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Abstract The -expansion algorithm has had a signi cant
impact in computer vision due to its generality, effective-

Boykov

e: July 15, 2011

ness, and speed. It is commonly used to minimize energies

that involve unary, pairwise, and specialized higher-prde

terms. Our main algorithmic contribution is an extension

of -expansion that also optimizes “label costs” with well-

characterized optimality bounds. Label costs penalize-a so

lution based on the set of labels that appear in it, for exampl
by simply penalizing the number of labels in the solution.

Our energy has a natural interpretation as minimizing
description length (MDL) and sheds light on classical algo-

rithms like K -means and expectation-maximization (EM).
Label costs are useful for multi-model tting and we demon-
strate several such applications: homography detection, m

tion segmentation, image segmentation, and compressiofig. 1 Motion segmentation on the 1IRT2RCR sequence [56]. Energy

Our C++ and MATLAB code is publicly availabte.

Keywords Energy minimization Multi-model tting
Metric labeling Graph cuts Minimum description length

1 Some Useful Regularization Energies

In a labeling problem we are given a set of observati®ns
(pixels, features, data points) and a nite set of lakielgat-
egories, geometric models, disparities). The goal is tgass
each observatiop2 P a labelf, 2L such that the joint la-
belingf minimizes some objective functida(f ).
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(1) nds 3 dominant motions (a) but labels many points incotye&n-
ergy (2) gives coherent segmentations (b) but nds redundatioms
Our energy combines the best of both (c).

Most labeling problems in computer vision and machine
learning are ill-posed and in need of regularization, bet th
most useful regularizers often make the problem NP-hard.
Our work is about how to effectively optimize energies with
two such regularizers: a preference for fewer unique labels
in the solution fabel cost}, and a preference for spatial
smoothnesssfnooth cosls Figures 1, 2, and 3 suggest how
these criteria cooperate to give clean results.

Regularization combining smoothness and label costs
has a long history in vision going back to well known pa-
pers by Leclerc [41], Zhu & Yuille [63], and many others.
Until recently, however, label cost optimization problems
were not addressed by powerful combinatorial algorithms
that can guarantee certain optimality bounds and which are
widely used for other problems in vision. The main con-
tributions of our work (originally reported in [18]) are as
follows. We are rst to describe a general label cost func-
tional (?) that depends on a speci ¢ subset of used labels,
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) ) Fig. 3 Unsupervised segmentation using histogram models. Energy (1)
Fig. 2 Planar homography detection on VGG (Oxford) Merton Col- clusters in colour space, so segments (a) are incoherent. Efdrgy (

lege 1 image (right view). Energy (D nds reaso_nable_ pafame‘mT clusters over pixels and must either over-segment or over-smaopth (b
only the strongest 3 models shown in (a), and still assigns a few-incor.

rect labels. Energy (2) nds reasonable clusters (b) but ts 9 eled Jsupsctmadi |tr; [gﬁi 8? \%il?g ?égﬁgrb:elg?ncsr?tgt]igie criteria (c) and corre-

some of which are redundant (nearly co-planar). Our enetpynfs '

both good parameters and labels (c) for 7 models. where eachV,q penalized, 6 f, in some manner. If each
Vpq de nes a metric, then minimizing (2) is known as the

rather than on a number of labels. Moreover, we proposgetric labelingproblem [11,32] and can be optimized ef-

several combinatorial optimization algorithms with guara  fectively with the -expansion algorithm.

teed optimality bounds for minimizing energies combining  This regularizer prefers spatially coherent segmentation

data costs, smooth costs, and label costs. but has no incentive to combine non-adjacent segments and
Label costs. Sﬁart by considering a basic (unregularized)thus a tendency to suggest redundant labels in multi-model
energyE (f ) = pDp(fp), where optimaf , can be deter- tting (see Figure 1b). Still, spatial smoothness priors ar

mined trivially by minimizing over independent “data casts important for a wide array of vision applications.

Su'ppose, howe\{er, that we wish to explain the obsgrvatior§ur combined energy.We propose a discrete energy that
using as few unique labels as necessary. We can introduggsentially combines the UFL and metric labeling problems.

label costgnto E (f ) to penalize each unique label that ap- data cost smaoth cost label cost
pears irf : i BS { % [ B

X X E(f)= Do(fp)+  Vea(fpifa)+  ho o(f) (?)
E(f)=  Dp(fp)+ hy () (1) p2P Pa2N LL

p2pP 12L

where the indicator function_ () is now de ned on label
whereh; is the non-negative label cost of ladeland ()  subseL as

is the corresponding indicator function ) er 19p:fp2L
L = .
() 19p:f, =1 0 otherwise. .
0 otherwise. Our energy actually generalizes label cdgtto labelsubset

. ._costsh, , but one can imagine basic per-label costs through-
Energy (1) balances data costs against label costs in a - g P v

: . ] . out for simplicity. Ener balances two demonstrabl
formulation equivalent to the well-studietshcapacitated fa- prctty 9y D y

o ) . o tant lari , ted by Fi lc. Fi
cility location (UFL) problem. Li [42] recently posed multi- Important regularizers, as suggested by Figure 1c. Figlires

. . L ) and 3 show other vision applications where our combined
body motion estimation in terms of UFL. For multi-model PP

. . label cost energy makes sense.
tting, each label corresponds to a candidate model and la- 9y

bel costs penalize overly-complex models, preferring to eXReIated work. A number of recent publications have relied

plain the data with fewer, cheaper labels (see Figure 1a). ©n label costs in some form. For example, in [18] we pro-
Smooth tsSpatial smoothn i tandard requlariz Posed our subset costs i) (as a form ofco-occurrence
00th cosispatial SMOOthness IS a standard reguianze,, o, object recognition. This application was thoroughly

in gomputer vision. The |d_ea_ here is th_a_t groups of Obserénd independently developed by Ladjckt al. [39], also
vations are often knowa priori to be positively correlated,

within an -expansion framework but with a heuristic ex-

and should thus be encouraged to have similar labels. Ne'grt]énsion; see Section 7 for discussion. Others have indepen-

bogrmg 'm?‘ge pixels are a classic example of this. Sucr(‘jently proposed label cost energies for speci ¢ applicatio
pairwise priors can be expressed by the energy

X X For example, we learned from personal correspondence that
E(f)=  Dp(fp)+  Vig(fpifq) (2)  John Winn devel_opeq an extension ofexpansion tan-
p2P pg2N stance cospotentials in 2004 that only appeared as part of
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a supervised part-based object recognition framework [30R Fast Algorithms to Minimize (?)

though his approach to deriving an algorithm is quite differ . . .
Our main technical contribution is to extend the well-known

ent from our$. Special case energy (1) corresponds to objec= _ ) s
tive functions studied in vision by Torr [55] and in a number -expansion algorithm [11] to incorporate label costs aheac

of independent later works for speci ¢ applications [42,40 expansion_ (Section 2'1_) and prov_e new optimality guaran-
4]. Our combined energy?] has recently been extended to tees (Section 2.3?. Section 2.4 reviews known results fr th
convex continuousotal variation(TV) formulations [61]. easy’ case (1) with only data and per-label costs.

Label costs can be viewed as a special case of other ) )
global interactions recently studied in vision, for exaenpl 2-1 Expansion Moves with Label Costs

by Werner [59] and Woodforét al. [60]. Werner proposed  \jinimizing the multi-label energy?) is NP-hard in general

a cutting plane algorithm to make certain high-order potenz,, iLj 3. The -expansion algorithm [11] maintains a
tials tractable in an LP relaxation framework. The algarith ., rent labelingf © and iteratively “moves' to a better one

is very slow but much more general, and he demonstrat&sj| no improvements can be made. At each iteration, some
global class size constraint®r enforcing simple marginal |3pel 2 L is chosen and variablds are simultaneously

statistics in image segmentation. Our poterttjal, (f ) cor- given abinary choice to either stay d, = f 0 or switch
responds to a soft constraint that the number of variablet%fp = . This key step (linet below) is calledexpansion
taking labell be zero; this cost is concave w.r.t. the NUM-pecayse label is given a chance to grow arbitrarily. If each
ber of variables taking. Woodfordet al. optimize energies Vi is @ metric [11], the best possible expansion move can

involving marginal statistics and they call theBearginal o computed ef ciently by a single graph cut.
Probability Fields(MPFs). They focus on a number of hard

cases with convex costs and propose specialized (but slow)?-PHAEXPANSION [11]

algorithms based odual decompositian ; fo:= tﬁlfbitfafy labeling
repea

Our paper studies label costs from a general perspec-s foreach 2L
tive, including discussion of multiple algorithms, optima 4 f :=argmin ; E(f) wheref isan -expansion of °
ity bounds, extensions, and fast special cases. Our work orp ~~ E(f ) <E(f?)
these algorithms was inspired by an array of generic model-;3 until Cofnvé_rg;d
tting applications in vision that bene t from label costge-
ometric model tting [55], rigid motion estimation [42,56] We now describe the binary expansion step in more de-

This paper presents a number of synthetic and real exansible -expansion w.r.t. current labelirid. The possible la-
ples illustrating generic applications for the label castel  belingsf can be expressed one-to-one with binary indica-
evaluating the proposed optimization techniques. tor variablesx = fxy;:::;Xngby de ning

Our paper has the following structure. Section 2 presents _ _f0
. : . . Xp=0 fo=f

our extension to -expansion and corresponding optimal- " _ 10 fp _ P 3)

ity bounds. We also analyze fast UFL heuristics for a spe- P ~ A

cial case of ) without smooth costs. Section 3 describes & etE (x) be the energy corresponding to encoding (3) rela-
multi-model tting algorithm based on our energy, and Sec-tive tof ©. The -expansion algorithm computes an optimum
tion 4 discusses connections to standexgectation maxi- y | and thereby |, by a single graph cut.

mization(EM) andK -means. Section 5 details our experi-  For example, suppose enerfyf ) is such that the opti-
ments illustrating generic applications in vision. Seat®  mg| expansion w.r.t. labelingCis f
empirically compares a number of alternative combinato-

rial optimization algorithms applicable to label cost ener fO= [T T[T ! [[TT[T]=f
gies. Besides the extended version eéxpansion designed LLITTT]=x
speci cally for energy ?), we tested a number of alternative
methods based on standardexpansion [11] for (2) with
additional heuristics addressing the label costs term: Se
tion 7 discusses applications of high-order label costsemo
related works, and possible extensions.

(4)

wherel means<; is xed to 1. Here onlyf ; andf 3 changed

éo label while the rest preferred to keep their labels. The
-expansion algorithm iterates the above binary step until
nally E (x9=E (x )forall 2L.

Encoding Label Costs.The energy in example (4) was such

thatf 5 andf ¢ preferred to stay as labelrather than switch

1 In [30] the algorithm is brie y described on page 6 and mixes bi- to . Suppose we introduce a cdst > 0 that is added to
nary and multi-label variables in a way such that we are unsutieeof : PP

exact method of implementation/proof, but the goal is cleangia=  E (f) if and only if there exists sonfg, = . The binary en-
gous to a special case of our extendedxpansion for energy?j. ergy for an expansion move must encode a potential reward
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Fig. 4 LEFT: Graph construction that encodes hxi1x2  xx when Fig. 5 The alternateundirectedgraph construction corresponding to
we denexp, =1 , p 2 T whereT is the sink side of the cut. Figure 4 may be easier to understand. The weights are found by rep
RIGHT: In a minimals-t cut, the subgraph contributes cost either 0 (all rameterizing (8) such thaty andxy terms receive identical coef -
Xp = 1) or h (otherwise). A cost greater than(e.g. ) cannot be  cients. Cut is not minimal w.r.t. auxiliary variablg.

minimal because setting= 0 cuts only one arc.

To encode the potential (7) into aat min-cut graph

of h for replacing a||f8 = with label .If h islarge construction, we reparameterize the right-hand side $ath t
enough, the optimal expansion move for our small exampl€ach quadratic monomial has exactly one complemented vari-
would affectf 5 andfg: able €.g.xy) and non-negative coef cient (arc weight). The
particular reparameterization we use is
fO=[CTTTTT]! [LIIIT]=f (5) h X
(LII11]=x Lt hoy hy XpY, 8)
p2P

Our main algorithmic contribution is a way to encode suchwherex = 1  x. Figures 4 and 5 show subgraphs corre-
label costs into the expansion step and thereby encouraggonding to (8) after cancelling the constarit, using (7).
solutions that use fewer labels. Subgraphs of this type have been used in vision before,
EnergyE (x), when expressed as a multilinear polyno- most notably thé@ " Potts potentials of Kohkt al.[33]. Our
mial, is a sum of linear and quadratic terms oxefor the indicator potentials, () are different in that, at the binary
speci c example (5), we can encode ctistin E by sim-  step (6), each cliquB, is determinedlynamicallyfrom the
ply addingh ~ h x1xXsXs to the binary energy. Because current labeling ®and is not expressed as such in the origi-
this speci c term is cubic anth 0, it can be optimized nal energy ?). A P" Potts potential can be represented by a

by a single graph cut using the construction in [37]. combination label subset costs but not the other way around.
To encode general label costs for arbitraryL  andf ¢ The idea is to apply “regional' subset costs derived from the
we must optimize the modi ed expansion energy coef cients of theP" Potts potential. Section 7 describes
X this transformation in detail.
E,(xX)= E (X)+ he he xp, +C (x) (6) A nal detail for -expansion is the case when label
LL p2P | was not present in the current labelif§ The corrective
L\ %8 termC in (6) incorporates the label costs foiitself:
where setL? contains the unique labels in the current la- (x) = X h, he Y N 9)
belingf® and setP, = fp:f22 Lg TermC simpl P
gf”~, L p:Ty g ply LinL © p2P
corrects for the case wher2 L °and is discussed later. 2L

Each product term in (6) adds a higher-order clifde  |f we nd that x = 0 then label was not used ifi ° and
beyond the standard-expansion energl (x). Freedman it was also not worth expanding it in . The term (9) can
and Drineas [24] generalized the graph construction of [37he encoded by a subgraph analogous to Figure 4, but the
to handle termsc ~  x,, of arbitrary degree when 0. following is more ef cient: rst compute optimak for (6)

This means we can transform each product seen in (6) int®ithout consideringC , then explicitly add it toE, (x ) if

a sum of quadratic and linear terms that graph cuts can stijl g 0, and reject the expansion if the energy would in-
optimize globally. The transformation for a particularéab crease.

subsel L withjP_j 3is
Y h X i
he  xp= , ryf”g;lghL (PLi Dy XpYL (7
p2P L t p2P |

2.2 Swap Moves with Label Costs

Label costs can be trivially incorporated into -swap by a
wherey, is an auxiliary variable that must be optimized test-and-reject approach similar to above: before aaoggti
alongsidex wheneverh, > 0. Since eaclxpy, term has standard swap move, compare its energy to the energy when
non-positive coef cient, the overall binary energy can beall variables become and vice versa, then apply the move
minimized by a single graph cut [8]. with minimum energy.
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2.3 Optimality Guarantees Worst-case examplesThe simpli ed bound (10) describes
the worst-case performance in special cases, but bound (11)

In what follows we assume that enerd {s con gurec? so s tight more generally. The table below describes a worst-

thatD, 0, Vyq is a metric [11], and thuE(f) 0. case problem instance with= fp;qgandL = f; ; g.

We also assume a label cdst 0 and a Potts potential

Th LIFf i lobal mini f ?) and "
eorem Is a global minimum of energf?) an that penalize$, 6 f4 with weightw > 0.

is a local minimum w.r.t. -expansion then

X N
E(f) (2c+ dE(f ) + h, (10)
LL v (12)
where L]
c=max " e a Vel ) . g=maxjLj L This example has global optimul(f ) = w and so the
paN M e 2 Vea (i) LL local minimumE (') = 2w+ h is tight with respect to (10).

h. >0
. Note that by adding positive, to eachD () our additive
See Appendix A for the proof of (10) and also of (11) below. bound (11) remains tight, unlike the multiplicative bound.

These bounds suggest the following properties in practice: More generally we can design bad local minima from the

— if label costs are modest we inherit an approximationfollowing n-variable problem structure. Letb;h 0 be
guarantee comparable teexpansion, constants such that= h+w wherew is still the weight of all
— if label costs are arbitrarily large the bound is poor, and potts potentials. LeX = ff 1; 2g;f 3;4g; : : :g be the neigh-
— if the optimal solution includes label costs de ned over hour set for Potts potentials. The data costs and label costs
large subsets then the bound worsens. in the table below have optimal labelifig= f 1;:: :; ng, yet
Poor local minima are caused by the fact thagxpansion ~labelingf'= f n+1;n+1;n+2;n+2;:::gis alocal minimum
allows only one label to expand at a time. Performing expanW.r.t. expansion moves. (A blank entry signi &, = 1)

sions in greedy order (rather than arbitrary order) may help . P

empirically, but a hardness result of Feige [21] still appli
to our problem (discussed in Section 2.4). w
For discussion, we note that (10) follows from a more L -
generak posterioribound that does not assurbg  O: J
X
E(f) E( )+(Q2c LDEv(f )+ dEx(f )+ h. (11) mh
L LnL | | (13)

whereEy (f) denotes the total smooth cost of labeling  \ye verify thatf" is generally tight for bound (11) as follows
En (f) total label cost, and. the set of unique labels in

P P

f . This holds for alf* andf , so the approximation error E(f)=na+ b=nh+nw+ b b

is determined by the minimum of the three additive terms E(f )+ %nw+( n 1)h+ b I:g14)

above over all global optima . The additive bound (11) is E(f )+ Ev(f )+ dEq(f )+ b

informative in a way that the familiar multiplicative bound

E(f) 2cE(f )for -expansion is not. To see why, con- The above is tight for (10) wheh = 0 and nearly tight

sider that the multiplicative bound for-expansion is only whenw = 0 aside for one double-counted label chsThis

tight when the total data coBf (f ) =0, and does noteven example demonstrates how high-order label costs in the op-

hold forEp (f ) < 0. Yet, biasing the data costs with some timal labeling can worsen the approximation.

Dg() = Dp()+ p for arbitrary constant, affects nei-

ther the global optima nor the optimal expansion moves. Th
-expansion algorithm is indifferent tq,, and this prop-

erty distinguishes it from thésolation heuristicalgorithm In the absence of smooth cost{ = 0) and higher-order
for multi-terminal cuts [17]. The isolation heuristic is-ap label costslf, =0 for jLj> 1) our energy reduces to spe-
plicable to metric labeling whe¥q are Potts interactions, 4| case (1) known as thencapacitated facility location
glso has muI.tipIicative bgund of 2, but can compuf[e arbitrar(UFL) problem. The UFL problem assigns facilities (labels)
ily bad SOlu“O,nS to multi-label problems d.ependmg 80 {0 each client (variable) such that the cost to clients is bal
The comparative robustness ofexpansion is not re ected anced against the cost of “opening' facilities to serve them

in the multiplicative bound. In vision, the UFL problem has recently been applied

2 Adding an arbitrary constant @, () or Vpq ( ; ) does not affect {0 motion segmentation by Li [42] and by Laz¢t al. [40].
the optimal labeling, so nite costs can always be made non-inegat Each facility represents a potential rigid motion, and each

.4 Energies with Only Per-label Costs
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client is a correspondence that must be assigned to one mo- The greedy algorithm runs i®(jLj ?jPj) time for la-
tion. The goal is then to choose a good subset of motiondiel setL and variable selP. Our C++ library implements
much like Figure la. Li optimizes the integer program cor-GREeDYUFL and it is 5-20 times faster thanexpansion
responding to UFL byinear programming (LP) relaxation for energies of the form (1) while yielding similar results.
then rounds fractional facility variablesft@; 1gin a straight- Besides this classic heuristic, other greedy moves have bee
forward manner. Because general LP solvers are slow, thigroposed for UFL such as thlggeedy-interchangand dy-
approach affords relatively few candidate models in pracnamic programmindpeuristics (see [15, 16] for a review).
tice. Li implements four application-speci ¢ heuristics t Babayev [3] and Frieze [25] noted in 1974 that the set
aggressively prune out candidate models before building afunctionZ (S) is supermodular (as a minimization problem),
LP problem instance. Laziet al. optimize the same en- i.e.it can be shown that
ergy _using ma_x-product belief propaga_tion (BP), a message (sif jkg) Z(S[f kg) Z(S[fig Z(S): (17)
passing algorithm. More recently, Barinoea al. [4] used
UFL to model a class of object-detection problems and used@ihe greedy bound for UFL by Cornuejoés al. [15] then
the same greedy algorithm as our concurrent work [18].  follows from a general bound on minimizing supermodular
The generd UFL problem is NP-hard by simple reduc- functions by Nemhauset al. [46]. Note that introducing a
tion from SET-CoVvER. A hardness result for&S-Cover  new labelj 2 S in step3 does not consider the potential re-
by Feige [21] implies that UFL cannot be approximated betward for eliminating labels frors oncej is made available.
terthan(1 )InjPj for > 0in polynomial time unlessthe This is in contrast to @-expansion move with label costs,
complexity classNP DTIME[ n©leglog M1 Kuehn &  Wwhere introducing may be bene cial because existing la-
Hamburger [38] proposed a natugakedyalgorithm where  bels could be eliminated despZS [f j g) not re ecting
facilities are opened one at a time. Cornuejelsal. [15]  this in the classical algorithm. The 2-variable problem in-
showed that the greedy algorithm provides a constantifactgtance below illustrates this difference for some constant
approximation bound, but only with respect to the gap bea > 1; b > 0. GREEDYUFL nds an arbitrarily poor en-
tween best and worst solutions; this bound is not informagrgy of(2 + a)bwhereas -expansion with label costs nds
tive when the range of costs involved are prohibitively é&arg an energy oBbregardless of initial labeling.
Hochbaum [29] later proposedszt-greedyalgorithm that " P
achieves dn jPj-approximation regardless of the costs in- @

volved, which is optimal in the sense outlined by Feige.
Hochbaum also showed that neither greedy nor set-greedy
is strictly better than the other, and that the best choiee de
pends on the problem instances at hand. We present the orig- Our subset costs, suggest a generalization of the clas-
inal greedy algorithm rather than the set-greedy algorithm Si¢ UFL problem to addacility subset costsEach subset
Greedy UFL. In terms of our multi-label energy (1), the cost represents sharedsetup cost for opening particular

greedy UFL algorithm starts from an empty set of labels ang.et of facilities, after which the individual facilities wde

greedily introduces one label at a time until no subsequen pened with their own COSt_}E forl 2 L The greedy algo-
rithm can be adapted to this generalized UFL problem, but
label would allow the overall cost to decrease. Once a llabel

is introduced, its codt; is assumed to be paid for regardless't can be shown that the ned(S) corresponding to (16) is

; .no longer supermodular and so the approximation results of
of subsequent steps. To express the greedy algorithm we I%-ornuejolset al.no longer apply

troduce a function of label subset¢S) whereS L . The . .
problem of minimizinge (f ) in (1) can then be rewritten as Finally, the greedy algorithm may be enhanced by apply-
ing thetabu searchmeta-heuristic to the UFL problem [50].
min E(f ) = min Z(S) (15) Empirical results in [50] show that tabu search nds global
f St optima for many examples in the UFL literature at reason-

able increase in running time.

(18)

X X
where Z(S) = min Dp(1) + h (16)
p2P 12S 12s

andZ(fg) is de ned to be+1 . The overall algorithm is 3 Working With a Continuum of Labels

described in pseudo-code below. Our experimental Section 5 focuses wlti-model tting

GREEDYUFL [38,16] problems, which are the most natural applications of en-
1S:=fg ergy (7). The goal is to estimate parameters for an unknown
2 while existsl 2 S suchthaZ (S[f Ig) <Z (S)

3 j :=argmin 125 Z(S[f lg) Z(S) 3 Metric-UFL is a special case that can be approximated to within
4 S:=SJ[fjg a constant factor [49]. In our work we assume arbitrary cBsi§ ).

Unfortunately, some papers refer to metric-UFL simply as UFL.
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18t iteration
(6 models)

~ground truth
o (6 models) (5 nodels

5t jteration convergenc)e

. . 7 g -
Fig. 6 Re-estimation helps to align models over time. Above shows 900d&& points with 50% generated from 5 line intervals. Random

sampling proposes a list of candidate lines (we show 20 out of T0@)1St segmentation and re-estimation corresponds to Li [42], but dwy t
yellow line and gray line were correctly aligned. The desneg energies in Figure 7 correspond to better alignmentshiksubsequent iterations

above. If a model loses enough inliers during this process, ioigped due to label cost (dark blue line).

Expected (Average) Energy Expected (Average) Energy
Liné-fining prc;blém T 0 02 04 o5 o8 1 12 14 16 0 5 10 15 20
T T T T T @ T T {} T
Sampling and Re-estimation Performance \ Sampling and Re-estimation Performance
(raw data, 15 runs each) (raw data, 10 runs each)
5 samples
—— 50 samples —— 15 samples
— 250 samples ——— 30 samples
B ——— 700 samples § \\ \\ —— 60 samples
5 ——— 1400 samples I W
= j =
w [} \ \
1 = L L I Il L - L
0 0.2 0.4 0.6 0.8 1 1.2 Time (s) 0 5 10 15 Time (s)

Fig. 7 Energy (°) over time for a line- tting example (1000 points, Fig. 8 Energy () over time for image segmentatiop22 183 pix-
40% outliers, 6 ground truth models). Only label cost regulariza els). Smooth cost and label cost were regularized together. THelso
tion was used. Re-estimation reduces energy faster and front few@re 256-dimensional greylevel histograms. See Section 5.2 jeriex
samples. The rst point () in each series is taken after exactly one mental details.
segmentation/re-estimation, and thus suggests the speed of LLi§42]
ing a fast greedy algorithm instead of LP relaxation.

rate elements such &ANSAC-style random sampling [55,

42] or EM-style iteration [5], but none have combined them
number of models supported by noisy data with outliers. A, 3 single optimization framework. The experiments in [31]
was rst argued in [31], energies like? are powerful cri-  gho that their energy-based formulation beats many state-
teria for multi-model tting in general. However, there is yi.the-art algorithms in this area. In other settings (segm
a technical hurdle with using combinatorial algorithms for4tion stereo) these elements have been combined in gariou
model tting. In such applications each label represents &pplication-speci ¢ ways [63, 5,48, 62].
speci ¢ model, including its parameter values, and the set paper suggests better algorithms for the expansion
of all labelsL i§ a continuqm. In line tting, for exa.mple,. step of PEARL (step2), proposes a more general form of
L = R Practically speaking, however, the combinatorialjq| costs in energy?), describes fast methods for the spe-

algorithms from Section 2 require aite setL of labels .o case without the spatial smoothness term, and dissusse
(models). Below we review a technique to effectively ex-4 paqer class of multi-model tting problems in vision.
plore the continuum of model parameters by working witha T o

nite subset of models at any given iteration Review of PEARL for (?). For simplicity, we will discuss
PEARL in the context of geometric model tting, as in [31].

Figure 6 illustrates the algorithm's progression. Stepf
PEARL is to propose an initial set of modedls. Each pro-
posal can be generated by randomly sampling the smallest
subset of data points needed to de ne a geometric model,
PEARL was the rst to use regularization energies andexactly as inRANSAC [23]. A larger set of proposalk g
EM-style iterative optimization for geometric multi-mdde is more likely to contain models that approximate the true
tting. Other geometric model tting works have used sepa- ones. Of coursd, o will contain many incorrect models as

PEARL Algorithm [31]

1 proposeinitial modelsL ¢ (e.g.randomly sample data points)
2 run -expansionto compute optimal labelinfy w.r.t. L
3 re-estimatemodel parameters to get+1 ; t:= t+1; goto2
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well, but optimizing energy?) overL (step2) will auto-  anyfamily of models for which a maximum-likelihood esti-
matically select a small subset of labels from among the beshator can be found. For example, the results in Figures 13
models inL g, see iteration 1 in Fig.6. In this example we and 14 were both computed with re-estimation alone.
used only the label cost regularizer i) {gnoring the spa- Re-estimation is by no means the only way to propose
tial smoothness term, and data deli, (1) represented an new models. Another general heuristic is to t a new model
orthogonal distance from poiptto linel, see Sec.5.1.1. We to the inliers oftwo existing models, and then add this new
also t one additional outlier model with D,( ) = const.  model to the candidate list; this "'merge’ heuristic [58]egiv
The initial set of selected models can be further improve@nergy ) an opportunity to jump out of local minima when
as follows. From here on, we represent model assignmentomputing optimaf . The algorithm in [31] nds lower en-
by two sets of variables: segmentation varialdlesg that  ergy solutions when new 'merge’ proposals are added (com-
for each data poinp speci es the index of a model from pare -SMand -BM curves in our Section 6).

the nite setlL , and parameter variabldés,g that specify The most effective proposal techniques actually tend to
model parameters currently associated with each model ifbe class-speci c and make use of the current solution. A
dex. Then, energy?] is equivalent to simple example for line tting is to compute a "merge' pro-
E(f: )= X Do(fo: 1)+ X Vou(forfa: 107 1) posal only for pairs of lines that are nearly collinear. L2]4
: PP Tp Palipriar fpr fq uses a number of “guided sampling” heuristics speci ¢ to
PP pg<2N motion estimation, but they are only used for thigial pro-
+ ho( o) o(f): (?)  posals. In general, proposal heuristics can make our algo-
LL rithms in Section 2 more robust but this is not the point of

For simplicity, assume that the smoothness term&)rafe  our work, so all our results use basic re-estimation only.
Potts interaction potentials [11] and the third term repres
simple per-label costs as in (1). Then, speci c model paramg Relationship to EM and K-means
eters | assigned to a cluster of poirf%s = fpjf,= Igonly
affect the rst term in (), which is a sum of unary poten- The main goal of this section is to relate our model tting al-
tlals In most cases, it is easy to comptlge a parameter valgorithm to the standarexpectation maximizatiofEM) and

"\ that IocaIIy or even gIobaIIy minimizes 5 Dp(l; 1). K- meansalgorlthms Our dlscussmn will focus @aussian

tionf (stepa). outliers. To keep things simple for GMM, we use only data

Now one can re-compute segmentatiorby applying t€rms and label cost terms, even though our full ene®y (
the algorithms in Sec.2 to enerd3) Over a new set of labels Was designed to handle smoothness priors as well.
L, (step2 again).PEARL'S re-segmentation and re-estimation A number of interesting observations about our model
steps>-3 reduce the energy. Iterating these steps generatesting approach can be made:
sequence of re-estimated modelg L1;Lo;::: converging  — K-means minimizes a special case of our ene®y (
to a better local minima of energy); In our experiments, — like K -means, we makbard assignmentsf models to
convergence is typically achieved in 5-20 iterations. Irsto data points (in contrast to EM), and
cases, iterating improves the solution signi cantly begon — unlike K -means, our energy automatically removes un-
the initial result, see Fig.6. necessary models from the initial set of proposals.

Figure 7 shows effectiveness of re-estimation. Startingsections 4.1-4.3 elaborate on these points. Sections d.4 an
with only 250 samples (blue plot), re-estimation converges| 5 show experimental results to help understand the rela-
to better solutions than those computed from 1400 samplqﬁ)nship to EM and -means. Note that our experiments are
without re-estimation (a rstthick dot on the violet ploor  meant to be illustrative. In particular, we do not suggeat th
this example, the algorithm needs at least 250 random saye have a state-of-the-art algorithm for GMM.
ples to be stable, but more than 700 samples is redundant. The main practical conclusion of this section is thatd
Figure 8 shows an analogous plot for color-model tting in gssignment works at least as well as soft assignment when
unsupervised image segmentation, see Sec.5.2. Recall thapgels have (nearly) non-overlapping spatial support
Li [42] does not re-estimate beyond the rst iteration. His\ye claim that many multi-model tting applications in com-
solutions correspond to thick dots at the begging of eacbutervision satisfy this property, see Figs.1,2,3. No i
plot in Fig.7. This approach would heavily rely on brute- contrast tok -means or EM algorithm our method can also
force random sampling to nd solutions of the same qualityyse spatial smoothness prior that is often needed in vision.
that we can nd with only 250 samples. In this section, however, we focus on a special case®f (
Proposal heuristics. Re-estimation is a natural way to pro- ignoring the smoothness term mainly to discuss the relation
pose better models from existing ones because it applies ghips with the classical multi-model tting methods.
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4.1 Standard Approaches to Finite Mixtures components are close to zero. According to [22] and in our
_ _ _ own experience (see Fig.12), negative values afe often
Let some nite set of observed poin¥ = fx,jp 2 Pg  pecessary in practice to effectively remove redundant mod-

be a mixture of independent samples taken from differeng|s However, the Dirichlet prior is not a proper (integegbl
probability distributions. These distributions are dés=tl  jistribution for 0.

by probability density function®r(xj ;) with distinct pa-
rameters fromaset= f |jl 2 Lg, whereL is a nite set

of distribution indices (labels). A set of hidden (unobsety
variablest = ff,2Lj p2Pg represent indices of speci ¢
distributions that generated each data point. The probabi

Objective functions for K -means.StandardK -means can
also be seen as an ML approach to estimating mixture mod-
els. The elliptical K -means algorithm [51] maximizes the
[ollowing likelihood on the same probability space

ity Qf sampling from each Qistribution is de ned by a set of Pr(Xjf; )= Y Pr Xpj 1, : (22)
mixing parameters = f!, j| 2 Lg such that p2P
X
Pr(fp=1) =1 =1, I O In contrast to EM, this approach directly computes labeling
l2L f = ff, j p 2 Pg rather than responsibilities, while mix-
It can be shown that data points¥nsampled in this manner N9 coef cients! | are implicitly estimated as percentages of
correspond to the standamiixture modetiensity [6] points withf, = I. It is often said thaK -means performs
X hard assignmendf models to data points, whereas EM per-
Pr(xj ;! )= 1y Pr(xj ): forms soft assignmenieaving room for uncertainty in the
I2L labelingf .

It is possible to derive a version & -means that ex-
plicitly estimates mixing weight$ . Assuming thaf , are
independent, one gets the following prior on the labeling

The problem of estimating a mixture model is to esti-
mate parametersand mixing coef cientd . We will mainly
focus on estimating GMM, e. mixtures of normal distribu-
tionsPr(x j ) = N(xj ; ) where model parame-
ters | = f |; garethe mean and covariance matrix.
Objective functions for EM. The classic EM algorithm [6,
19] nds maximum likelihood (ML) estimators for GMM. Combining this prior with likelihood (22) and assuming non-
The ML objective is to nd parametersand weightd that  informative (uniform) priors fod and , Bayes rule then

Y Y
Pr(fj!)= Pr(fpj!) = e, (23)
p2P p2P

maximize the likelihood function gives posterior distribution
Y X ! Y
. . ' H I H .
PI(X | ;! )= L PHXG] 1) ag) Bt POL e, POl r,): &9
p2P 2L P
Values off; ;! maximizing this distribution are MAP es-

As an internal algorithmic step, EM also computespon-
sibilities Pr(f, = 1] xp; ;! ) to estimate which mixture
components could have generated each data point.

timates of these parameters. Like the standértheans al-
gorithm, one can maximize (24) by iterating two steps: rst

The EM algorithm can be generalized [6] to compute®Ptimize overf for xed ;! and then (independently) op-

maximum a posteriofMAP) estimates of and! maximiz- timizg over! ar?d . for xed f . We refer to this algorithm
ing the posterioPr( ;! jX)/ Pr(Xj :! YPr( )Pr(1). asweighted (elliptical)k -means
For example, a common MAP objective is Discussion of priors.Instead of a uniform prior oh used in
! (24) one can add any informative prior for mixture weights.

Y X Y For example, the Dirichlet prior (21) gives posterior
Pr( ;! jX)/ Ly Pr(Xpj 1) 1t (20) Pie, P givesp

p2P  12L 12L L Y . Y 1.

Pr(f; ;! jX)/ e, Pr(Xpj ¢,) Moo (25)

which combines the ML objective (19) with a uniform prior p2P 12L

on and Dirichlet prior on weights . . . .
For < 1 this posterior encourages sparsity of weights

Y
Pr(!)= Dir('j )/ roh > 0 (21)  Objectives (22) and (24) can be derived from (25) for other
121 values of . Setting =1 gives the uniform prior oh and
The Dirichlet prior is a uniform distribution for = 1 but (.25) reduces to the weightéd-means posterior .(24)' Set:
ting verylarge ( !'1 ) encourages equal weights =

for < 1itprefersto estimate such that modt, are close Lo
P . : X and so (25) reduces to the standiéiraneans likelihood (22).
to zero. A smaller choice of creates a stronger sparsity K

effect on! , and so is called asparsity parametern the- 4 The elliptical version ofK -means explicitly estimates a covari-
ory, this prior should encourage mixture models where mosince matrix so that each set of parametersjiss f |; |g.
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Both of thes&K -means energies are expressible as data terms
Dy inour energy 7).

Note that posterior energy (29) is derived from the i.i.d.
assumption (23) on assignment variabilgs This assump-
bR tion holds when the sampling process does not have any co-

elliptical K -means (22,28) weighted ellptk -means (24,29) herence or cpnstralnte.g.occlusmns). In some example§,
however, variables, may be dependent. For example, pair-
Fig. 9 Mixture of two Gaussians where most data points were generwise interactions could be easily incorporated into a prior
ated from the rst component ( >! »). StandardK -means prefers  for f yielding a posterior energy with the rst and second
equal cluster sizes because it assuigs= ! », whereas weighted . : . _
K -means has no such bias. 'ternjs in ). Such a prior may be also usgful fpr its regular
ization effect. In the context of GMM estimation, however,

. o . it makes more sense to regularize using some sparsity prior,
Figure 9 shows how this difference can affect solutionmSta ¢, example (26). The negative logarithm of the correspond-

dard K -means'’ bias to equal-size components is anothef,q nosterior distribution (27) gives posterior energy
way to understand its sensitivity to the choicekof

. . . . X X 1
As an alternative to Dirichlet prior, one can impose ag (F;:1)= log !¢ Pr(xpj 1.) + log =[! | >"
sparsity prior similar to thepike-and-slaldlistribution [45]. p2P P P 1oL
We consider a modi cation that we cadtep-and-slalprior

Y where[ ] arelverson bracketsThe next theorem shows that
Pr(!)= Stg! j )/ () (26)  the last term in this energy is essentially the label cost.
2 Theorem 2 For suf ciently small* > 0, the energy above
where for some 2 (0; 1) and in nitesimally small” > 0 has the same global minimum as the label cost functional
. 1oifr, " . X - X
(= B E(f;:1)= log !t Prixpj 1) +  h () (30)
ifr,>" p2P 12L

Note that is asparsity parameteanalogous to in (21P°.  for h = log 1. That is, minimization of label cost energy
Step-and-slab sparsity prior (26) yields posterior (30) is equivalent to MAP estimation for posteri&7).

Y Y
Pr(f; ;! jX)/ e Pr(Xpj 1.) (1): (27)  The proof of this theorem is in appendix B. Energy (30) is a
n2P ’ o special case ofX) with the simplest form of label cost regu-
larizer. We use (30) in our GMM experiments in Section 4.4

As discussed in Section 4.2, this posterior distribution Oband line- tting experiments in Section 4.5,

tained from step-and-slab sparsity prior (26) correspaods Note that thek -means algorithm for (28) is very sensi-

. . . - ; .
posterior energy like) with label costs = Io'g but W'th . tive to initialization even if the right number of modefs
no smooth costs. In contrast to the properties of the Dirich:

L . ; o is given, see Fig.11. If the number of given initial models
let prior discussed earlier, (26) can achieve arbitratilgrey K is too large, the algorithm will over- t thesi models
sparsity for small > 0remaining a proper distribution. '

to data, see Fig.10e. The extra label cost term in energy (30)
removes many problems associated with »edWe initial-

4.2 Using Energy®) for Finite Mixtures ize our method with a relatively large number of randomly
sampled models and minimization of (30) leads to a solu-

The standard -means directly minimizes the negative-log tion with a small number of good models, see Fig.6. Our ap-

of the likelihood function (22), giving energy proach based on energy (30) is fairly robust to local minima
_ and it is stable with respect to the set of randomly sampled
E(f; )= log Pr(xpj t,): (28) initial models as long as is it large enough.
p2P

Similarly, the weightedK -means algorithm minimizes the

negative-log of the posterior distribution (24) 4.3 Energy ?) as an Information Criterion

X
E(f; ;! )= log !¢ Pr(xpj ¢.) : (29) Regularizers are useful energy terms because they can help
P P . : T - .
p2pP to avoid over- tting. In statistical model selection, varis
5 Each mixt tweight " . " information criteriahave been proposed to ful | a similar
ach mixture component weighy may nave a separate sparsity . . . . _
parameter | in step-and-slab prior (26). This is similar to Dirichlet role. Information criteria penalize overly-complex maglel

prior generally de ned by a sequence of parametersWe use uni-  Preferring to explain the data with fewer, simpler models
form sparsity parametersand only for simplicity. (Occam's razor [44]).
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For example, consider the well-knowikaike informa- One important conclusion from Figure 10 is that energy
tion criterion (AIC) [1]: (30) works well on all examples (a,b,e) where the models do
not have signi cant spatial overlap. This case is very com-
mon in computer vision problems where models occlude
each other rather than intersect.

If K-means and basic EM (19) were initialized with a
correct number of models, they also worked very well for
spatially non-overlapping models (a,b), however, EM was
more sensitive to outliers in (b). If basic EM aKd-means
are initialized with a wrong number of models (e) they over-
t these models to data, while Dirichlet-based posterid)(2
min  2logPr(Xj ) + j jlogjPj (32) and label cost energy (30) keep the minimal number of nec-

essary models.

wherejPj is the number of observations. The BIC suggests |n general, EM handled intersecting models in (c) bet-
that label costs should be scaled in logarithmic proportioner thank -means and our method with (30). Arguably, soft
to the number of data points or, in practice, to the estimategssignments of models to data points help EM to deal with
number of observations per model. In contrast, AIC over- tssuch overlapping models. More severe cases of model mix-
as we add more observations from the true models. See [1#g in (d) were problematic for basic EM with a xed num-
for an intuitive discussion and derivation of BIC in gengral ber of models (19) due to local minima. However, EM for
particularly Sections 6.3-6.4, and see Torr's work [55] forDirichlet-based posterior (20) could avoid such local min-
insights speci c to vision. ima by selecting good models from a large initial sample.

In general, our approach with (30) and EM with (20)
bene t from larger number of initial proposals which in-
creases the chances that correct models are found. The 2

Figure 10 juxtaposes representative GMM estimation result”ght columns in Figure 10 show the minimum number of

by basic EM (19), EM with Dirichlet prior (20), elliptical '”'tr'i";‘:]rf”f‘oméy ds‘;"mrp'sd H‘Oder'f fp{"posz'sr) th?tt these al-
K -means (28,29), and our approach to label cost energglo s heeded o robustly generate good resutts.

(30). For simplicity, Fig.10 represents EM's “soft assign-
ment” at each poinp using only one color corresponding 4.5 Experimental Results for Geometric Model Fitting
to the model with the highesgesponsibility see appendix C.
The results foK -means and energy (30) show colors corre-Figures 11 and 12 show representative multi-line tting re-
sponding to their “hard assignments”. sults by basic EM (19), EM with Dirichlet prior (20), ellip-
Implementation of (weighted) ellipticdd -means max- tical K -means (28,29), and our approach to label cost en-
imizing (28,29) is fairly straightforward. Some details fo ergy (30). As before, we represent EM's “soft assignment”
optimizing (19) and (20) via EM algorithm are provided in at each point using only the color of the model with the high-
appendix C. Since (20) automatically controls sparsityheft estresponsibility see appendix C. The results #&rmeans
solution, we can initialize this version of EM with a large and energy (30) show colors of their “hard assignments”.
number of randomly sampled models. As discussed in [22], The data set for experiments in Figs.11-12 consists of
this makes EM robust to initialization and helps to avoid l10-300 inliers for 5 lines and 180 outliers. Each line model
cal minima. = fa;b;c; g includes noise variance. Log-likelihood
Energy (30) represents a combination of the rst andD(1) = logPr(xpj ) for a given data poink, and
the third terms in ?). To minimize (30) we iterat®EARL  line | assumes Gaussian orthogonal error and is given in
(Sec.3) in combination with the greedy optimization method33). We also t one uniform outlier model with likeli-
(Sec.2.4) for each expansion step. Similarly to [22] and tdoodPr(x,j ) = const > 0 whereconst was manually
our EM approach for (20), optimization of (30) viRkeaRL  tuned. Some additional general details about the experimen
avoids local minima when initialized with a large set of ran-tal set-up for line tting can be found in Sec.5.1.1. Opti-
domly sampled models. mization of functionals (19), (20), (28), (29), and (30) via
The second column in Figure 10 shows the results typiEM, K -means, an®EaRL is implemented as in the previ-
cal for both standard (28) and weight€dmeans (29). The ous section. Some details for EM are in appendix C.
two methods worked similarly on all tests in Figure 10 be-  Figure 11 demonstrates that the standdremeans for
cause all models there have approximately the same numbg8), (29), and basic EM algorithm for (19) are very sensi-
of inliers. Such examples can not reveal the bias of standattile to local optima. Figure 12a shows that such local min-
K -means to equalizing mixing weights (see Fig.9). ima are avoided by optimization algorithms that select a few

min  2logPr(Xj ) + 2j j (31)

where is a model,Pr(X j ) is a likelihood function
andj jisthe number of parameters inthat can vary. This
criterion was also discussed by Torr [55] and Li [42] in the
context of motion estimation.

Another well-known example is thBayesian informa-
tion criterion (BIC) [13,44]:

4.4 Experimental Results for GMM Estimation
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EM algorithm (19) Ellipticalk -means (28) or (29) PARL w/ energy (30) EM w/ Dirichlet prior (20)
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Fig. 10 Each row shows how GMM algorithms behave on a particular exaripiis table is for illustrative purposes, andnist meant to be a
state-of-the-art comparison. (a) If models do not overlap ttieaigorithms work. (b) Most algorithms can handle uniform @m by tting an
extra model. (c) EM nds overlapping models thanks to soft assigripteard assignment has bias towards isolated models. (d) Basic €M (1
may easily get stuck in local minima with only a little more ambiguitythe data. But, EM with sparsity prior (20) can avoid such minirga b
choosing solution from a large set of model samples. Bad solution yRREn this case of heavy spatial overlap between the models isadue
“hard assignments”. (e) Basic EM aKd-means usually fail when given too many initial models, whereasREwith label cost energy (30) and
EM with Dirichlet-based posterior (20) keep the minimum numbenofiels explaining the data. See Section 4.4 for discussion.

good lines from a large pool of initial models using sparsityting problems in computer vision. In contrast to standard

control: label costs in (30) or Dirichlet prior in (20). The “soft assignment” methods like EM, besides sparsity prior

number of models generated by (30) and (20) is controlledlabel costs) our general approach to model tting can also

by parameterb and , see Fig.12(b,c). integrate a spatial smoothness prior - the second terf)in (
Our main conclusion from Section 4 is that “hard assign-that was ignored in this section. Figs.1,2,3 show that this

ments” have no particular disadvantages in cases where speembination of regularizers is useful in vision.

tial overlap between the observed models constitutes only

a small por_tion of their support. In image analysis prob-g Applications and Experimental Setup

lems €.9.Figs.1,2,3) models often correspond to separate

objects with distinct spatial support. Objects normallg-‘0 The experimental setup is essentially the same for each ap-

clude” each other rather than “intersect”. Thus, “hard asplication: generate proposals via random sampling, coeput

signments” should be appropriate for many multi-model t- initial data costsD, and run the iterative algorithm from



Fast Approximate Energy Minimization with Label Costs 13

Elliptical K -means (28) or (29) Standard EM for (19) PEARL w/ energy (30) EM w/ Dirichlet prior (20)
/ > 3 g 3
14 £
- 8
e} )
g ©
& E
< a
~ o
G
>°
z g
D )
8 X .4
~ 8
c. 2
)
2
‘®
™ a
3 7]
(3]
(%] c
— o
) =
" -
©
E =965 log L =905 h; =100 = 9

Fig. 11 StandardK -means and EM with a xed number of models Fig. 12 Label costs in (30) or sparsity prior in (20) signi cantly im-
get stuck in local minima. The data points include (in total) 80i@rs prove the results on the data from Fig.11. Now a small number of mod-
for 5 lines and 180 outliers. Here we assumed that the correct nunels near ground truth (a) can be automatically computed froamgge |
ber of models is known and estimat&d = 5 lines and one outlier pool of random initial models, as in Fig.6. In contrast to Fig.ttie
model. Solutions in (a)-(c) correspond to different inizalions with  results are stable for different initializations as long asgét of initial

5 randomly sampled lines. The ground truth con guration hasgner randomly sampled lines is large enoughg(500 lines). Parametels

E =797 in (29) and log-likelihood log L =721 in (19). and control sparsity of the results (a-c).

Sec.3. The only changing components are the application- . - . o
speci ¢ D, and regularization settings. Section 5.1 outlinesUP and discuss some additional synthetic tests with simple
the setup for basic geometric models: lines, circles, homodeometric models. Our energ¥Xwas motivated by appli-

age segmentation setup. but synthetic examples with simple models help to under-

stand our energy, our algorithm, and their relation to stan-

dard methods.

5.1 Geometric Multi-model Fitting ) ) ) .
Line tting. Data points are sampled i.i.d. from a ground-

Here each label 2 L represents an instance from a spe-truth set of line segments @.Fig.6), under reasonably sim-
ci ¢ class of geometric model (lines, homographies), andlar noise; outliers are sampled uniformly. Since the data i
eachD (1) is computed by some class-speci ¢ measure ofi--d- We setVpq = 0 in (?) and use the greedy algorithm
geometric error. The strength of per-label costs and smootiiom Section 2.4. We also use xed per-label costs as in (30).

Outliers. All our experiments handle outliers in a standardesumatlon of itself.

way: we introduce a special outlier labewith h =0 and Figure 6 is a typical example of our line- tting experi-
Dp( ) =const > 0 manua”y tuned. This corresponds to aments with outliers. In 2D each line modehas parameters
uniform distribution of outliers over the domain. | = fa;b;c; gwhereax + by+ ¢ = 0 de nes the line
and 2 is the variance of data; heeeb; chave been scaled
5.1.1 Simple synthetic examples (lines, circles, etc.) such that? + b? = 1. Each proposal line is generated by

selecting two random points fro, tting a;b;caccord-
Throughout this paper we used many illustrative examplefgly, and selecting a random initialbased on a prior. The
of multi-line tting. Below we detail the corresponding set data cost for a 2D point, = (Xg; x}p) is computed w.r.t.
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orthogonal distance

(ax s+ bx} +c)?

Dp(1) = log p7—exp —pri— (33)

Besides the greedy algorithm foP’Y without smooth- .
ness, we also tested-expansion for high-order label cost | . seed=100 " . 102

otentials (Section 2.1). Not surprisingly, the greedyoal
P ( ) P gy 9 yoald ig. 13 We can also t lineintervalsto the raw data in Figure 6. The

rithm was by far the best algorithm when smooth costs arﬁ' )
. y . g_ . . . ree results above were each computed from a differerit sétran-
not involved. Greedy gives similar energies t@xpansion o initial proposals. See Section 5.1 for details.

but is 5-20 times faster.

Figure 7 shows the trend in running time as the num-
ber of random initial proposals is increased. For 1000 data
points and 700 samples, convergence took .7-1.2 seconds
with 50% of execution time going towards computing data
costs (33) and performing re-estimation.

Note that (33) does not correspond to a well-de ned
probability denSIty_funCtlon',The density for unbounqmb _Fig. 14 For multi-model tting, each label can represent a specic
cannot be normalized, so lines do not spread their densityiodel from any family (Gaussians, lines, circles...). Above shows
over a coherent span. Still, in line- tting it is common to t circle- tting by minimizing geometric error of points.
full lines to data that was actually generated from line
tervals e.g.[31,64]. The advantage of full lines is that they
are a lower-dimensional fam|l_y of model_s, .but when Ilngs nd maximum-likelihood estimators, = fa:b: g by nu-
are tto data generated from intervals this is a model mis-___ . L . Lo

L : . merically minimizing the negative-log likelihood

speci cation, causing discrepancy between the energy be-
ing optimized versus the optimal solution from a generative X ) )
viewpoint. Surprisingly, [31] showed that there are exasspl E(Xijab; )= log Pr(xpja;b; ©): (36)
where introducing spatial coherenag{ > 0) for i.i.d. line
interval data can actually improve the results signi cgntl
We hypothesize that, in this case, spatial coherence can 5drcle tting.  Figure 14 shows a typical circle- tting re-

trained discriminatively to counter the discrepancy ceuseSull: Our circle parameters are center-paintadiusr, and
by tting unbounded lines to line interval data. variance 2. We model a circle itself as an in nite mixture

of isotropic Gaussians along the circumference. Proposals
a&’e generated by randomly sampling three points, tting a
e . :

circle, and selecting randombased on some prior. We nd
SML estimators numerically, much like for line intervals.

Given a seiX| = fxp: fp = Ig of inliers for labell, we

Line interval tting. Figure 13 shows three interval- tting

results, all on the same data. Each solution was comput
from a different (random) set of 1500 initial proposals.é.in
intervals require many more proposals than for lines bexau
intervals are higher-dimensional models. Each resultga Fi
ure 13 took 2—4 seconds to converge, with 90% of the exs 1.2 Homography Estimation
ecution time going towards computing data costs and per-

forming re-estimation (in MATLAB). Energy () can be used to automatically detect multiple ho-
We model an interval from poird to pointbas an in-  mographies in uncalibrated wide-base stereo image pairs.
nite mixture of isotropic Gaussiandl ; 2 for each Our setup follows [31], so we give only a brief outline.
interpolatinga andb. The probability of a data point appear-  The input comprises two (static) images related by a fun-
ing at positiorx is thus damental matrix. We rst detect SIFT features [43] and do
Z, exhaustive matching as a preprocessing step; these matches
Pr(xja;b; 2)= N xj(1 t)a+th; ? dt (34) are our observations. The models being estimated are homo-
0 graphies, and each proposal is generated by sampling four
In two dimensions, the above integral evaluates to potential feature matches. Data costs measure the symmet-
ric transfer error (STE) [28] of a match w.r.t. each candi-
. 2& - exp XA af) (b @i+ a’bt a'b! : date homography. Our set of neighb@g 2 N is deter-
2 2 ka bk mined by a Delaunay triangulation of feature positions & th
erf % erf (ﬁ% (35) rstimage. Re-estimation is done by minimizing the STE of

the current inliers via Levenberg-Marquardt [28]. Figu2es
wherex = ( x*; xY) is anderf( ) is theerror function and 19 show representative results.
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Fig. 15 Unsupervised segmentation by clustering simultaneously overspixel color space using Gaussian Mixtures (color images) and non-
parametric histograms (gray-scale images). Notice we nd coalgsteting on baseball than Zabih & Kolmogorov [62] without egenoothing.
For segmentation, our energy is closer to Zhu & Yuille [63] but aigorithm is more powerful than region-competition.

5.1.3 Rigid Motion Estimation In what sense does segmentation energy (37) correspond
to the goals proclaimed at the beginning of the previous

The general setup follows [31,42] and is essentially thessamparagraph? The third term sums penaltiegor each label

as for homography estimation, except now each model igmodelM)) used in the image. This directly encourages a

a fundamental matrif = [K °t] K%RK ! corresponding small number of segments. The second term is a standard

to arigid body motionR, t) and intrinsic parametets [28].  expression for regularity of segment boundaries.

Again, SIFT matches work as data points. Initial pro-  The information theory helps to show how the rst term
posals are generated by randomly sampling eight matching (37) yields segments wittonsistent appearancéndeed,
pairs. Fundamental matrices [28] are computed by minimizfollowing Kraft-McMillan theorem [44], any probability di
ing the non-linear SSD error using Levenberg-Marquardttribution P (I j M) corresponds to some coding scheme for
Data costs measure the squared Sampson's distance [28]stbring image intensities. Moreover,logP (I, j M) is the
a match with respect to each candidate fundamental matrixumber of bits required to represent any given intenijty
Figures 1(c) and 21 show representative results. using coding schem@(l j M ). Therefore,

logP(Ipj M)
5.2 Image Segmentation p2S

. . - _ . is the number of bits required to describe the appearance of
Our goal is to automatically partition an image into some

. ‘ any segmengs P using coding schem® . When opti-
small number of regular segments with consistent appear-

. mizing over distributiorM , the expression above yields the
ance. In contrast teuperpixelsour segments can be of any

. X shortest possible description of segm8nthat is
size and need not be contiguous. We propose to label the P P gmen

X
image using the following form of energ®} iSj i = i
iSj H('jS) |r,1v1|‘ logP(IpjM)

X X ) p2s
E(f;M )= logP (I j M) L _ Lo
12L r:fp=| whereH (1jS) is the entropy of intensities in segmest

{Z } Thus, optimization over all distribution modelld makes
segment appearance
X the rstterm of energy (37) equal
+ [fp 6 fq]+ h o (f) (37)
| ey 1S H('jS)

segments' boundaries segments' labels 12L

where parametévl; describes probability distribution asso- whereS, = fp : T, = lgis a segment with labdl This

ciated with label. For example, if values, are image in- guantity can be further optimized over segmentation (label

tensities/colorsthen vectoM; could represent an intensity ing) f . It achieves its minimum for any segmentation with

histogram or parameters of some family of distributions. constant intensity segments .wheﬂeél IS) = 0. Sl,JCh S€g-
ments can be connected or disconnected. The size of the seg-

6 In general), could represent any feature at pixele.g.texture. ments is also irrelevant. For example, single pixel segment
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are optimal for the quantity above. Alternatively, segmsent
could be connected components of the same intensity pi
els. More generally, low values of the quantity above corre:
spond to segments with low variability of intensity, that is
segments with consistent or homogeneous appearance.
In our segmentation experiments based on energy (3’
the appearance modéis, are 256-dimensional histograms
for greyscale images, and Gaussian mixtures in RGB spac
for color images. Initial proposals for modes were gen- (3 (b)
erated by sampling small patches of the image, just like it
[63,62]. Similarly to [63,62] we iterated segmentation and
model re-estimation steps to optimize our energy évand
M . We did not use segmentation-speci ¢ heuristics such a
merging or splitting the histograms. Figure 8 shows running
time performance of owroordinate descergpproach using
-expansions to optimize (37) over as in Section 2.
Our results in Figures 3 and 15 show how energy (37
balances regularity and homogeneity of segments. It is pa © (d)
ticularly instructional to compare image segmentation re- mean-shift [14] optimization of energy (38)
sults in Figure 3(b)-(c). The result in (b) uses only spatialig 16 comparingmean-shiftesults (a,c) versus optimization of en-
regularization as in energy (2), see [62]. This approaclitove ergy (38) using UFL heuristics (b,d).
smoothes the segments even when the weight of the regu- ) _
larization term is too small to merge all “zebra” parts. Thel@P€l cost term. A subsequent algorithm by Brox & Weick-
label costs term in (37) allows to obtain “zebra” (c) without ert [12] uses level sets to recursively partition the domain

over-smoothing. In this case we do not depend on the spantil it no longer pays to add regions (labels). Ben-Ayed &
tial regularization to merge all “zebra” parts and smooghin Mitiche [2] use multi-level sets to optimize an MDL-like

weight can be signi cantly reduced. reg.ion me}rging p;ic1r. Our wor.k is rstto dehmonstrate appli-
The label costs term in (37) could be used to obtain segt2lOnS © powte rt.u -expansion apg;oac to MDL-based
ments with certain preferred appearance by assigning penaﬁnage segmentation using energy (37). .

To conclude this section we show some alternative ways

tiesh; depending oM. Also note that a general version of X S i i
of using label cost energies in segmentation. Clustering of

our label costs term ir?j uses subsets of labels. This allows . . . .
A mage pixels represented by pois1,) in X Y  Color

interesting new ideas for segmentation, as recently demot- larized for i tation b
strated in [39] in the context of object recognition. space was popularized forimage segmentation by i

It should be emphasized that we are not rst to sugges%h"ct a_lgorlthm [14] Sec_:t|on_4 may sugg(_ast that label cost
. . . nergies can be used in this segmentation framework as a
energies with label costs for segmentation. A large amoun% o . .
: S L2 regularization-based alternative to mean-shift. For gdam
of related work on image segmentation is basetharimum Fi.16 compares mean-shift and clustering using ener
description lengtiMDL) principle [44] which provides in- g F;( X g 9 9y
formation theoretic foundation for regularization enesgi E(f;M ) = logP(p;lpj M¢,) + h (f) (38)
like (37). The MDL principle was rst proposed for unsu- p2P I2L
perwsed s_egmentanon by Leclerc [41] AS_ further qeta"edwhere distribution$/, were xed-covariance Gaussians. Op-
in our section 5.3.1 on lossless compression, speci c tech- . . : -
. L T R timization was done using fast UFL heuristics from Sec.2.
hical realization of MDL principle in [41] is distinct from More sophisticated energy formulations are also possible
ours. Leclerc derives energies somewhat different from (37 '
and optimizes them using continuation technique similar to )
graduated nonconvexiti7]. Further more, to simplify op- -3 Image Compression
timization [41] makes approximations,g. (2), that effec- Image compression is another application for label cost en-
tively ignore the label costs term. ergy (?). We separately considéossless and lossy com-

Zhu & VYuille [63] used a continuous image segmen-pression. It should be emphasized that we show straightfor-
tation energy inspired by MDL ideas of Leclerc. Speci c ward coding schemes based &) ¢nly to demonstrate the
formulation in [63] is much closer to ours and their func- general idea. The main goal of our compression examples
tional is a continuous analogue of (37). They developed &s to illustrate energyd) and minimization techniques from
region competitioralgorithm based on local contour evolu- section 2. More sophisticated coding schemes usthgre
tion and explicit merging of adjacent regions to address theossible, but they are beyond the scope of this paper.
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5.3.1 Lossless Compression traversal crosses a segment boundary. The second ierm
(37) can represent such bits. In case if pixels are traversed

Our approach to lossless compression uses energy (37) affyv-by-row, one should set = band use horizontal 2-

is technically identical to our segmentation approach @ se neighbor ;ystenN N For column-by-column traversal, we
tion 5.2. The context of image compression, however reneed vertical 2-neighborhood. In case we want to estimate

quires some speci ¢ interpretation for the terms in (37). Inthe number of bits for “model switching” without commit-

this section we further develop our information theoratic i ting to one speci ¢ traversal direction, it makes sense to

terpretation of this energy. In particular, this is neceg$ar av_erzge ﬁvezj tW?hOFit'ot?; Il?,th'sl‘ case O,T)T ihould uset 4-
section 5.3.2 on lossy compression . neighborhood with = - 111S alSo possible 1o accoun

for any diagonal traversal of an image by adding the corre-

On a conceptual level, we follow the same MDL prin- sponding direction into the neighborhood systsm inter-
ciple as Leclerc [41]. However, outescriptive language estingly, Cauchy-Crofton formula [9] suggests the followi
is different and it leads to energies distinct from those ininformation-theoretic interpretation of the geometriadéh
[41]. First, instead othain codeslescribing boundaries, we of the segmentation boundary: it is a rotationally invatian
describe interior regions of segments traversing all imageneasure of the expected number of “model switching” bits
pixels in a raster-scan order. Second, Leclerc describes assuming that the direction of image traversal is chosen at a
image as a combination of white noise with some piecerandom angle.
wise constant or piece-wise smooth function. Instead, we In order to illustrate one speci ¢ example, assume that
describe an image as a collection of segments with arbitrarlescriptions of all model#, require the same number of
coding schemed-inally, Leclerc's goal is a piece-wise con- bits d and that we can use either row-by-row or column-
stant or piece-wise smooth restoration. Our goal is to ndpy-column traversals. Then, the average number of bits to
optimal segments and coding schemes describing imagespresent image segmented according to labelihgs

exactly with the minimum number of bits. X
To better motivate our approach, we will rst make sev- BEM j1)= logP (I j Ms,) (39)
eral informal observations explaining why some appropri- FZP {z }
ate segmentation may help to get a shorter description of compressed intensities
an image. First of all, segments with consistent colors re- + P X [fo 6 fo] + d X ()
quire fewer bits to represent their intensities. Secong; se bq2N P a 2
ments with coherent boundaries require fewer bits to de- | {z } |—l{Z—}

) ) ) . ) i ; ding schemes descript
scribe switches between coding schemes as image pixels coding scheme switches coding schemes description

are scanned in_a prede ned grder. Third, smaller number ofyhereN is a 4-neighborhood. This is a special case of en-
segments requites fewer coding schemes. Therefore, a smalyy (37). Minimizing (39) for giveri over segmentatioh
number of spatially coherent and color-consistent segsinenfng coding schemed yields a solution for theninimum

may help with compression. Note that the same segmentgescription lengtossless compression of image
tion criteria motivated energy (37) in section 5.2.

More formally, we will show that expression (37) corre- 5.3.2 Lossy Compression and RD Optimization
sponds to the total number of bits required to represent an
image. We assume that each intensity is recorded in a rastéife generalize ideas from the previous section to further il-
scan order using coding scheivig corresponding to pixel's lustrate applications for label costs functionals liRe [This
labell = f,. We already showed in section 5.2 that the rst section follows Shannonisate-distortion(RD) optimization
term in (37) is the number of bits required to store inten-approach to lossy image compression, see [27,47].
sities using coding schem@4,. More bits are also neces- Minimization of energy (39) gives the optimal number
sary to store all coding schemes them self. Clearly, the thirof bits for storing image without loss of information. The
term in (37) can represent these extra bits. In generagrdiff RD approach is to nd some imagdesuf ciently close tol
ent coding schemes may vary in the number of bits requirethat compresses better thiar-ormally, this problem can be
to store them. For example, Gaussian mixture models witkvritten as the following constrained optimization
larger number of components use more space. In this case, X
parameteh; will depend on speci ¢ modeM,. In simpler min F(f; ?/lz i I} sit: lp 1p
examples, models!; may take the same number of bits R compression rate rZP I )
In this case parametér = d is a constant. distortion measure

2

|t. remaiqs tp see that some additional biesg( b) are 7 Note that the second term in (37) is standpiece-wise constant
required to indicate a coding scheme change when image.k.a. Potts) model of spatial smoothness in MRF literature.
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Fig. 17 Optimal “distortion” images for various values of parameterin (40). These imagels correspond to the best compression rate among
allimages with the same distortion measure. Since optinrall for = 1 , the right column shows the original images (lossless compression).
Values ofR show compression ratioR = a9 mi‘nPJ"MHélzf)_M D) whereH (U) is the entropy of the uniform distribution over the range of
intensities. '

where xes the distortion level. If =0 thenl = | andthe Optimization overl for xed f andM requires some clari-
problem reduces to lossless compression (39). Higherdevelcation. Since variables, appear only in the unary terms in
of distortion > 0 give solutionsl with better compres- (40), optimization ovei, can be done very ef ciently. For
sion. Note that besides the squared-error distortion measuexample, one can compute look-up tablgsj 1) for every
above, Hamming distortion measure is also common in RDcurrently supported modél; (labell)

Following the discrete version of Lagrange method [20],
the constrained problem above is closely related to uncon-
strained optimization afeneralized Lagrange function

T(le):argm!n (x i)2 logP (i j M)

giving optimal valud , = T(l, j fp) for any pixelp.

ha i 2 i . Figure 17 presents the results obtained in this fashion.
E(GM: 1) = o o Tp Fﬂ%’z‘ J I} (40) Al intensities are normalized to the ranff@ 1]. We used
f z }  compressionrate ad-hoc values for parametelos= 12 andd = 1000 and
distortion measure varied the value of . For each optimal “distorted” image

we show the corresponding compression rRtiwhich is the
ratio of the the length of the single-model uniform encoding
of | to the optimal encoding length for

with parameter instead of . In particular, an optimal so-
lution for (40) for any xed value of Lagrange multiplier
also solves the constrained problem above for some , . . L .
Following the discussion after Theorem 1 in [20], the un- Figure 18 showsate-distortionandratio-distortionfunc-
constrained minimum solutiofi :M ;1 ) for energy (40) tipns which are common compression apalysis tools ever
achieves the lowest compression rate which is possible withP'"¢€ _Shannon |ntr<_)dL_Jced RD approach in the 19405.' Each
out exceeding this solution's distortion measurigure 17 ! obtameo! for certain in (40) c_orresponds to some optl_mal
shows the balance of compression and distortion for the opc_ompreslg,lon raté (f; M 21 .I ).:JPJ and' average dlst.ortlgn
timal solutions corresponding to differentin energy (40). measure ., 1, Ip “=jPj. Rate-distortion function in
Similarly to other model tting problems in this paper, F|g.18(a). plots these. values on t_he ve_rtlgal and_ horizontal
we optimize (40) in a coordinate descent fashion iteratingiS for different solutions as varies. Similarly, Fig.18(b)

f, M andl optimization steps. We initialize = |. Note PIOtS compression rati versus distortion. _
thatf andM steps are analogous to (39) sifcés xed. We should emphasize again that our compression results
only illustrate the spectrum of applications for label sost

8 A similar discussion also appears after Proposition 1(b) in [36]. energies 7). More advanced description languages can fol-
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Fig. 18 Compression analysis plots for the results in Fig.17. The left-
most points correspond to lossless compression (1 ).

low the basic ideas in this section. Label costs naturafly re

. . (a) Solution A
resent the length of coding schemes in any language.

6 Empirical Performance of Algorithms for (?°)

This section presents an empirical comparison for several
algorithmic variants to minimizing energy’f where both
smooth costs and label costs are present. In particular, we
compare algorithms from section 2 and several algorithms
originally designed for spatial regularization functiol2)
which can be applied tdX) using someanerging heuristics
as in [31]. Our goal is to compare running times and energy
values obtained on real examples in the context of geometric
model tting described in Sec.5.1. (b) Solution B
Figure 19 illustrates our rst homography tting exam-
ple (see Sec.5.1.2). The curves in (d) show how the energy
(?) decreases in 50 different tests runniPEaRL with the
extended -expansion algorithm from section 2. Each test
depends on some initial set of randomly samples models.
The algorithm can converge to different solutions illutgch
in Figure 19(a-c). Better results as in (a) correspond to so-
lutions with lower energy values, and worse results as in (c)
correspond to poor energy values. The black curve in Fig.20
is the average of 50 curves in Fig.19(d). This section uses
such average curves to compare different combinatorial al-
gorithms for minimizing label cost energies. In addition to

homography tting results in Fig.20, we also use two rigid (c) Solution C
motion estimation examples (see Sec.5.1.3) to compare sim- | ‘ —
ilarly obtained average performance curves in Fig.21. +5 .

Now we brie y review combinatorial algorithms com-
pared in this section. In contrast to other tested methbés, t
extended -expansion algorithm from section 2 directly ad- 5 Y::: ;
dresses label costs i?)(without any extra heuristics. We T 1
test two versions of the algorithm:+ (basic) consistently |
iterates expansion steps over all labels, ane (adaptive)
removes labels corresponding to empty expansions until the 5 m © Time
“last” iteration validating local minima with respect tolal ~ (d) energy plots for 50 different sets of sampled initial models
labels. Both versions have the same optimality guarantegsy. 19 Homography tting example (“Stairs”). Different runs of the
(see Sec.2). Our empirical results in Figures 20 and 21 sug¥gorithm (PRARL with  ++) in (d) converge to solutions with differ-

gest that + and ++ nd solutions with comparable energy ent energy values depending on a speci c initial collectibremdomly

. sampled models. As shown in (a-c), lower energy solutions correlspon
values. The adaptive method+ converges faster. {0 better practical results.

Energy
:

I
E)
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a2 ; (?). We use symbol + to refer to this algorithm and its
Tan empirical results in Figure 20.

While discrete energy?) could be addressed by many
combinatorial optimization techniques.§.[26,41,35]) or
] their modi cations, our empirical evaluation is focused on
graph cut methods that we consider more promising due
to optimality guarantees associated with them. The experi-
] ments in Figure 20 show that+, an adaptive version of ex-
‘ ‘ n . L . ] tended -expansion in Sec.2, generated better quality solu-
Time (sec) tions faster than other methods. Standarexpansion with
Fig. 20 Homography tting example (“Stairs”) for different algo- @ “best merge” heuristic-BM [31] obtained better energy
rithms minimizing energy®): ++ and + are two versions of ex- values in Fig.21 but it was also much slower. Comparing
t_ended -expansion from Sec.2; + is a straightforward modi ca- -BM with -SM (“simple merge” version of the same algo-
tion of the standard -swap [11]; -SM and -BM are standard . .

-expansions with different merging heuristics [31]. The plshew rithm) suggests that-BM bene ts from adaptive new model
values of energy®) obtained after each iteration of segmentation andproposals. In fact, -BM is the only method in our tests that
re-estimation, see Sec.3. As in REL [31], the labels are initialized used adaptively generated new proposals in addition to ba-
by randomly sampling 1000 models. Each plot above is obtained byjc mpde| re-estimation. Note that rigid motion models in
averaging energy curves for 50 different initializatiossraFig.19(d). . . . . .

Fig.21 have higher dimensionality than (planar) homogra-
,Rg"es in Figs.19-20. Generating label proposals adaptivel
could be a practical mechanism improving exploration of

Other tested methods are based on standard algorith
for energy (2) adapted to label cost ) (ising some heuris-

. : ; larger label spaces of higher-dimensions.
tics. For example, [31] uses basieexpansion [11] for the 9 P g Lo

. ) Our general practical observation is that often all tested
rst two terms in (?) and adds a separate merging step to

: ' algorithms ++, +,  +, -SM, -BM generate comparable
account for the label costs. Each merging step tries to re- 9 g P

. . : results. In most cases, however, it is easier to useas it
place some pair of labels andB in the current solution is fast, robust, and does not rely on extra merging heusistic
with one labelC. Two segment&\ = fp : f, = Agand ' ' y ging

B=fp:f, = Bgare merged if and only if assigning some In higher dimensional model- tting problems the combina-

; tion of PEARL and ++ may further bene t from additional
label C to combined segmer [ B lowers overall energy application-speci c mechanisms adaptively generating ne
(?). Note that merging decreases the second and the thirr%podel proposals
terms in () but it can increase the rst (data) term. Iterating ‘
standard -expansions with merging steps is guaranteed to
decrease energy) after each iteration. Note that separate; piscussion
merging steps for minimizing MDL-based functionals like
(?) were also used in [41,63] in the contextaintinuation  The potential applications of our algorithm are nearly as
methods andtariational approaches. broad as for -expansion. Our new algorithm can be applied

We tested two merging heuristics [31]:SM (simple  \henever observations are knowrpriori to be positively
merge) tries to merge two segments usthg AorC = B, correlated, for example in space or in time, whereas clas-
and -BM (best merge) tries the optimal latilfor two cur-  sjcal mixture model algorithms (Section 4) are largely de-

rentsegmentd = fp:f, = AgandB = fp:f, = Bg signed for i.i.d. data.
C =argmin X D,(C): Our C++ code and MATLAB wrapper are available at
D2A[B PR http://vision.csd.uwo.ca/code/ . Besides minimizing

general energy?), the code is further optimized in two im-

Due to extra optimization procedureBM is slower than portant special cases:

-SM but it generates lower energy values, see Figs.20,21. o
We also note that the standard -swap algorithm [11] 1. when the energy reduces to (1) the solution is computed

was originally designed for smoothness energyhut can by the greedy UFL algorithm (Section 2.4), and

be easily extended to label cost ener@y At each step the 2. when only a small fraction of labels are feasible for any
swap algorithm works with two xed labels andB and given data pointé.g.geometric models; labels localized
aregionA [ B . Only two trivial outcomes of a swap move  to a patch) we support “sparse data costs” to dramati-
change the label costs: when all node\fiB are assigned cally speed up computatién.

either labelA or B. The standard swap method does not acy
count for the label cost term ir?). Yet, it is easy to compare
the outcome of an optimal -swap move with two trivial

solutions and choose one with the lowest value of energy ° Sparse data costs were not used in our experiments.

ur new -expansion code optionally uses a simple strategy
to invest expansions mainly on “successful' labels. This is




Fast Approximate Energy Minimization with Label Costs 21
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Fig. 21 Rigid motion estimation examples (Vidal's data set [56]) comgadifferent algorithms minimizing energ®). ++, +, -SM, -BM.
Algorithm  + generated solutions with similar energy values but it was mumhesl than the other methods. Thus, we chose not to show its
energy curves for the rigid motion estimation examples above.

often faster, but can be slower, so we suggest selecting abject recognition/segmentation with co-occurrenceilaim

expansion scheme (adaptive vs. standard cycle) empyricalcosts were independently developed by Lagliekal. [39].

for each application. We foresee further applications for high-order label costs
Our energy is quite general but this can be a disadvarmulti-motion and multi-nomography estimation.

tage in terms of speed. Theexpansion step runs in polyno- Relation to Ladicky et al. [39]. The application in [39]
mial time for xed number of positivén_ terms, but higher- s object recognition with co-occurrance statistics. They
order label costs should be used Sparingly. Even the set %Otivated by the princip|e qﬂarsimony:if several segmen-
per-label costs hg slows down -expansion by 40-60%, tations explain the image equally well, then the one that re-
but this is still relatively fast for such dif cult energie{§2]. quires the fewest object labels should be preferred. They
This slowdown may be because the Boykov-Kolmogorovgevelop an extension to-expansion that is equivalent to
max ow algorithm [10] relies on heuristics that do not work ours, but they also consider energies outside the class of co
well for large cliquesi.e. subgraphs of the kind in Figure 4. occurrence potentials (subset costs) that we de ned earlie
Even if faster algorithms can be developed, our implementgn [18]. However, their class of energies is not submodular
tion can test the merit of various energies before one iavestyith respect to expansion and so they apply a heuristic with
time in specialized algorithms. no guarantee of nding an optimal expansion move for en-
Category costs. Our high-order label costs (subsetof  ergies outside our class.

labels) seem to be novel, both in vision and in terms oRegional label costs.We can generalize the concept of la-
the UFL problem, and can be thought of as a type of cobel costs by making them spatially localized. The label cost

occurrence potential rst proposed in [18]. A natural appli term in energy?) could be expressed more generally as
cation is to group labels in a hierarchy of categories and asX X

sign acategory costo each. This encourages labelings to h L (fp) (41)
use fewer categories or, equivalently, to avoid mixing labe PP LL

from different categoriese(g.kitchen, of ce, street, beach) where our basic energy?) is a special case that assumes
unless the local evidence is strong enough. With respect tof = 0 for all non-global clique® ( P. (Note that the
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test-and-reject approach to incorporéte in Section 2.1is A - Optimality Results
no longer ideal for this more general case above.) _
Such potentials amount tegionallabel cost terms. Re- Proof of Theorem 1.The proof idea follows Theorem 6.1 of [11]. Let
. . us xsome 2L anddene
gional and high-order label costs are useful together when
labels belong to known categories with speci ¢ locationpri P %€ p2P :f, = : (42)
ors, such as “pay a xed penalty if any label frofisky,

. . We can produce a labeli within one -expansion move frorf
cloud, suig appears in the bottom of an image.” P o P

as follcews:
Relation to P" Potts[33]. TheP" Potts potential , (f,) (= ifp2P 43)
is de ned on clique® P as P iy otherwise
() def if fp= 8p2 P Sincef" is a local optimum w.r.t. expansion moves we have
pip/) = ;
max Otherwise

. _ E(f) E( ) (44)
where o max forall 2 L. Th'IS potentlgl encodes a LetE()js denote a restriction of the summands of enefytg
label-speci ¢ reward max for clique P taking label only the following terms:
in its entirety, and acts either as simple high-order regula E(f)js = Dy (Fy)+ Vg (fo:f0):
ization (all = const) or as a form of high-order data cost = pRP patiprtas

. p2s pq 2S
(label-specic ).

Let denote the set of all labels excepti.e. the set
Lnf g. Aregional label subset cost over cligBecan en-
code theP" Potts potential in energy?) as follows: '

We separate the unary and pairwise termis @ ) via interior, exterior,
and boundary sets with respect to pixels:

P [f pg2N :p;g2P g

O ; PnP [f pg2N :p;q62P g
1. Setcosh® := ax foreach 2L. B = fpg2N :p2P ;q62P g:
2. Add constant(1 jLj ) max + to the energy. The following facts now hold:
Each regional label co$f” is non-negative by de nition of g¢f )j, = E(f )j, (45)
p (), thus aP" Potts potential can be expressed as a SUNE(f iy = E(M)io (46)

of high-order label costs.
TheP" Potts potential and its robust generalization [34]

were designed to encourage consistent labelings over sp%fgﬁagtgé‘g) follows from the fact that (f, ;fq)  cV(fyifq)
ci c regions in an image. A special case of our potentials is ™ * ¢ E. denote the label cost terms of enefgy Using (45), (46)

very closely related to the robust variant: a basic pertabeand (47) we can rewrite (44) as

E(f Jig  cE(f Jig : (47)

potentialh; (f) can be expressed as a speci ¢ (concave) g')j  + E(f)j; + En(f) (48)
RobustP" Potts potential. Besides signi cant conceptual E(f )i, + E(f )ig +En(f ) (49)
and motivational differences, the main technical diffeen E(f )j, +CcE(f )jg + En(f ) (50)

is that our construction makes no reference to a “dominant
label.” By constructing a two-label RobuBf® Potts poten-  Depending orf® we can boundE (f ) by

tial at each dynamic cliqu, in our binary expansion step, g ) En(f)+ X he (51)
we can encode an arbitrary concave penalty on the number Lin

of variables taking labels from a specigsubsetof labels. 2t

This generalizes our high-order potentialg ) if needed. wherel” contains only the unique labels it We also let.  denote

Learning label costs. Our paper studied label costs in an the unique labels if . _
nsupervised setting where parameters are chosen based To bound the total energy we sum expressions (48) and (50) over
u P 9 P aiMhbels 2L to arrive at the following:

information criteria or tuned manually. It is important tota X

that energy ?) and the -expansion-based inference algo- E(f) + E(Mis (52)
rithm can be used in supervised settings as well. The label " X

cost terms are included in energg) (inearly and can thus E(f )iy +cE(f )ig + hojL\L e

be learned by max-margin methods [54,57]. This approach 2- Lin

was recently used for CRF learnirgg.[53]. Observe that, for everyg 2 B = S L. B thetermVpg (fh:fy)

appears twice on the left side of (52), once fo~ f, and once for
= f, . Similarly everyV (f, ; f ;) appeargc times on the right side

Acknowledgements We would like to thank Fredrik Kahl for refer- of (52). Therefore equation'(52) can be rewritten as

ring us to the works of Li and Vidal, and for suggesting motion seg-
mentation as an application. We also wish to thank Lena Gorédick E (') E(f )+(2c 1Ev(f ) E(T’)jB (53)
corrections and for investing much of her own time to track dowgsb X . -
in our code. This work was supported by NSERC (Canada) Disgover +Eu() En(f )+ hujbb
Grant R3584A02 and Russian President Grant MK-3827.2010.9. Lin 0
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Observe that the second line of (53) involving label costs isktgu

X
hy + hy jL\L j 1 : (54)
L LnL Litn I8
L\ U= L\L 6;

The right-hand sum includes label costs thatpays but thaf" does
not. Expression (54) can be bounded by

X
hy + d he; where d = max jLj 1 (55)
L LnL Lin I8 h.>0
L\ L\L 6
X
he + dEx(f ) (56)
L LnL

whered is understood to be zero if &li. = 0. Combining (53) with
(56) and using the fact thaEy (f ) 0 we can simplify the bound

as
X
E(f) E(f )+ @c DEv(f )+ dEx(f ) + hy
L LnL
(57)
X
(2c+ d)E(f ) + h: (58)

L L

We have derive@ posterioribounds (53) and (57) with respect to any
particularf andf . AssumingD, 0 we havea priori bound (58).

B - Equivalence of Label Costs and Sparsity Prior

Proof of Theorem 2.Assumingh = log 1, the negative logarithm of
distribution (27) gives the following posterior energy

EOf; ;)= h>"]
2L

|
log T
p2P

Pr(xpi 1,) +
X

ki Iog!fp
2L

logPr(xpj 1,)+
p2P

P >"]
12L
(59)

wherek; = # fp:f, = Igis the number of pixels assigned to label
I. We will show that for' 1 =jPjPI posterior energf °in (59)
has the same minimum as label cost endfgiyom (30)
X
logPr(xpj ¢,) + h
2L

E(f;;!)= kilog!y,

12L p2P

1(f)

(60)

that differs from (59) in the last term.

Assume that the minimum & in (60) is achieved df, M, ™. Itis
easy to check that at any optimal solutiorEofve havel | = k;=jPj.
Since" < 15Pj then[y > "] = (f). Thus,EO(f’ n ™) =

E(f}n ") and

min¢:.  E® ming. E:
It remains to show that

min¢g:. E° ming, E

as this implies thaff', ', " is a global minimizer for botfE andE°.
Assume that %, 1 9, Ois a global minimum oE°. Letk{ be the
number of pixels assigned ladeh labelingf °. To complete the proof

we will show thatEO(f %1 0; ©)
kP=jPj.

Note thatk? = 0 implies |(f %) = 0. Thus, the last term o
is not greater than the corresponding term in en&gyWithout loss
of generality let us assume thiet > 0; 8l 2 L . The only difference
between terms o andE ° may appear if some labéwith nonzero
supportk? > 0 has the corresponding weighf that is less thah. Let
Z be the set of such labels. Then the difference betviieandE ° can
be written in the following form:

E(f%! % 0), where! % =

E%f%1% 9 E(f%1% 9= kPlog! + hjL =Z]
2L
X KO
+ kllog! ° hijLj kPlog! 2+ kPlog =  hjzj
121 122 2L iPj
X KO
log" kP + kllog =~  hjzj
12z 2L JPJ
log" jPj logjPj hiLj:

This difference is not less than zerd'if 1t =jpjPi

C - Implementation details for EM

Below we detail our implementation of EM algorithm for maximigin
likelihood (19) and posterior (20). The results of this impletaéon
were presented in Figures 10, 11, 12 from Section 4 in the xbaofe
GMM estimation and multi-line tting. Note that our EM implementa
tion for posterior (20) is similar to the EM algorithm in [22].

E-step As in standard EM we compute probabilities for poiptto
be in each claskthat are often callecesponsibilities

g = p1 &P Do(1)
PT T T exp( Dp(s)

where data tisDp(l) = logPr(xpj 1). In case of GMM
one should use the standard Normal distribution. In case of line
tting we use D (1) as in formula (33) assuming that inliers for
each line have Gaussian orthogonal errors.

M-step: To re-estimate each Gaussian model's parametesd
in GMM, we use the standard weighted MLE formula, e.g see [6].
We usegp as a weight for each poipt To re-estimate each line's
parametersy , by, andc in multi-line tting, we use a closed
form solution for weighted orthogonal regression. Re-estimatio

of noise level is analogous to re-estimation of variance for 1-D
gaussian:

VRS ; >

P o axs+bhxiea
p Opl

Optimal mixture weights$ | can be ghtained analytically by mini-
mizing (19) or (20) under constraint ., !, =1; !} 0.In
case of likelihood (19) one gets the standard formula for EM

P
!I - p gpl'

iPj

In case of posterior (20) including additional Dirichlet pri@1)
for weights! |, the optimal solution is

P
- p 9 * 1.

= .
Pi+ij4 (1

Hy (61)

Interestingly, the EM algorithm for (19) and (20) differs wrih
the corresponding formulas for re-estimating mixture weidhts
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Note that Dirichlet prior is a proper (integrable) distrilout only for

> 0. But it does not generate suf ciently sparse MAP solutions
for (20) even with very small positive values of see Fig.12b. As
discussed in [22], one can use& 0 giving much stronger sparsity,
see Fig.12a,c. Technically, the EM algorithm above still vessice it
does not compute normalization constant or re-estimate parameter

Sometimes equation (61) produces negative weight 0. In this
case the extremum point is outside the valid domain for consttape
timization and, consequently, the maximum value is achieveteat t
border of the domain where Dirichlet-based posterior (20) has i
nite value. Similarly to [22], we solve this problem in the filing
way. We drop the mixture components with negative weights and r
normalize other weights, to ttheir sum to 1. Note that this heuristic
produces a “jumps” of the posterior function (since it goesrtb
when any weight goes to zero) making it dif cult to compare siolog
with different number of components.

Since Dirichlet-based posterior (20) automatically contsgar-
sity of the solution, we initialize this version of EM with a largqum-
ber of randomly sampled models. This approach to minimizing (20)
is robust to initialization and avoids local minima [22]. Thi&also
similar to how PRRL [31] avoids local minima for?®).
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