Tn-3 Tn—2
R . (2)
Inly, 0 0 0||0 o 0 )
0 0 0 o] [0 O 0 0

JLo

The inversion formula of a Hankel matrix leads to a poly-
nomial form, whose coefficients involve vectors x and y.

Theorem 2 Under the assumptions of Theorem 1, suppose

H™ = [y1,72,.-.,7n], where 4 denotes the k-th column of
H™'. Then we have

T

Ve = [V"L—h Vn—2,..., VO} 5

where v; denotes the coefficient of the polynomial (1/xy,) -



(¢ - gr — up - v) with respect to Z*, where
o= wZ"" g=) uZ",
i—1 i=1

n k—1
U:Zyizn_i7 ur =0, Uk=ZI¢Zk_i7k:2,...,n.

i=2 i=1
ProOF. Considering the polynomial product ¢ - g, we

obtain the coefficient subvector

= [n-1,%n—2,...,%0]",

where 1); is the coefficient of ¢ - g with respect to Z7. Ex-
panding ¢ - gi, we get
ZZ:O Tn—ilYk+i—j,

= —1
{ D ico Tnti—jYk—is

Observing the formula of H~' in Theorem 1, We find that
the coeflicient subvector

if0<j<k,

Vi ifk<j<n.

l’l‘:JLl'[yk7yk*17"'707O]T7 (3)

where [yk, yk—1,...,0,0] is the k-th column of Ry. Since

u1 = 0, it is obvious that the coefficient vector of u; - v is a

zero vector. Considering the polynomial product ux - v,2 <
k < n, we obtain the coefficient subvector

T

V= [X"—l?X7L—27 s 7X0] 3

where x; is the coefficient of uy - v with respect to Z9. Ex-
panding uy, - v, we get

0 ifj=0
Xj = o Yn—iTh—jri, if j<k—1,
S Yngi—jah—, k< j<n.
The coefficient subvector
1/:JLQ.[xkfl,xkfz,...,O,O]T, (4)

where [zx—1,Zk—2,...,0, O}T is the k-th column of Rs. Ac-
cording to (3) and (4), it can be verified that the column ~
is able to be represented by the coefficients of (1/zy) - (¢ -
gk —uk-v). O

Corollary 1 Given a nonsingular Hankel matriz H, sup-
pose x and y are the solutions of the equations of Hx = e
and Hy = ey, then

20l - iyl

<[H Y <
lIxll: <] flh < o]

(5)
PROOF. Since z, = y1, (5) can be concluded from Theo-
rem 2. [J

Given a strongly regular matrix H, we discuss how to use
the bound in (5) to estimate |[(H)!||; for all the lead-
ing principal submatrices in quadratic time. A linear time
recursive algorithm is presented in [14] to obtain the solu-
tion vector of H[i+1]xi+1 = e;+1 from the solution vector
of H[i]yi = e;, where H" and H'Y are the i x i and
(14 1) x (i + 1) leading principal submatrices of H respec-
tively, and e; = [0,...,0,1]7, e;41 = [O,Gi]T. Moreover,
according to the Lemma in [14], for an i x 4 strongly reg-
ular Hankel matrix H, the solution x of the linear system
Hx = ey can be obtained in O(7) flops if one has the solu-
tion Hy = e;. In other words, for a given strongly regular
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k x k Hankel matrix H, all of the solution vectors x and y
of Hilx = ey, Hly = ¢;,i = 1,2,...,k can be obtained in
O(k?) flops. Hence the recursive algorithm presented in [14]
is applicable to obtain the bounds (5) of all ||(H™)7||; in
quadratic time.

Theorem 3 Under the same assumptions as above, given a

strongly reqular n x n Hankel matriz H, we have
20yl

< Ay Ty oy, ()

where x1 and y are the solution vectors of HUx =
]

I 1179 < e 1)

e1 and Hmym = e;, and xEl denotes the last element of
xU. Purthermore, computing the lower bounds and the up-
per bounds (6) of all ki(H™), 1 <4 < n, can be achieved in

O(n?) arithmetic operations.

ProOOF. We conclude (6) from Corollary 1. As discussed,
|E%)|; and the bounds of ||(H)~!|l; can be obtained in
quadratic time, which means that the computation of the
condition number bounds (6) is O(n?). [

3. EARLY TERMINATION IN NUMERICAL
SPARSE INTERPOLATION

We apply our method to the problem of early termination
in numerical sparse polynomial interpolation. Consider a
black box univariate polynomial f € C[x] represented as

f(z) = _chxda 0#¢; €C (7)

and dj S Zzo,dl <ds < --- < dy.

Suppose the evaluations of f(x) contain added noise. Let §
be a degree upper bound of f, which means, 6 > deg(f) = d.
Our aim is to determine the number of terms ¢ in the target
polynomial f.

In exact arithmetic, the early termination strategy [18]
can determine the number of terms with high probability.
Choose a random element w from a sufficiently large finite
set and evaluate f(z) at the powers of w

ho = f(w), h1 = f(w?), ha = f(u®),....

Consider a (6 + 1) x (6 + 1) Hankel matrix H = (H);; =
hitj—2 as in (1). The early termination algorithm makes,
with high probability, all principal minors HV! non-singular
for 1 < j < t [18]. Moreover, HY! must be singular for
all £ < j < 6. Hence the number of terms ¢ is detected as
follows: for j = 1,2, ..., the first time HU becomes singular
is when j =t + 1.

In the numerical setting, such a singular matrix is often ex-
tremely ill-conditioned. So we need to measure the singular-
ity for a given numerical Hankel matrix. In [22], it is proved
that for a Hankel matrix the structured condition number
with respect to the spectral norm is equivalent to the regular
condition number. In other words, for a given Hankel matrix
HUI the distance measured by spectral norm to the near-
est singular Hankel matrix is equivalent to 1/|[(HY) ™! |,.
In the following we investigate how to estimate the spectral
norm of the inverse of a Hankel matrix.



Theorem 4 Using the same quantities as above, we have

21|l - flylls

|z

[

P < \H Y. <
T < [l <

(8)
PROOF. Given a n X n arbitrary matrix A, we have the
following bound of [|A||2 [16]
max{||Al]1, [|Alloo }
v

According to Corollary 1 and ||H *||ec = ||H~'||1, it can be
verified that |[F 1|2 satisfies (8). [

< [1Allz < VAl 1]l -

We following the bound of ||H *||2 in (8) and present a
recursive algorithm to detect the sparsity of the interpolating
polynomial. Suppose we are given an approximate black box
polynomial of f represented as (7), its degree bound ¢ and a
chosen tolerance 7, our aim is to recover the number of terms
t. We proceed our recursive algorithm as the following. First
choose a random root of unity w with a prime order p > ¢
and obtain the approximate evaluations

he ~ f(w), £=0,1,2,....

Then we compute iteratively for k = 1,2,... and H*
[Risj_o] the vectors x*) and y!* as stated in [14], where x[®
and y[k] are the solutions of HFxF — e and H[k]y[k] = ep.
We break out of the loop until

AN
2yl =

+]

which means that for all j =1,2,...,k — 1 the distance be-
tween HU! and the nearest singular Hankel matrix is greater
than the given tolerance 7. This is because

1 |1,[k]|
o 2 T > T
[(HE) = 2 = 2)xH]ly - Iy

At this stage, we claim that H*~! is strongly regular and
obtain t = k — 1 as the number of the terms in f.

In sparse polynomial interpolation, the associated Hankel
matrix HY has additional structure that allows a factoriza-
tion

-ho hl h]‘_1
U hjl hf h.j
_hj—1 hj haj—2
i 1 1 1 Clbl 0 0
_ by b bt 0 cobe
vI vZ .Z : . . 0
bt ot bt 0 ... 0 b
748l D
1 b bt
1 bo bt
X , : 9)
1 b} b{;l
(V[J'])T

in which by = w® for 1 < k < ¢t.
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When j = ¢, the condition of the associated Hankel system
is linked to the embedded Vandermonde system [11, 12]

vt~

> (HD)T > L
Lyl

le|

(VI - max (10)
J
(see Proposition 4.1 in [12].)
Since all b; are on the unit circle, according to [9] the
inverse of the Vandermonde matrix ||V ~!|| can be bounded
by

t

_ 1 b;
IV < max L Jbal
1SISt, 3 (b — Okl
2t71

(11)

= max ——————.
1<5<t I 105 — bkl

As for the lower bound, |[(VI)7!||.c = 1 achieves the opti-
mal condition if b; are evenly distributed on the unit circle
(see Example 6.4 in [10].)

In [11, 12], the sparsity ¢ is given as input. So the random-
ization is used to improve the condition of the overall sparse
interpolation problem, where the recovery of both the non-
zero terms and the corresponding coefficients depend on the
condition of the embedded Vandermonde system. While [11,
12] further exploit a generalized eigenvalue reformulation [15]
in sparse interpolation, interestingly the condition of the as-
sociated generalized eigenvalue problem is still dependent
on the condition of the embedded Vandermonde system [12,
Theorem 4.2] (see [3] for further analysis and discussion.)

Now our purpose now to detect the number of terms. In
other words, we intend to use the estimated conditions to
determine the number of terms ¢. (After ¢ is determined,
for polynomial interpolation one still needs to recover the t
exponents di, ...d; and the associated coefficients c1, ..., ¢t
in f.)

Recall that in exact arithmetic, HU is singular for j > ¢.
In a numerical setting, such HU! is expected to be extremely
ill-conditioned. If H!¥ is relatively well-conditioned, then
one can expect a surge in the condition number for H I+,
We apply the randomization idea in [11, 12] to obtain the
heuristic of achieving relatively well-conditioned HM with
high probability.

Following (11), the distribution of b1,...,b: on the unit
circle affects the upper bound on the condition of the Van-
dermonde system V. Let b; = €2™4i/P p, = £2ix/? for
a prime p > §. Both b; and by are on the unit circle. Let
Aji = |dj — di| > 1, the distance between b; and by, is

by = bel = /(1 — cos(2r,1./p))? + sin® (27 ,1./p)
= /2 —2cos(2nAj1/p).

For a fixed t, an upper bound of ||(V!)~%||2 is determined

by
(2 — 2cos (m)) R
5 p

in which p is a chosen prime order for the primitive roots of
unity.

According to (12), the corresponding Hankel system H" =
VI D(WVH)T can be better conditioned if

min
1<j<t -
J#

(12)

1. p is smaller; and/or



2. the most (or all) of A, do not belong to smaller values.

In order to achieve a better condition, choosing a larger p
would require larger Aj; and may require a higher precision.
Thus we prefer a smaller p. Moreover, in general a smaller p
does not affect too much on the overall random distribution
of b; on the unit circle (see Example 3 in Section 4.)

Remark: In the exact case, it may still happen that HU
is singular for j < ¢, which corresponds to an ill-conditioned
HUY! for j < t in a finite precision environment. Therefore
we perform our algorithm ¢ times in the numerical setting.
Given ¢ € Zxo, we choose different random roots of unity
w1, w2, . ..,we. Foreach j we perform our algorithm on f(wf)
for £k = 1,2,... and obtain the number of terms as t;. At
the end, we determine ¢ = max{t1, 2, ..., ¢} as the number
of the terms of f.

4. EXPERIMENTS

Our numerical early termination is tested for determining
the number of the terms. We set Digits := 15 in Maple 13.
Our test polynomials are constructed with random integer
coefficients in the range between —10 and 10, and with a
random degree and random terms in the given ranges.

For each given noise range, we test 50 random black box
polynomials and report the times of failing to correctly esti-
mate the number of the terms. In Table 1, Deg. Range and
Term Range record the range of the degree and the number
of the term in the polynomials; Random Noise records range
of random noise added to the evaluations of the black box
polynomial; Fail reports the times of failing to estimate the
correct number of the terms in the target polynomials.

Er. | Random Noise | Term Range | Deg. Range | Fail
1 1075 ~1077 10~ 15 100 ~ 150 3
2| 1007~10°° 15 ~ 20 100 ~ 150 1
3 1078 ~1077 20 ~ 25 100 ~ 150 1
4] 107~10°° 20 ~ 25 100 ~ 150 1

Table 1: Numerical early termination: number of
failures out of 50 random polynomials.

Example 1 Given a polynomial f with deg(f) = 100 and
the number of term 20, denoted by T'(f) = 20. Its coeffi-
cients are randomly generated as integers between —10 and
10. We construct the black box that evaluates f with added
random noises in the range 1072 ~ 10~%. From such black
box evaluations, we generated 1000 random Hankel matrices
and compare the condition number w1 (H) = | H||1 - | H |1
with their corresponding lower bounds Kiow(H ) and the up-
per bound kup(H), shown in (6).

Let w; = exp(2s;74/p;) € C be random roots of unity,
where i = /=1, p; prime numbers in the range 100 < p; <
1000, and s; random integers with 1 < s; < p;. We compute
the evaluations of the black box for different root of unity
wj, and construct the associated Hankel matrix HV!. Since
T(f) = 20, we do 41 evaluations for each j to construct the
Hankel matrix with Dim(HU!) = 21:

hig~ fW)eC, 1=1,2,3,...,41
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We use H ][.k] to denote the kx k leading principle submatrix
of H; and let

[H ] - 1 H
’ilow(H) ’

R Kup (H) )
PH - [[H

Tlow

For j = 1,2,...,1000, we obtain the ratios riow and rp
for all k x k leading principle submatrices H ][k], where k =
1,2,...,20. Therefore, 7ow and r,p are used to measure
whether the lower and upper bounds are close to the actual
condition number. We use the histogram to measure the
ratios 7w and 7yp. For instance, in Figure 1 (a) and (b)
show the distribution of the ratios riow and ny, for all 5 x
5 leading principle submatrices HJ[»S],j =1,2,...,1000. In
Figure 2, (a) and (b) show the distribution of the ratios riow
and ryp of all 20 x 20 leading principle submatrices H J[-QO], j=
1,2,...,1000.

Example 2 We performed m = 100 random n x n Hankel
matrices for n = 4,8,...,1024 whose entries are randomly
chosen and follow uniformly probabilistic distribution over
{¢ ]| =1 < ¢ < 1}. Table 2 displays the average value of
Tow and ryp. Here n is the dimension of random Hankel
matrices; 70w and 7 are the average ratios of 7\\1{&2”}1—1“1

W

and %; k1 = ||H||1 - ||[H |1 is the average value
of the actual condition number obtained for Digits := 15

in Maple 13. From the columns of riow and 7.p, we observe
that the upper bound of the condition number depends on
the dimension of the Hankel matrices. But the lower bound
of the condition number does not seem to be affected much
by the increasing of the dimension.

Ex. n Tlow Tup k1(H)
1 4 3.1431 17.402 523.10
2 8 4.7675 14.023 69.965
3 16 6.4865 30.349 136.59
4 32 11.154 106.35 734.55
5 64 15.691 107.19 1996.1
6 128 24.120 220.42 13218
7 256 34.496 549.59 16932
8 512 49.425 1516.1 16783
9 1024 71.394 1385.0 111375

Table 2: Algorithm performance on condition num-
ber estimate

Finally, following the discussion on (10), (11), (12) in Sec-

tion 3, we investigate the role of p in the conditioning of H )

Example 3 For each try, we choose m = 10 random poly-
nomials with 50 < deg(f) < 100. The coeflicients are ran-
domly generated as integers between —5 and 5. The num-
ber of the terms of f is ¢, shown in the 3-th column of Ta-
ble 3. In Table 1, Term Range records the range of random
noise added to the evaluations of the black box polynomial;
k1 (H11) and k1 (H2!) denote the respective condition num-
bers of the ¢ x t Hankel matrices H; and H.["l. The ma-
trices H1 and H.™ are constructed by the approximate
evaluations of the root of unity with orders corresponding to
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Figure 2: Distribution of the leading principle matrix H[?"

the randomly chosen prime numbers p; and p2, where p; is
between 100 and 1000 and ps between 10° and 107.

Table 3 agrees with our discussion at the end of Section 3.
When the number of terms ¢ is fixed, the various scales of p1
and p2 do not seem to greatly affect the distribution of terms
on the unit circle. But a larger p> may demand a higher
precision hence cause additional computation problems.

5. CONCLUSION

By example of a randomized sparse interpolation algo-
rithm, we have investigated a central question in algorithms
with floating point arithmetic and imprecise date posed in
[20]: how does one analyze the probability of success, in our
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case the correct determination of the discrete polynomial
sparsity? Bad random choices may result in ill-conditioned
intermediate structured matrices at the wrong place. Even
if one can detect such ill-conditionedness, as we have via the
Gohberg-Semencul formula, the distribution of such occur-
rences must be controlled. We do so by running multiple
random execution paths next to one another, which success-
fully can weed out bad random choices, as we have observed
experimentally. The mathematical justification requires an
understanding of condition numbers of random Fourier ma-
trices, which we have presented, and of additional instabili-
ties that are caused by substantial noise in the data, which
we have demonstrated, at least by experiment, to be con-



Ex. | Random Noise | t roy (H, ™) r1 (Ho™)
1 1075 ~10° 5 | 1.16 x 10° | 1.61 x 10°
2 1079~ 1077 8 | 9.54x10° | 2.91 x 10°
3 1078~ 10" 10 | 4.14 x 107 | 1.02 x 10
4 107%~ 1077 12 | 1.51 x 10° | 2.04 x 10°
5 10°°~10° 15 | 1.13 x 10% | 3.53 x 10
6 1007 ~10°° 12 | 5.24 x 107 | 3.92 x 107
Table 3: Condition numbers for H!Y constructed

with roots of unity of different size prime orders p;
and p2.

trollable by our algorithms.
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